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FOREWORD 


The  Structures  and  Materials  Panel  of  the  NATO  Advisory  Group  for  Aerospace 
Research  and  Development  (AGARD),  is  composed  of  engineers,  scientists  und  technical 
administrators  from  industry,  governmental  establishments  and  universities  in  the  NATO 
nations.  Our  concern  for  the  advancement  of  aerospace  technology  is  reflected  in  the  Panel 
activities  which  cover  more  than  20  different  technical  subjects,  one  of  which  deals  with 
problems  and  progress  in  the  Held  of  Brittle  Materials  application. 

The  development  of  re-entry  and  other  high  speed  flight  vehicles,  in  which  structure 
is  exposed  to  a  severe  thermal  environment  beyond  the  capability  of  most  metallic  materials, 
gave  rise  to  our  interest  in  brittle  materials.  In  turning  to  the  study  of  refractory  inorganic, 
non-metallic  materials,  designers  face  a  novel  situation.  Firstly,  at  temperatures  of  interest, 
these  materials  show  no  plastic  deformation  before  failure;  yet  designers  have  implicitly  relied 
upon  material  ductility  to  accommodate  local  deviations  from  the  average  conditions  assumed 
in  conventional  design  practice.  Secondly,  brittle  materials  exhibit  a  scatter  in  properties  far 
greater  than  that  normally  encountered  in  conventional  metals. 

A  need  was  identified  to  provide  designers,  meeting  these  materials  for  the  first  time, 
with  the  best  statement  possible  of  design  practices  and  of  the  quantitative  data  to  apply  in 
these  practices.  The  achievement  of  this  objective  required  not  the  view  of  one  man,  no  matter 
how  eminent,  nor  the  collected  disparate  views  of  several  such  men.  The  Panel  sought  to  achieve 
its  ends  by  the  collection  of  opinions  and  data  from  a  wide  field  and  their  distillation  into  a 
Handbook  which  could  reasonably  be  held  to  represent  a  consensus  of  opinion  amongst  a  group 
of  practitioners  in  (he  field. 

A  co-ordinator,  appointed  in  I96S,  first  outlined  the  Handbook  and  its  requirements.  He 
made  contact  with  other  designers  with  experience  of  design  in  brittle  materials.  Reporting  to 
the  Panel’s  Working  Group  he  agreed  with  them  a  series  of  questions  and  problems  requiring 
resolution  and  a  small,  carefully  programmed  symposium  was  held  in  1967  to  obtain  answers  to 
the  problems  he  had  framed.  By  this  process  and  subsequent  extensive  consultation  between  the 
co-ordinator  and  other  NATO  experts,  a  Handbook  has  teen  constructed  which  represents  the 
test  statement  of  practices  and  data  which  can  be  made  available  at  the  present  time. 

December  1970  Anthony  J.Barrett 

Chairman, 

Structures  and  Materials  Panel 
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I .  INTRODUCTION 


1.1  INTEREST  IN  BRITTLE  MATERIALS 

Interest  In  the  structural  use  of  brittle  nonmetalllc  refractory  materials  In  aerospace 
vehicles  arises  as  a  result  of  Interest  In  re-entry  vehicles  and  the  continuing  need  for 
propulclon  systems  of  Increased  performance.  In  both  of  these  situations  performance  is 
dependent  on  the  temperature  capability  of  the  structural  materials.  The  presence  of 
temperatures  beyond  the  capability  of  most  metallic  materials  has  encouraged  designers 
to  study  "ceramics"  but,  with  the  possible  exception  of  Inserts  In  the  throats  of  some 
solid  rocket  motors,  significant  applications  have  not  developed.  Characteristically 
these  materials  show  no  plastic  deformation  before  failure  at  temperatures  of  Interest, 
and  they  have  little  toughness  to  arrest  crack  growth.  These  characteristics  have  resulted 
in  a  lack  of  confidence  by  designers.  In  such  materials,  and  an  unwillingness  to  use  them. 

Conventional  methods  of  structural  design  Involve  approximations  which  limit  typical 
engineering  artalyses  to  the  study  of  average  conditions.  Local  departures  frcm  these 
average  conditions.  Including  the  effect  of  Inherent  and  fabrication  Induced  material 
defects,  are  accommodated  by  material  ductility.  When  completely  brittle  materials  are 
used  these  design  practices  are  insufficient  to  produce  a  reliable  structure.  In  the  past 
this  problem  has  been  avoided  by  using  brittle  materials  at  very  low  stress  levels  and 
restricting  their  use  to  applications  where  the  resulting  weight  penalty  was  of  no  concern. 
For  airborne  and  space  vehicle  applications,  however,  this  weight  penalty  Is  not  accept¬ 
able  and,  hence,  there  Is  now  Interest  In  developing  design  techniques  for  brittle  materials 
which  will  produce  structures  with  a  weight  efficiency  and  a  reliability  comparable  with 
metallic  structures. 

This  brittle  material  technology  Is  new  and  will  be  unfamiliar  to  most  designers  who 
have  occasion  to  use  nonmetalllc  refractory  materials.  Furthermore,  In  the  numerous  areas 
where  the  technology  departs  from  conventional  design  practice,  the  designer  Is  In  need 
of  quantitative  design  data.  This  handbook  Is  Intended  to  satisfy  these  needs  by  providing 
both  a  coirnrehenaive  description  of  brittle  material  design  technology,  In  terms  of  differ¬ 
ences  from  conventional  design,  and  also  an  assembly  of  the  best  and  most  generally 
accepted  and  available  practical  data.  This  latter  is  presented  In  the  form  of  the 
typical  "Structures  Manual',  Involving,  whenever  possible,  step-by-step  procedures  with 
graphs  and  charts  to  facilitate  numerical  evaluations. 

The  materials  to  vrhlch  ihlr  handbook  Is  Intended  to  apply  Include  oxides,  carbides, 
borides  and  similar  compounds.  Oraphlte,  In  Its  many  forms.  Is  also  Included.  The  Import¬ 
ant  characteristic  of  these  materials  Is  refractoriness,  which  permits  them  to  be  used  in 
applications  where  the  more  structurally  efficient  metale  are  useless.  Such  materials 
have  been  used  extensively  In  the  past  for  high  temperature  applications,  such  as  furnace 
linings,  but  these  have  Involved  ground  Installations  where  weight  was  generally  not 
Important.  Currently  the  Interest  Involves  the  high  temperature  applications  generated 
by  re-entering  space  vehicles  and  rocket  engine  compounds,  but  since  these  are  extremely 
weight  critical  applications,  substantial  Improvements  In  structural  efficiency  and 
reliability  over  those  typical  of  the  furnace  type  application  must  be  obtained. 

Among  the  applications  which  are  of  current  Interest  for  this  class  of  material  are 
numerous  components  for  winged  re-entry  vehicles  or  hypersonic  atmospheric  vehicles,  and 
these  Include  leading  edge  elements,  nose  caps,  surface  panels,  which  may  or  may  not 
Include  Insulatlve  elements,  control  surface  structural  parts,  and  engine  intake  structural 
parts.  Rocket  engine  nozzles  and  chambers  are  the  obvious  propulsion  applications. 

These  applications  may  appear  limited  and  Insufficient  to  Justify  the  development  of  a 
whole  new  technology.  Experience  shows,  however,  that  when  a  new  technology  Is  developed 
Its  applications  become  much  more  extensive  than  was  originally  anticipated.  There  are 
already  indications.  In  fact,  of  application  of  these  techniques  to  nonaircraft  commercial 
uses  of  the  materials,  where  the  Interest  is  not  In  less  weight  but  In  more  efficient 
design,  leading  to  lower  initial  cost,  less  frequent  replacement,  etc. 

1.2  THE  DESIGN  PROCESS  AND  THE  EFFECT  OF  BRITTLE  MATERIALS 

The  process  of  structural  design  Involves  two  distinct  parts  which  generally  are  used 
consecutively  and  repeatedly  in  an  Iterative  process  as  the  design  Is  refined  and  finalized 
The  first  of  these  two  parts  involves  the  selection  of  material  and  type  of  construction 
and  the  establishment  of  the  structural  dimensions  to  support  the  applied  loads.  To  make 
these  selections  use  Is  made  of  parametric  studies,  approximate  stress  analysis  for  the 
more  obviously  critical  design  conditions,  and  optimization  techniques,  and  consideration 
is  given  to  methods  of  fabrication,  cost,  and  the  program  schedule. 

The  second  aspect  of  design  Involves  the  process  of  verifying,  by  analysis  and  test, 
that  the  structure  has  the  strength  and  stiffness  to  maintain  Its  Integrity  under  all  of 
the  required  loadings,  temperatures,  and  other  environmental  conditions.  Often  this 
analysis  requires  minor  adjustments  In  structural  dimensions  as  local  deficiencies  in  the 
initial  design  are  revealed. 

The  process  of  structural  analysis  Involves  a  number  cf  distinct  steps,  including  the 
determination  of  critical  loads,  pressures,  temperatures,  etc.,  the  determination  of 
stresses  due  to  static,  repeated  and  vibratory  applied  loads  and  temperature  gradients, 
determination  of  the  mechanlca.  properties  of  the  material  under  the  appropriate  environ¬ 
mental  conditions  and  after  exposure  to  an  approorlate  stress  history,  and  the  comparison 


of  the  mechanical  properties  with  the  applied  stresses  to  establish  structural  Integrity. 

In  many  cases  the  permissible  stresses  ere  controlled  by  Instability  of  the  structure, 
requiring  predictions  of  buckling.  Detemlnatlons  of  structural  stiffness  or  displacements 
under  loading  conditions  where  dynamic  effects  are  potentially  critical  may  also  bo  required. 

The  Introduction  of  brittle  materials  Into  a  structure  as  primary  load  carrying  elements 
requires  no  change  In  the  design  process  as  described  above.  Changes  are  required,  however. 
In  the  degree  of  design  refinement  which  must  be  used  In  conducting  p<"t.o  of  thfaoo  utepb. 
Conventional  design  with  ductile  metallic  materials  Involves  a  number  of  approximations 
which  are  made  In  the  Interests  of  analytical  and  experimental  simplicity,  and  which 
generally  Involve  the  use  of  average  or  mean  values  of  applied  stresses,  applied  loads, 
etc.  Such  methods  have.  Indeed,  been  very  successful  because  structures  built  with  ductile 
materials  are  not  sensitive  to  local  effects  and  are,  consequently,  forgiving  of  approxima¬ 
tions  made  by  the  designer.  Examples  where  these  methods  begin  to  break  down  are  well 
known,  they  generally  Involve  complex  stress  situations  where  the  effective  ductility  of 
the  material  is  reduced,  often  In  combination  with  high  strength,  low  ductility  materials 
and  often  under  repetition  of  the  critical  loading  condition  so  that  the  locally  yielding 
material  Is  rapidly  fatigued.  With  metals  even  these  situations,  however,  can  be  handled 
successfully  by  small  corrections  to  and  modest  modifications  of,  the  conventional  design 
methods . 

With  brittle  materials  these  simplifications  can  no  longer  be  tolerated  and  additional 
refinement  and  realism  must  be  Introduced  into  the  standard  design  procedures.  The  areas 
where  these  refinements  are  most  Important  include  stress  analysis,  where  a  much  more 
precise  understanding  of  the  stress  distribution  Is  necessary;  mechanical  property  testing, 
where  the  peak  stresses  must  be  measured,  or  avoided  by  appropriate  test  specimen  and 
apparatus  design;  specification  of  material  mechanical  properties,  where  the  variability 
In  these  properties  from  one  sample  of  material  to  the  next  must  be  considered;  and  the 
establishment  of  design  criteria,  which  should  be  based  on  orobablllty  of  load  occurrence 
rather  than  specified  singular  conditions  with  arbitrary  safety  factors.  In  every  case 
these  changes  represent  a  refinement  of  technique  so  that  the  present  practice  with  ductile 
materials  becomes  a  particular  case  of  a  more  general  technology. 

Brittle  materia]  design  technology  Involves,  however,  more  than  refinement  of  analytical 
and  experimental  method.  These  are  the  tools  necessary  to  assure  a  "safe"  structure;  to 
achieve  such  a  structure  with  an  efficiency  suitable  for  airborne  and  aerospace  applica¬ 
tions  also  requires  changes  In  design  concept  in  certain  areas,  particularly  at  Joints  and 
connections.  Again,  such  changes  represent  refinements,  which  are  mandatory  for  brittle 
materials,  but  which  could  probably  be  used  to  advantage,  to  the  extent  which  increased 
weight  and  manufacturing  cost  Justify,  with  ductile  materials. 

1.3  HANDBOOK  OBJECTIVES,  SCOPE  AND  FORMAT 

In  view  of  the  growing  Interest  In  the  use  of  brittle  nonmetalllc  refractory  materials 
for  structural  purposes  and  In  view  of  the  changes  required  In  design  technology  for  their 
successful  use,  this  handbook  has  been  prepared  to  summarize,  for  the  designer,  the  best 
current  practice.  It  is  further  Intended  that  the  material  be  presented  in  a  form  most 
useful  for  the  direct  application  by  the  designer  In  his  work.  This  handbook  Is  not 
Intended,  however,  to  assist  the  engineer  concerned  with  material  development  or  material 
processing,  or  component  fabrication,  except  to  the  extent  that  such  an  Individual  can 
benefit  from  a  knowledge  of  the  designer's  problems.  For  this  reason  any  dlscusslor,  of 
specific  materials,  their  mechanical  and  physical  properties  or  the  effect  of  variations 
In  composition  or  structure  or  the  effect  of  various  processing  parameters.  Is  avoided. 

This  handbook  Is  also  confined  to  those  areas  of  design  whore  differences  with  conven¬ 
tional  design  technology  are  necessary.  No  attempt  Is  made  to  present  any  of  the  standard 
stress  analysis  methods  which  can  be  found  in  text  looks,  and  reports  and  papers,  and  for 
which  convenient  design  charts  are  available  at  emy  organization  which  practices  structural 
design. 

The  handbook  presents,  first,  a  general  discussion  of  those  areas  of  design  technology 
where  different  techniques  or  different  concepts  are  required  for  applications  Involving 
brittle  materials,  and  then  each  of  those  areas  Is  treated  In  detail.  In  Individual  sections. 
Within  these  sections  each  topic  Is  discussed  to  present  concepts,  assumptions,  theories, 
etc.  and  also  the  recommended  approach.  Emphasis  Is  placed  on  those  techniques  recommended 
for  design  purposes  and  a  variety  of  ideas  or  approaches  Is  discussed  only  when  a  unanimous 
opinion  on  the  best  technique  is  not  available.  Associated  past  developments  are  not 
discussed  unless  necessary  for  aun  understanding  of  current  practice.  The  review  of  the 
most  generally  accepted  current  practices  Includes  indication  of  their  shortcomings  and 
limitations,  together  with  as  much  quantitative  data  as  can  be  found.  Where  possible  this 
has  been  presented  In  the  form  of  charts,  tables  and  curves  to  facilitate  Its  use  In  routine 
design  exercises. 

Throughout  this  volume  it  has  been  recognized  that  the  designer  Is  usually  faced  with  the 
need  to  produce  hardware,  and  that  the  demind  cannot  generally  be  deferred  because  analyti¬ 
cal  technique  Is  not  as  advanced  as  It  could  be.  Therefore,  wherever  useful  Information 
has  been  found  on  a  particular  branch  of  the  technology  It  has  been  Included,  regardless 
of  limitations  or  of  differences  of  opinion  within  the  technical  community  on  Its  validity. 
Such  limitations  or  differences  of  opinion  are,  however,  clearly  Indicated,  so  that  the 
designer  can  establish  test  programs  for  design  verification  where  doubt  exists. 
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Certtln  aspects  of  brittle  material  design  require  digital  computer  techniques  to  achieve 
sufficient  analytical  refinement.  Complete  details  of  the  computer  programs  required  are 
not  included,  however,  since  these  will  generally  be  built  up,  by  each  organization,  over 
a  long  period  of  time,  to  suit  the  facilities  and  requirements  of  that  organization. 

Assembly  of  the  handbook  has  been  chiefly  the  work  of  one  Individual,  based  on  Informa¬ 
tion  available  In  the  literature  or  on  research  work  In  progress.  No  attempt  has  been  made 
to  advance  the  art  by  the  addition  of  original  work  not  otherwise  published  except  on  the 
subject  of  design  criteria,  where  no  data  exists  In  the  literature.  However,  material  has 
generally  been  rearranged  to  present  It  In  a  more  convenient  form  for  the  designer.  Again, 
recognizing  the  'uncertainty  and  lac.»  of  practice  In  many  areas,  and  the  need  for  supple¬ 
mentary  opinion  and  Judgment,  much  of  the  material  has  been  reviewed  by  recogi  Ized 
authorities  In  the  Individual  subjects.  To  further  pursue  this  process  a  symposium  was 
held  during  1967,  under  the  sponsorship  of  the  Structures  and  Materials  Panel  of  AOARD  for 
the  purpose  of  reviewing  the  more  basic  unresolved  questions  associated  with  the  technology. 
Many  of  the  foremost  research  Investigators  and  design  practitioners  In  the  various  subjects 
were  present  and  the  symposium  was  used  to  obtain  agreement  on  the  best  available  answers 
to  these  questions.  The  methods  and  data  presented  In  the  sections  of  the  handbook  which 
are  affected  by  the  results  of  this  symposium  are  consistent  with  these  agreements. 

1.4  DEFINITION  OF  TERMS 

The  term  brittle  materials  Is  used  In  this  handbook  to  describe  materials  which  show  no 
plastic  deformation  under  stress  but  which.  Instead,  deform  only  elastically  until  failure 
Is  reached.  Furthermore,  since  the  elastic  modulus  of  the  materials  of  Interest  Is  high, 
the  resulting  total  deformation  at  failure  Is  small.  This  Is  In  contrast  to  most  ductile 
metals  of  structural  usefulness  where  the  plastic  deformation  before  fracture  may  be  from 
ten  times  the  elastic  deformation  In  the  case  of  high  strength,  low  modulus,  materials  such 
as  titanium  alloy  to  500  times  for  a  low  strength  carbon  steel.  To  further  define  termi¬ 
nology,  distinction  must  be  drawn  between  brittleness  as  defined  above,  and  involving  zero 
Inelastic  deformation,  and  the  conventional  use  of  the  term  to  describe  materials  such  as 
the  ultra  high  strength  rteels,  steels  operating  below  the  ductile  to  brittle  transition 
temperature,  beryllium,  tungsten,  etc.  Each  of  these  materials  shows  some  ductility  which, 
though  small  compared  with  more  conventional  metals.  Is  nevertheless  sufficient  to  madce  the 
methods  of  this  handbook  unnecessary. 
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2.  PRINCIPLES  OF  BRITILE  MATERIAL  DESIGN 


2.1  GENERAL 

Experience  ehows  that  structural  design  techniques  which  have  been  developed  and  used 
successfully  for  structures  fabricated  from  ductile  metallic  materials  cannot  be  used  with¬ 
out  modification  with  completely  brittle  materials.  If  the  same  degree  of  structural  rell- 
aiilllty  Is  required.  In  the  previous  section  the  reasons  why  conventional  design  tech- 
nlviues  are  not  satisfactory  with  brittle  materials  were  reviewed  In  general  terns.  In  this 
section  the  principles  end  practices  vdilch  must  be  followed  to  achieve  reliability  with 
structures  constructed  with  brittle  materials  are  described  In  detail.  However,  It  should 
be  recognized  that  experience  with  structures  In  which  brittle  materials  support  significant 
tension  stresses  without  the  benefit  of  metallic  reinforcement  Is  presently  very  limited, 
so  that  many  of  the  concepts  to  be  presented  in  this  section  are  based  on  theoretical 
considerations.  Where  these  practices  have  been  followed  the  results  have  been  satisfactory, 
but  whether  all  of  these  practices  are  necessary  or  whether  they  are  sufficient  for  all 
materials  and  applications  can  only  be  determined  by  experience. 

All  of  the  considerations  Involved  In  brittle  material  design  result  from  the  condition 
that  the  material  shows  no  yielding  prior  to  failure,  that  is,  that  the  stress-strain 
curve  Is  a  straight  line  of  constant  slope  to  the  stress  level  whe>*e  failure  occurs.  The 
consequences  of  this  assumption  are  Illustrated  and  summarized  In  Figure  2.1,  which  shows 
a  series  of  dependences  and  the  design  consequences  that  follow  from  each.  The  Initial 
assumption  of  no  yielding  leads  to  failure  at  points  of  maximum  stress,  regardless  of  the 
fact  that  these  high  stresses  might  be  localized.  As  a  consequence  additional  requirements 
are  Imposed  on  the  stress  analysis  methods  since  they  must  define  these  localized  meuclmum 
stresses.  New  concepts  must  be  Introduced  Into  the  design  of  Joints  and  connections  and 
Important  changes  are  required  In  the  methods  for  experimentally  determining  the  mechanical 
properties  of  the  materials. 

One  of  the  sources  uf  very  localized  high  stresses  may  be  flaws  within  the  material,  and 
thus  the  apparent  strength  of  the  material  becomes  dependent  on  the  size,  type  and  frequency 
of  such  laws.  This  requires  an  Improved  understanding  of  material  fracture  mechanisms  and 
the  estaLiishment  of  appropriate  material  fracture  theories,  particularly  under  complex 
stress  conditions. 

Since  the  material  strength  Is  affected  by  the  presence  of  flaws,  which  are  In  themselves 
random  phenomena,  a  variability  In  materlsd  strength  among  supposedly  identical  speclmuns 
can  be  expected.  Such  a  variability  Is  present  In  all  materials,  but  the  Inability  to 
relieve  high  local  stresses  by  local  yielding  makes  the  variability  In  brittle  materials 
sufficiently  great  that  It  must  be  considered  in  the  design.  It  thus  becomes  necessary  to 
uae  a  statistical  rather  than  a  deterministic  definition  of  material  strength.  This  vari¬ 
ability  also  requires  attention,  by  the  designer,  to  the  material  processing  .ind  quality 
control  to  minimize  such  variability,  and  hence  maximize  the  strength  that  can  be  expected 
with  a  specified  level  of  reliability.  Variability  also  Introduces  the  considerutlon  of 
other  methods  of  achieving  high  working  stresses  In  conjunction  with  high  reliability,  and 
these  methode  will  generally  affect  the  design  processes. 

With  such  fundamental  changes  In  the  material  failure  characteristics,  the  estaollshed 
methode  of  specifying  structural  design  criteria  also  require  revision.  For  example,  the 
conventional  factor  of  safety  loses  meaning  If  a  single  value  cannot  be  specified  for  the 
material  strength.  Finally,  the  conventional  optimization  techniques  for  defining  minimum 
weight  or  minimum  cost  structures  also  require  revision  to  Introduce  reliability 
considerations . 

Figure  2.1  shows  ten  areas  where  changes  In  design  practice  are  necessary  whsn  brittle 
materials  are  used.  Ihe  remainder  of  this  section  discusses  each  of  those  areas  In  detail 
while  the  remainder  of  this  manual  provides  charts  and  other  Information  to  facilitate  the 
application  of  these  practices. 

2.2  REFINED  STRESS  ANALYSIS 

Conventional  stress  analysis  involves  a  number  of  simplifying  assumptions.  Including  the 
assumption  of  no  sudden  cheuige  of  cross  section,  freedom  from  end  effects.  Idealized 
boundary  conditions,  etc.  Such  methods  neglect  changes  In  the  stress  distribution  which 
occur  at  sudden  changes  In  structural  cross  section  or  at  the  locations  where  external 
loads  are  applied.  Changes  In  cross  section  may  arise  for  a  number  of  reasons;  gradual  or 
abrupt  changes  In  the  basic  cross  section  In  an  attempt  to  minimize  weight  by  matching  the 
component  strength  to  'the  Internal  forces  and  moments,  abrupt  cnanges  In  cross  section  at 
the  ends  of  a  component;  local  changes  due  to  the  presence  of  stiffening  members;  holes, 
splices  and  Joints;  changes  due  to  the  presence  of  material  provided  for  attachment  amd 
support  of  the  component  or  for  attachment  of  adjacent  structural  components.  The  applica¬ 
tion  of  concentrated  loads,  such  as  occurs  at  attachments  between  structural  components, 
and  the  presence  of  distributed  external  loads  which  vai'y  appreciably  across  a  component, 
are  also  a  source  of  changes  In  the  stress  distribution. 

All  of  these  effects  will  generally  produce  local  strains  which  may  be  greater,  at  some 
point,  than  those  predicted  by  simple  "strength*  theory.  Generally,  with  a  ductile  metallic 
material,  such  localized  strains  can  be  absorbed  by  yielding  and  redistribution  of  stress 
and,  since  the  average  strength  across  the  section  will  be  sufficient  to  support  the  applied 
loads,  no  failure  results.  Sometimes,  under  repeated  loads,  fatigue  cracks  may  develop  at 
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these  points  where  yielding  occurs.  Where  It  Is  necessary,  as  a  consequence,  to  examine 
such  effects  analytically  It  can  still  be  done  sufficiently  accurately  by  applying  correc¬ 
tion  factors  to  the  simple  stress  distribution.  These  correction  factors  have  been  computecl 
using  the  theory  of  elasticity,  for  a  number  of  simple  cases  and  the  results  are  suffi¬ 
ciently  accurate  for  application  to  metallic  structures. 

If  the  material  Is  completely  brittle,  so  that  stress  Is  a  linear  function  of  strain  to 
fracture.  It  can  be  expected  that  If  these  local  effects  Include  the  regions  of  maximum 
strain  they  will  be  the  source  of  failure.  As  a  c'>nsequance,  they  cannot  be  neglected, 
however  localized  they  may  be.  These  considerations  are  particularly  Important  If  the 
stresses  are  produced  by  temperature  gradients.  Typically  the  thermal  expansion  of  a 
brittle  nonmetalllc  refractory  material  at  the  temperatures  where  such  materials  will 
frequently  be  used  Is  greater.  In  the  absence  of  yielding,  than  the  strains  required  to 
produce  failure.  Thus  the  success  of  a  structure  of  brittle  materials.  In  a  high  tempera¬ 
ture  environment,  depends  on  the  control  of  temperature  gradients,  l.e.  the  differences 
of  temperature  throughout  the  component,  and  on  the  external  restraints  against  thermal 
deformation.  Hence  an  accurate  thermal  and  stress  analysis  Is  necessary  for  structural 
reliability.  In  a  typical  metallic  structure,  on  the  other  hcuid,  temperature  gradients 
will  rarely  produce  static  failure,  since  they  represent  a  seli'-balanclng  Internal  load 
system  which  Is  Immediately  relieved  by  local  yielding  at  points  of  excessive  thermal 
strain.  Thermal  gradients  may  thus  produce  buckling  of  unstable  sheet  metal  parts,  or 
fatigue  cracking  from  repeated  yielding  if  the  environmental  conditions  are  repeatedly 
applied,  but  they  will  rarely  produce  short  time  fracture. 

From  considerations  such  as  these,  a  most  Important  principle  of  successful  design  with 
brittle  materials  Is  believed  to  be  the  use  of  stress  analysis  methods  which  avoid  the 
limitations  of  both  the  "simple*  strength  theory  and  the  classical  theory  of  elasticity; 
the  former  limitation  Involves  extremely  simple  component  geometry  and  loading  conditions 
and  the  latter,  vdille  giving  precise  results.  Is  limited  by  mathematical  complexity  to  a 
few  specialized  loading  conditions  and  geometric  shapes.  Fortunately  an  analytical  tool 
which  meets  these  requirements  Is  available.  It  involves  division  of  the  structure  into  a 
very  large  number  of  elements  of  sufficiently  simple  shape  that  relationships  between  loads, 
stresses,  and  deformations  of  each  element  can  be  easily  written,  and  of  sufficiently  small 
size  that  all  complexities  of  the  component  geometry  and  loading  can  be  accurately  repre¬ 
sented.  Equations  expressing  equilibrium  and  displacement  compatibility  at  the  Junctions 
of  the  elements  are  then  written  In  matrix  form  and  solved  for  the  Internal  displacements 
and  stresses.  Since  a  large  number  of  elements  are  required  for  accurate  representation 
of  a  typical  structure  a  computer  Is  generally  required  for  solution  of  the  matrix. 

Similarly  It  Is  necessary  to  computerize  the  stress-deformation  relationships  of  the  vari¬ 
ous  types  of  elements  that  are  used  In  the  analysis  so  that  the  matrix  can  also  be  assembled 
by  the  computer.  This  technique  Is  explained  In  some  detail  In  Section  4,  although  a 
specific  procedure  for  establlshlr  i  the  computer  programs  Is  not  given.  Generally,  such 
a  capability  requires  an  appreciable  amount  of  time  and  effort  for  Its  establishment  and 
It  must  be  related  to  the  specific  needs,  capabilities  and  equipment  of  each  organization. 

For  the  benefit  of  those  organizations  who  are  active  In  the  use  and  development  of 
brittle  material  technology,  but  who  do  not  have  access  to  am  appropriate  computer  program, 
Section  4  also  Includes  curves  of  correction  factors  to  be  applied  to  stresses  calculated 
by  the  simple  bending  theory,  and  to  account  for  some  of  the  local  effects  mentioned 
previously.  These  curves  are  similar  to  those  which  cam  be  found  In  any  book  on  elastic 
theory  and  which  give  stress  concentrations  due  to  holes,  fillets,  etc.  However,  by  the 
application  of  the  matrix  methods  of  stress  analysis  desctlbed  above,  It  has  been  possible 
to  present  correction  factors  for  a  wider  range  of  concentration  effects  than  Is  possible 
using  the  classic  theory  of  elasticity. 

2.3  ADDITIONAL  DESIGN  RULES  AT  JOINTS 

The  previous  considerations.  Involving  refined  stress  analysis,  clearly  apply  at  splices 
and  Joints  between  elements  of  a  brittle  material  structure,  and  at  the  points  where  brittle 
components  are  attached  to  metallic  structure,  since  these  areas  will  normally  Involve 
severe  changes  In  cross  section,  the  presence  of  holes,  fillets,  etc.  and  points  of 
application  of  concentrated  loads.  There  are  In  addition,  however,  a  number  of  other 
principles  which  must  be  followed  in  order  to  design  a  successful  Joint  with  brittle 
materials . 

Typically,  In  metallic  construe:! on.  Joints  and  connections  contain  multiple  fasteners, 
and  a  relatively  accurate  assessment  of  the  ultimate  strength  of  such  a  Joint  can  be  made 
by  assuming  loads  divided  between  the  fasteners  In  proportion  to  the  cross  sectional  area 
of  each  fastener,  and  to  Its  position  with  respect  to  the  center  of  rotation  of  the  con¬ 
nection.  With  brittle  materials,  and  the  absence  of  yielding,  the  load  path  through  a 
multiple  connection  will  be  dependent  on  the  deformations  In  the  various  structural  parts 
of  the  connection,  and  on  the  respective  fits  between  the  bolts  and  the  holes.  Because  of 
tolerances  on  bolt  and  hole  diameters,  and  on  the  positions  of  the  holes  In  the  adjacent 
connected  elements,  the  loads  or  moments  will  be  transferred  through  those  bolts  which  moke 
contact  first  with  the  material  surrounding  the  bolt  hole.  Consequently  the  load  distribu¬ 
tion  cannot  be  calculated.  The  distribution  may  also  be  modified  by  the  deformations  of 
the  Joint  elements,  but  these  deformations  cure  difficult  to  caG.culate,  even  with  the 
methods  discussed  In  Section  2.2,  because  of  the  complexity  of  the  geometry  and  the  stress 
distribution  In  a  typical  Joint,  and  because  of  the  presence  of  deformations  due  to  bearing 
In  the  bolt  holes  and  shear  in  the  bolt. 
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Omerally  the  load  la  likely  to  pass  through  one  or  two  bolts  that  contact  first,  and 
these  will  probably  fall  before  there  is  sufficient  deformation  for  the  other  bolts  to  pick 
up  a  proper  share  of  the  load.  Thus  multiple  connections  are  likely  to  be  Ineffective,  in 
a  Joint,  and  will  represent  useless  weight. 

This  discussion  is  not  intended  to  imply  that  the  use  of  redundancy  in  a  properly  designed 
connection  is  undesirable.  Indeed,  In  a  later  section  the  use  of  redundant  load  paths  to 
increase  structural  reliability  without  reduction  in  allowable  stresses  is  discussed  and 
recommended.  The  significant  point  is,  however,  that  the  redundancy  must  be  of  the  type 
which  permits  the  loads  through  each  load  path  to  be  accurately  determined.  If  a  connec¬ 
tion  is  reduced  to  a  single  pin,  to  avoid  the  above  problems,  the  parts  may  deform 
relatively,  and  then  the  same  principles  must  be  applied.  A  single  pin  will  generally 
provide  rotational  freedom  only  about  one  axis,  unknown  moments  may  be  Introduced  about 
the  other  two  axes  and  critical  stresses,  which  would  be  relieved  by  yielding  in  a  metallic 
component,  may  be  Introduced.  Section  7  discusses  the  design  of  Joints  in  more  detail  and 
presents  oxamples  of  Joints  which  avoid  the  problems  mentioned  above,  and  also  charts  to 
facilltat')  their  design. 

One  additional  principle  is  involved  when  connections  are  made  between  brittle  components 
and  supporting  metallic  structures.  It  will  generally  be  found  that  a  brittle  component 
operating  at  high  temperatures  and  subjected  to  temperature  gradients  will  need  to  be 
supported  in  a  manner  permitting  free  thermal  deformation.  For  most  applications  complete 
restraint  against  overall  thermal  deformation  must  be  avoided,  otherwise  the  thermal  strains 
at  the  temperatures  where  brittle  refractory  materials  will  normally  bo  used  are  greater 
than  the  strain  required  to  produce  fracture.  Furthermore,  It  will  getierally  be  necessary 
to  provide  not  only  for  thermal  growth  but  for  changes  in  curvature  due  to  temperature 
gradients.  Thus,  again,  the  connections  to  the  supporting  metallic  structure  must  provide 
both  translational  and  rotational  freedom  in  all  directions.  A  similar  requirement  exist j 
if  the  supporting  metal  component  la  subjected  to  loads  which  produce  significant  deforma¬ 
tion  and  change  in  curvature.  Such  deformations  must  be  prevented  from  inducing  unknown 
forces  in  the  brittle  components  by  using  connections  which  provide  ccmplete  translational 
and  rotational  freedom,  ^gain,  Section  7  discusses  how  these  conditions  may  be  achieved 
in  practice. 

Instances  have  been  found  where  partial  restraint  against  deformation  due  to  temperature 
gradients  can  be  beneficial.  In  materials  which  have  much  greater  compression  strength 
than  tensile  strength,  which  is  true  of  essentially  all  full  density  ■brittle"  materials, 
restraints  which  Increase  compressive  thermal  stresses,  but  thereby  reduce  tensile  thermal 
stresses,  could  Improve  reliability.  VRiether  it  is  practical  to  control  restraints  to  such 
a  degree  is  not  known. 

Another  problem  which  requires  special  consideration  concerns  thermal  expansion  differ¬ 
ences  at  the  point  of  connection  between  a  metallic  and  a  nonmetalllc  component.  Depending 
on  the  materials  used  and  the  difference  in  thermeil  expansion  characteristics,  conventional 
bolted  connections  may  become  loose  or  alternatively  sufficiently  tight  to  fracture  the 
brittle  material  component  as  the  temperatures  are  raised.  Techniques  to  avoid  this 
problem  are  available  and  are  discussed,  together  with  appropriate  design  charts,  in 
Section  7. 

2.4  IMPROVED  MECHANICAL  PROPERTY  TEST  METHODS 

The  basic  mechanical  property  data  used  for  structural  design  Is  the  uniaxial  tensile  and 
compressive  stress-strain  curve,  which  Is  normally  obtained  from  axially  loaded  specimens. 
With  brittle  materials  problems  result  in  attempting  to  conduct  tensile  and  coir-presslve 
strength  test  because  of  the  inability  of  the  test  materials  to  absorb  local  stress  concen¬ 
trations.  To  obtain  the  true  strength  of  the  material,  therefore,  very  uniform  stress 
distributions  must  be  developed  across  the  test  sections.  Specimens  and  apparatus  must 
permit  extremely  accurate  load  alignment  and  maintenance  of  alignment  during  testing, 
specimens  must  be  fabricated  to  close  tolerances,  and  specimen  shapes  must  be  developed 
which  will  accommodate  the  stress  concentrations  that  normally  arise  at  load  application 
points.  Experience  shows  that  these  requirements  are  difficult  to  meet,  but  the  testing 
problem  Is  further  complicated  by  the  high  cost  of  fabricating  many  of  the  refractory  non- 
metalllcs  due  to  extreme  hardness.  Thus  the  requirement  for  extremely  accurate  cloi  e 
tolerance  specimens,  together  with  the  need  for  statistical  strength  data  requiring  a  large 
number  of  such  specimens,  can  result  In  extremely  expensive  programs. 

Many  types  of  tensile  test  have  been  tried  to  avoid  the  problems  described  above,  generally 
Involving  different  types  of  load  application  grips,  with  arrangements  for  alignment  and 
adjustment,  and  soft  spacing  materials  to  accommodate  local  surface  Imperfections.  Strain 
gages  on  the  test  section.  In  combination  with  adjustable  grips,  have  also  been  used  to 
obtain  accurate  load  alignment.  None  of  these  methods  has  prover  particularly  satisfactory 
except  perhaps  the  use  of  strain  gages.  This  technique  again  is  too  expensive  to  consider 
for  large  nambers  of  specimens.  In  some  programs  the  bending  strains  on  tensile  test 
specimens  resulting  from  load  misalignment  have  been  measured  and  the  values  are  surpris¬ 
ingly  high.  Values  between  20  and  35%  of  the  tensile  strain  are  apparently  common  when 
special  precautions  to  obtain  accurate  alignment  are  taken,  and  values  of  50ft  and  above 
are  easily  obtained  In  the  absence  of  such  precautions.  Probably  the  magnitude  of  this 
difficulty  Is  related  to  the  size  of  the  test  specimen.  These  are  generally  small  in  the 
Interests  of  conserving  material,  and  the  small  test  section  increases  the  difficulty  since 
many  of  the  tolerances  in  the  test  equipment  are  of  a  fixed  magnitude  and  independent  of 
specimen  size. 
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Tests  with  photoelastic  specimens  to  check  misalignment,  eccentricity,  and  streis  con¬ 
centration  effects  are  commonly  conducted  but  the  evidence  is  that  such  teats  are  not 
sufficiently  sensitive  to  determine  the  suitability  of  test  methods  for  brittle  ceramic 
materials. 

Numerous  other  types  of  tensile  specimen  have  been  examined.  Including  ring  specimens, 
and  the  *Theta"  specimen,  but  where  these  are  at  all  satisfactory  they  are  extremely 
expensive  to  manufacture.  Compression  testing  also  has  problems;  first,  the  requirements 
for  perfectly  flat  and  parallel  loading  surfaces  to  prevent  the  concentration  of  load  on 
some  local  unyielding  high  spot  and,  secondly,  the  elimination  of  friction  at  the  load 
application  surface.  Friction  prevents  lateral  strain  due  to  the  Poisson's  ratio  effect, 
and  produces  highly  complex  screes  distributions  which  lead  to  premature  fracture. 

Because  of  the  difficulties  of  producing  a  satisfactory  tensile  specimen  the  most  common 
test  Is  the  bend  test,  but  these,  too,  have  problems.  Such  specimens  are  generally  made 
with  Increased  cross  section  at  the  point  of  load  application  so  that  the  resulting  stress 
concentrations  do  not  initiate  fracture.  However,  friction  effects  under  the  load  applica¬ 
tion  points  have  been  shown  to  produce  errors  of  over  25^  In  the  measured  stresses.  Vari¬ 
ous  devices  such  as  loading  Jigs  with  ball  bearings  at  the  load  application  points  have 
been  developed  to  minimize  friction,  but  the  literature  contains  no  comments  on  their 
performance . 

The  problem  of  accurate  alignment  of  load  application  devices  sdso  exists  with  bend 
specimens  and  most  of  the  methods  which  have  been  tried  Introduce  twist,  in  addition  to 
bending,  across  the  test  section. 

All  of  the  above  problems,  of  course,  aire  additionally  complicated  by  the  fact  that 
extremely  high  temperature  testing  will  generally  be  required  with  brittle  materials,  since 
such  materials  are  most  commonly  used  for  high  temperature  applications. 

From  the  above  discussion  It  will  be  evident  that  conventional  testing  methods  cannot  be 
used  with  brittle  materials  and  that  specla"  techniques  must  generally  be  developed.  Fur¬ 
thermore,  even  with  special  techniques,  the  effects  of  brittleness  show  up  In  many 
unexpected  ways.  This  subject  is,  therefore,  discussed  In  more  detail  In  Section  8 
where  the  best  of  current  practice  for  mechanical  property  testing  of  brittle  naterlals 
is  defined  In  a  form  suitable  for  application  by  the  structural  designer. 

2.5  FAILUHE  MECHANISMS 

At  presmt  any  discussion  of  material  failure  can  take  one  of  two  forms;  we  can  discuss 
fracture  mechanics,  which  attempts  to  explain  In  physical  terms  the  detedls  of  the  initia¬ 
tion  and  progression  of  failure  in  the  material,  or  we  can  discuss  failure  theories,  which 
define  material  strength  und«r  complex  stress  conditions,  but  which  are  based  on  gross 
considerations.  The  study  of  failure  mechanisms  Involves  a  description  of  the  failure  In 
terms  of  atomic  rupture  or  slip,  the  effect  of  dislocations  in  the  atomic  structure, 
microcrack  formulation  and  growth,  the  effect  of  grain  boundaries,  precipitates,  etc.  on 
crack  propagation,  etc.  This  subject  Is  generally  limited  to  the  consideration  of  simple 
uniaxial  tension.  It  does  not,  at  present,  provide  the  designer  with  quantitative  Informa¬ 
tion,  but  It  Is  nevertheless  desirable  that  he  understand  material  fracture  mechaunlcs  In  a 
general  manner,  so  that  the  failure  theories  that  he  does  use  can  reflect  the  proper 
parameters.  This  subject  Is  therefore  covered  In  the  present  section. 

Failure  theories,  on  the  other  hand,  provide  a  quantitative  statement  of  the  stress 
conditions  which  will  result  In  material  failure,  whether  It  be  yielding  or  fracture.  Such 
theories  are  based  on  oversO.!  consideration  which  are  assumed  to  control  material  behavior, 
such  as  the  assiunptlon  that  fracture  will  occur  vrtien  the  maximum  tensile  stress  reaches  a 
limiting  value  or  that  yielding  will  occur  when  a  limiting  value  of  deformation  energy  Is 
reached.  These  failure  theories  require  empirical  verification  but  they  do  provide  quanti¬ 
tative  data  which  can  be  used  in  design.  This  subject  Is  therefore  discussed  In  the  next 
section. 

The  study  of  the  fracture  mechanics  of  metals  Is  complex  because  many  types  of  fracture 
are  Involved.  It  Is  commonly  assumed  that  metals  are  ductile.  Involving  slip  and  low  In 
the  atomic  structure,  but  this  picture  is  modified  by  the  complexity  of  many  metallic 
materials,  and  by  the  fact  that  many  such  materials  show  a  sensitivity  to  tempurature, 
strain  rate  and  stress-state  which  can  produce  brittle,  or  combinations  of  brittle  and 
ductile  fracture.  This  sensitivity.  In  turn,  may  be  critically  dependent  on  such  factors 
as  heat  treatment,  work  hardening,  residual  stresses,  etc.  so  that  It  Is  unsafe  to  make 
general  statements  about  the  failure  mechanics  of  a  particular  material  In  a  particular 
application.  In  the  absence  rf  experimental  data.  On  the  other  hand  It  is  not  practical 
to  take  the  conservative  view  and  assume  that  all  metals  are  brittle,  since  this  would 
greatly  limit  the  strength  levels  which  can  bo  quite  safely  developed  In  very  many  cases. 

The  situation  with  brittle  materials  such  as  oxides,  carbides,  borides  Is  believed  to  be 
more  simple  since,  although  such  materials  may  show  ductility  at  temperatures  near  the 
melting  point,  brittle  failure  will  almost  always  be  the  critical  strength  consideration. 
The  study  of  the  fracture  mechanics  of  these  materials  Is  nevertheless  extremely  limited 
at  present. 

The  best  description  that  can  presently  be  assembled  from  the  literature  in  terms  that 
will  be  useful  to  a  designer  Is  as  follows.  The  material  Is  made  up  of  grains  within  which 
the  atoms  are  arranged  in  a  particular  order.  At  some  points  this  order  Is  disturbed  by  an 


8 


excess  or  deficiency  of  atoms  producing  local  Internal  stresses  In  the  material  structuic. 
Upon  the  application  of  external  stress  these  so-called  '^dislocations*,  which  are  the  weak 
points  In  the  material  structure,  will  move  until  they  meet  obstructions.  At  these  obstruc¬ 
tions  they  collect  eventually  In  sufficient  numbers  to  form  mlcrocracks.  Various  mechanisms 
for  obstructing  the  movement  of  dislocations,  and  thereby  Initiating  crack  nucleatlon,  have 
been  postulated  Including  grain  boundaries,  the  Intersection  of  two  slip  systems,  etc.  The 
stresses  which  cause  the  dislocations  to  move  and  collect  may  be  due  to  external  loads,  or 
temperature  gradients  produced  by  external  thermal  environments,  but  they  may  also  be 
produced  by  material  processing  or  by  the  presence  of  different  phases  or  Impurities  within 
the  material,  with  associated  differences  In  thermal  expansion.  Accordingly,  mlcrocracks 
may  exist  in  the  material  before  the  component  Is  put  Into  service.  Furthermore,  the 
mlcrocracks  can  be  expected  to  form  at  points  of  stress  concentration  within  the  material 
such  as  are  caused  by  pores,  voids  between  adjacent  material  grains  or  other  flaws. 

With  cracks  present,  large  stress  concentrations  will  be  formed  at  the  tips.  The  stress 
distribution  around  such  a  region  may  be  computed  by  using  elastic  theory  and  from  such 
computations  It  Is  known  that  the  stresses  may  be  as  large  as  the  theoretical  atomic  bond 
strength.  When  this  situation  occurs  the  atomic  or  molecular  bonds  at  the  crack  tip  will 
be  ruptured  and  the  crack  therefore  grows.  As  the  crack  Is  lengthened  elastic  strain 
energy  In  the  surrounding  material  Is  released,  but  lengthening  of  the  crack  requires  the 
addition  of  surface  energy.  A  spontaneous  Increase  In  the  length  of  crack  will  occur  when 
the  decrease  of  strain  energy  Is  greater  than  the  corresponding  Increase  of  surface  energy. 
Initially  this  propagation  may  be  periodically  disturbed  by  obstructions  within  the  material 
and  may  In  fact  be  stopped  by  voids,  but  generally  the  stress  concentration  Increases  as 
the  crack  lengthens,  the  energy  balance  can  no  longer  be  maintained,  and  the  crack  propa¬ 
gates  rapidly  through  the  material,  leading  to  complete  failure.  The  rate  of  crack 
propagation  will  reach  a  limiting  value  for  a  particular  material  and,  when  this  velocity 
Is  reached,  any  extra  strain  energy  released  must  find  other  dissipation  mechanisms.  In  a 
completely  brittle  material  some  of  this  excess  energy  Is  transformed  Into  extra  surface 
energy  by  producing  multiple  branching  of  the  running  crack. 

At  present,  within  the  literature,  there  Is  no  consideration  of  stress  condition,  that 
Is  whether  the  stress  Is  tensile  or  compressive  or  unlsuclal  or  multlaxlal,  and  particularly 
there  Is  little  understanding  of  the  slgnlflcemce  of  the  type  of  material.  As  the  applica¬ 
tion  of  these  materials  Increases,  however,  studies  of  failure  mechanics  can  be  expected 
to  Increase  In  the  effort  to  develop  materials  of  Improved  mechanical  properties.  The 
application  of  such  technology  to  the  prediction  of  quantitative  mechanical  property  data 
cannot,  however,  be  foreseen. 

2.6  ESTABLISHMENT  OF  MATERIAL  FAILURE  MODES 

For  a  simple  uniaxial  tension  stfress  In  a  ductile  material,  the  establishment  of  allowable 
stresses,  whether  for  initiation  of  yielding,  or  fracture,  Is  a  simple  matter  of  pulling 
tensile  specimens.  It  Ir  not  essential  that  the  designer  know  the  mode  of  material  failure. 
In  such  terms  as  atomic  slip  or  cleavage,  dislocation  pile  up,  crack  propagation,  the 
effect  of  grain  boundaries,  etc..  In  order  to  use  this  data  for  design  purposes,  although 
such  knowledge  is  useful  In  assessing  the  significance  of  stress  concentrations,  fatigue, 
etc.  When  a  more  complex  biaxial  or  trlaxial  stress  situation  exists,  the  material  strain 
In  a  specified  direction  Is  no  longer  related  to  the  stress  In  that  direction  In  the  memnor 
Indicated  by  the  uniaxial  stress->straln  curve.  Consequently  It  is  no  longer  obvious  at 
what  stress  level  the  material  will  show  yielding  or  at  what  point  It  will  fracture.  One 
can  ask,  for  instance,  whether  these  conditions  are  controlled  by  a  limiting  stress,  or  a 
strain,  or  an  energy  limitation,  etc. 

In  order  to  have  some  basis  for  determining  allowable  stresses  under  conditions  of 
combined  stress,  which  are  often  encountered  In  design,  various  strength  theories  have 
been  advanced  for  metallic  materials.  The  purpose  of  these  theories  Is  to  establish  laws 
by  which,  from  the  behavior  of  a  material  in  simple  tension  or  compression  tests,  the 
condition  of  failure,  either  yielding  or  rupture,  can  be  predicted  under  any  kind  of 
combined  stress.  Such  theories  are  strongly  empirical,  with  a  basis  In  a  very  general 
understanding  of  material  failure,  but  the  actual  failure  mechanics,  on  an  atomic  or 
microscopic  basis,  are  not  Involved. 

Among  the  theories  which  have  been  proposed  for  yielding  of  ductile  materials  are  the 
maximum  stress  theory,  the  maximum  strain  tJieory,  the  maximum  shear  theory,  the  maximum 
strain  energy  theory  and  the  distortion  energy  theory,  of  which  the  latter  best  fits 
experimental  data. 

For  brittle  materials  a  different  approach  Is  required,  since  the  lack  of  shear  slip  and 
yielding  make  the  shear  and  energy  theories  Inappropriate.  Consequently  the  maximum  stress 
theory  Is  most  commonly  used.  This  theory  postulates  that  fracture  will  occur  when  the 
maximum  tensile  stress  In  the  body  reaches  a  limiting  value.  This  theory  predicts  fracture 
to  be  Independent  of  the  other  two  f.rlnclpal  stresses,  which  Is  contrary  to  observation,  and 
it  neglects  both  co.mpresslve  stresses  and  the  compression  strength  of  the  material.  There 
is  also  the  lo-called  stress  Invariant  theory  which  does  realistically  predict  compression 
strength  values  six  times  the  tension  strength,  although  there  Is  no  evidence  In  the 
literature  of  Its  application. 

The  Griffith  crack  theory  and  the  Welbull  theory  have  also  been  extended  to  complex  stress 
conditions  so  that  they  become  failure  theories  relating  strength  values.  The  Griffith 
theory  predicts  failure  under  biaxial  tension  when  the  maximum  normal  stress  acts  upon  a 
flaw  of  critical  size.  It  Is  thus  equivalent  to  the  maximum  stress  theory  In  the  tension- 


9 


tension  quadrant,  but  It  also  predicts  a  uniaxial  compressive  strength  equal  to  eight  times 
the  uniaxial  tensile  strength,  so  that  It  also  defines  the  compression  quadrant  of  the 
failure  envelope.  In  the  compression-tension  quadrant,  however,  the  theory  does  not  predict 
an  Increase  In  allowable  tensile  stress  due  to  a  normal  compressive  stress,  though  limited 
test  data  suggests  that  this  may  be  the  case. 

The  Welbull  theory  predicts  values  less  than  the  maximum  stress  theory  In  the  tension- 
tension  quadrant,  and  In  the  compression-tension  quadrant  It  predicts  that  the  presence  of 
compression  will  Increase  the  allowable  tension  In  the  normal  direction. 

The  Griffith  theory  suffers  from  the  limitation  that  the  assumed  flaws  are  sharp  whereas 
many  brittle  materials  show  flaws  which  are  not  sharp.  Recent  woric  by  Sines  has  considered 
flaws  of  various  shapes  and  the  result  Is  a  predicted  uniaxial  compressive  stress  that 
varies  with  the  shape  of  the  critical  flaw.  In  this  respect  the  theory  Is  a  better  fit 
with  experimental  data,  although  In  the  tension- tension  quadrant  It  predicts  an  Increase 
In  strength  due  to  a  biaxial  stress  state,  which  seems  very  unlikely. 

Very  little  quantitative  experimental  data  Is  available  to  verify  which  failure  theory 
should  be  used  for  brittle  materials.  In  much  of  the  experimental  work,  variability  In 
mechanical  properties  between  supposedly  Identical  samples  has  not  been  considered,  and 
this  effect  alone  may  be  greater  than  the  difference  between  the  predictions  of  the  various 
theories.  Furthermore,  very  few  materials  have  been  examined  under  complex  stress  states, 
so  that  it  Is  not  known  whether  different  failure  theories  are  required  for  different  types 
of  brittle  materials.  Certainly  It  must  be  anticipated  that  th''  material  manufacturing 
process  will  have  a  significant  effect,  since  It  controls  such  factors  as  porosity,  grain 
size,  and  the  absence,  presence  and  degree  of  microcracks.  .'Nothing  Is  yet  known,  for 
example,  about  the  effects  of  anisotropy  under  complex  stref s  conditions.  Such  data  as  Is 
available  Is  presented,  In  conjunction  with  the  predictions  of  the  various  theories  men¬ 
tioned  above.  In  Section  5,  and  this  data  may  be  used  for  preliminary  design  purposes.  In 
view  of  the  severe  limitations  mentioned  above,  however.  It  Is  recommended  that  material 
tests  be  conducted  for  any  significant  application,  until  a  substantial  body  of  data  Is 
built  up . 

For  metallic  structures  the  use  of  a  failure  theory,  as  described  above,  has  been  found 
Inadequate  In  many  Important  Instances.  As  already  exp?.'«lned,  these  theories  are 
established  generally  on  the  basis  of  a  ductile  material,  while  experience  shows  that 
many  metals  fall  In  a  brittle  manner  under  certain  conditions  of  temperature,  loading 
rate,  etc.  Under  such  conditions  flaws  In  the  metal,  which  act  as  local  stress  raisers, 
become  critical  and  can  result  In  failures  at  average  stresses  much  less  than  would  other¬ 
wise  be  expected.  This  problem  is  rather  like  the  fatigue  problem  In  metallic  structures; 

It  results  from  simplified  analytical  treatments  which  consider  only  average  stresses  and 
which  depend  upon  ductility  and  local  yielding  to  take  care  of  local  concentrations.  Under 
conditions  where  the  metal  will  not  yield,  trouble  results  and  special  treatment  Is  called 
for. 

It  Is  assumed  that  no  parallel  to  this  situation  will  exist  In  brittle  material  design, 
since  yielding  Is  never  assumed.  Local  stress  concentrations  due  to  component  geometry  and 
loading  configuration  are  accounted  for  In  the  stress  analysis  (see  Section  4),  while  cracks 
and  other  material  flaws  are  accounted  for  In  the  determination  of  material  properties. 

As  will  be  discussed  In  some  detail  in  the  next  section,  the  mechanical  strength  of  other¬ 
wise  identical  samples  of  a  brittle  material  shows  considerable  scatter,  since  failure  Is 
precipitated  by  the  stress  concentrations  present  at  flaws,  and  the  flaws  are  random  In 
size,  direction  and  distribution.  Thus  any  mechanical  property  test  conducted  on  a  sample 
of  material  with  the  expectation  of  defining  a  point  on  the  failure  envelope,  does  not 
specify  a  single-valued  material  property,  but  rather  Is  associated  with  a  probability  of 
occurrence.  Each  point  on  the  failure  envelope  should  therefore  be  determined  by  conducting 
a  series  of  Identical  tests,  defining  a  strength  distribution  curve  under  the  particular 
stress  ratios  and  other  environmental  conditions  of  interest,  and  then  selecting  a  strength 
value  associated  with  a  certain  probability  of  failure.  Thus  the  failure  envelope  becomes, 
not  a  single  envelope  as  in  the  case  of  ductile  materials,  but  a  series  of  envelopes  each 
associated  with  a  certain  probability  of  failure.  Ihls  In  turn  requires  the  combination  of 
a  failure  theory  and  a  statistical  theory.  This  again  Is  a  subject  which  currently  has 
received  no  attention  in  the  literature. 

Again,  because  of  sensitivity  to  stress  concentration,  the  strength  of  a  particular 
materiel,  such  as  aluminum  oxide.  Is  not  a  single  value  or  even  a  single  distribution  curve, 
'f  strength  variability  is  accounted  for.  The  strength,  and  the  mode  of  failure  will  also 
bu  dependent  on  the  material  structure,  such  as  porosity,  grain  size,  the  number  and 
character  of  the  various  secondary  phases,  etc.  Einpirlcal  relationship  that  account  fo*" 

some  of  thi-re  -effects  .are  given  in  Section  5,  but  whichever  failure  theory  Is  used,  specific 
values  must  be  determined  for  tne  particular  material  and  the  particular  material 
characteristics . 

Also  obscure,  from  the  literature,  is  the  significance  of  shear  as  a  potential  failure 
mode.  The  subject  receives  no  discussion  and  yet  compression  failure  Is  accepted  and 
certainly  can  be  demonstrated  experimentally.  Assuming  a  compression  test  method  which 
does  not  introduce  extraneous  stresses,  a  questionable  assumption  In  many  cases,  it  should 
be  anticipated  that  a  compression  failure,  particularly  In  a  very  dense  material,  might  be 
produced  by  a  shear  failure  within  the  material . 
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with  rospect  to  failure  modes  under  repeated  loads,  again  the  literature  contains  very 
little  data.  There  Is  very  limited  evidence  of  flaws  growing  with  repeated  stresses  so 
that  fatigue  as  a  failure  mode  must  be  anticipated.  In  Section  6  some  suggestions  are  glvai 
with  respect  to  the  extension  of  the  fracture  mechanics  concept  to  the  prediction  of 
fatigue  In  brittle  materials,  and  the  strength  variability  considerations  are  appropri¬ 
ately  Introduced.  However,  there  Is  at  this  time  no  experimental  verification  of  this 
approach. 

2.7  STATISTICAL  DEFINITION  OP  FRACTURE  STRENGTH 

Typically,  In  design  with  ductile  metallic  materials,  the  critical,  strength  of  the 
material,  whether  It  be  fracture  or  yielding.  Is  defined  by  a  single  value  for  a  given  set 
of  environmental  conditions.  Metallic  materials  produced  to  the  standards  of  quality  and 
process  control  typical  of  the  aircraft  Industry  show  little  variability  In  mechanical 
properties,  either  throughout  a  single  piece  of  material  or  between  batches  of  material 
produced  at  substantially  different  times,  or  between  material  produced  to  the  same 
specification  by  different  suppliers.  This  situation  Is  due  partly  to  the  refined  process 
control  techniques  which  have  been  developed  by  the  material  suppliers  and  partly  due  to 
the  ductility  of  the  materials,  which  accommodates  very  localized  stress  concentrations 
caused  by  microscopic  flaws  and  defects  In  the  material. 

Because  of  these  characteristics  a  consideration,  by  the  designer,  of  possible  variability 
In  the  properties  of  metallic  materials  Is  not  generally  necessary.  Reductions  In  allow¬ 
able  strength  properties,  from  the  mean  value  of  a  very  large  number  of  samples  from  many 
different  sources,  to  a  value  which  will  ensure  an  extremely  low  probability  that  material 
of  lower  strength  will  be  encountered,  are  very  small  and  are  normally  made  In  compiling 
the  standard  tables  of  minimum  properties  such  as  those  presented  In  MIL-HDEK-5. 

The  processing  of  nonmetalllc  Inorganic  materials  which  are  of  potential  Interest  for 
structural  applications  has  not  generally  reached  the  stage  of  development  and  refinement 
associated  with  the  processing  of  metals,  so  that  substantially  greater  variations  In  the 
mechanical  properties  of  supposedly  Identical  batches  of  material  is  apparent.  Of  much 
more  significance,  however.  Is  the  sensitivity  of  the  mechanical  properties  to  flaws,  as 
a  consequence  of  the  lack  of  ductility.  These  flaws  Include  pores,  microcracks,  inclusions 
of  foreign  materials,  etc.,  and  will  generally  be  random  In  size  and  distribution.  They 
will  produce  local  stress  concentrations  which  will  depend  on  the  size  and  configuration 
of  the  flaws  and,  since  the  apparent  material  strength  will  be  controlled  by  the  peak 
stress.  It  follows  that  a  randomness  will  exist  In  the  strength  of  the  material. 

Experience  shows  that  the  total  variability  In  the  ...echanlcal  properties  of  brittle 
materials  Is  great  enough  that  a  single  strength  value  cannot  be  assigned,  but  rather  that 
the  usable  strength  level  must  be  associated  with  an  acceptable  probability  of  failure. 

By  conducting  tests  on  a  large  number  of  samples,  strength  data  can  be  obtained  from 
which  a  curve  can  be  plotted  to  show  an  expected  failure  rate  against  stress  level.  Ihls 
Is  typically  an  S-shaped  curve  and  for  structural  applications,  where  the  probability  of 
failure  must  be  extremely  low,  only  the  extreme  lower  tall  of  the  curve  Is  of  Interest. 

The  definition  of  material  strength  as  a  matter  of  probability  rather  than  certainty  la 
perhaps  one  of  the  most  Important  differences  between  brittle  material  design  technology 
and  the  technology  used  with  ductile  materials. 

In  addition  to  the  analytical  techniques  required  to  calculate  the  probability  of  failure 
for  a  complex  structure,  this  statistical  concept  Introduces  changes  In  design  criteria 
philosophy,  with  the  need  to  define  an  acceptable  f£d.lure  probability,  and  the  possibility 
of  trade-off  between  allowable  stress  level  and  failure  probability.  Testing  to  obtain 
material  property  data  Is  greatly  complicated,  since  a  single  characteristic  requires 
numerous  test  specimens  to  define  the  curve  describing  the  variability  of  that  character¬ 
istic,  and  the  lower  part  of  the  curve,  which  is  of  design  Interest,  la  difficult  to 
obtain  experimentally,  since  only  a  small  proportion  of  a  batch  of  test  specimens  will 
give  extreme  values  of  mechanical  strength.  As  will  be  shown  In  the  section  devoted  to 
statistical  theory,  there  Is  also  Introduced  the  dependence  of  the  strength  level  on 
volume  of  material,  since  the  greater  the  volume  the  greater  the  probability  of  a  critical 
flaw.  Obviously,  this  statement  Is  tempered  by  the  stress  distribution,  and  the  prediction 
of  strength  becomes  dependent  not  on  the  maximum  stress  at  some  particular  location  but  on 
the  summation  of  the  failure  probabilities  of  each  element  of  the  component.  For  Instance, 
a  low  stress  distributed  over  most  of  the  volume  of  component  maiy  contribute  significantly 
to  the  failure  probability  despite  very  localized  high  stresses,  since  the  low  stress  Is 
more  likely  to  be  associated  with  a  larger  flaw. 

Attempts  to  specify  the  strength  of  brittle  materials  as  a  function  of  failure  probability 
were  made  by  Welbull  in  1939  and,  until  recently,  little  additional  work  had  been  conducted. 
Welbull  established  a  series  type  model  to  describe  a  material  containing  flaws  of  random 
size  and  distribution,  and  he  selected  the  simplest  mathematical  relationship  which  would 
Xlt  the  model.  The  expression  contains  parameters  which  must  be  evaluated  experimentally 
from  samples  of  the  material  of  Interest.  Despite  the  apparent  Inadequacies  of  the  assumed 
material  model  and  the  simplicity  of  the  mathematical  expression,  the  Welbull  description 
of  the  failure  probability  of  the  material  has  been  reasonably  well  confirmed  In  practice, 
although  experimental  work  Is  presently  quite  limited. 

Welbull  limited  his  considerations  to  uniform  uniaxial  and  biaxial  tension  stresses  and 
simple  bending.  Under  conditions  of  uniaxial  tension  and  simple  bending  he  also  considered 
the  possibility  that  the  material  could  have  a  threshold  strength  level  below  which  there 
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was  no  probability  of  failure.  He  assumed  further  that  compression  stresses  and  shear 
stresses  do  not  contribute  to  the  probability  of  failure  and  he  gave  no  consideration  to 
anisotropy  or  to  the  effect  of  repeated  loadings. 

In  the  application  of  statistical  theory  to  the  design  of  structural  components,  an 
assessment  of  the  probability  of  failure  under  the  most  critical  loading  conditions  must 
be  made  and  compared  with  the  acceptable  failure  probability.  This  process  contrasts  with 
the  calculation  of  maximum  stresses  and  the  comparison  of  these  stresses  with  the  ultimate 
or  yield  strength  of  the  material,  which  is  the  procedure  for  ductile  materials.  In 
Section  3,  procedures  and  charts  are  given  to  facilitate  the  calculation  of  failure  prob¬ 
ability.  They  are  based  on  the  methods  of  Weibull,  since  these  currently  are  the  only  ones 
available.  Weibull 's  methods  have  been  extended  to  Include,  in  combination,  triaxlal 
stresses  and  the  possibility  that  the  material  has  a  zero  probability  of  failure  stress. 

The  method  can  also  be  readily  applied  to  a  component  of  any  shape  with  any  stress  distribu¬ 
tion,  and  it  recognizes  that  the  variability  of  the  material  may  be  different  in  different 
parts  of  the  component,  due  to  environmental  conditions  such  as  a  variation  of  temperature. 
While  the  method.^  given  represent  a  very  simple  technique  for  the  assessment  of  failure 
probability,  the  numerous  influential  factors  which  Weibull  neglected  make  it  only  a 
temporary  expedient,  and  require  either  design  verification  testing  or  the  use  of  large 
factors  of  safety  in  assessing  the  acceptable  failure  probability.  Furthermore,  the  modest 
extensions  of  Weibull 's  work  which  have  been  made  in  the  preparation  of  this  handbook 
indicate  iUndainental  limitations  in  the  method  as  the  design  condition  departs  more  and 
more  from  a  uniform  uniaxial  tensile  stress. 

2.8  IMPROVED  MATERIAL  CHARACTERIZATION,  PROCESS  CONTROL  AND  INSPECTION 

The  large  reductions  from  the  ai-erage  strength  of  a  brittle  material,  which  are  necessary 
to  establish  allowable  stresses  w)  Ich  will  give  a  very  low  probability  of  failure,  madie  it 
necessary  that  the  designer  give  attention  to  minimizing  this  variability  in  order  to  avoid 
unnecessary  structural  weight.  There  are  ways  in  which  this  can  be  done;  control  of  pro¬ 
cessing,  control  of  inspection  methods,  and  control  of  material  characteristics.  Again, 
this  contrasts  with  practice  with  metallic  materials  where  the  simple  reference  to  a 
material  specification  is  often  all  that  is  required  of  the  designer.  The  purpose  of  this 
control  is  not  only  to  maximize  the  strength  of  the  material  but  also  to  minimize  the 
variation  in  strength,  so  that  the  controls  are  concerned  less  with  what  is  actually  done 

during  processing,  and  more  with  ensuring  that  each  step  is  repeated  Identically  for  each 

piece  of  material.  In  this  respect  it  is  also  important  that  the  process  be  identical 

between  the  structural  components  and  the  test  specimens  used  to  establish  the  strength 

characteristics  of  the  material. 

The  problem  of  process  and  inspection  control  is  complicated,  with  xiespect  to  nonmotalllc, 
inorganic  refractory  materials,  by  proprietary  considerations  of  the  supplier.  Most  of 
these  materials  have  been  developed  to  their  present  state  by  a  long  process  of  trial  and 
error,  and  as  a  result  the  details  of  some  of  the  constituents  and  the  values  of  some  of 
the  Important  process  parameters  are  often  closely  guarded.  Probably,  in  time,  this 
situation  will  change,  particularly  with  the  application  of  Government  research  funds  to 
the  development  of  such  materials.  Certainly  it  is  desirable  that  the  material  obtained 
from  different  sources  be  as  nearly  identical  as  possible,  and  that  tho  material  suppliers 
assume  the  responsibility  for  rigorous  process  control.  Unfortunately,  the  present  demand 
for  such  high  quality  material  is  insufficient  to  interest  the  manufacturers  to  this  extent, 
so  that  the  desl^jier  must  assume  responsibility. 

Another  problem  is  the  fact  that  the  significance  of  various  processing  parameters  on  the 
variability  of  the  mechanical  properties  of  the  finished  material  is  not  generally  known, 
so  that  it  is  not  generally  possible  to  Impose  close  control  on  one  or  two  processing 
factors  and  thereby  ensure  reproducible  material  characteristics.  Until  much  more  is  known, 
with  respect  to  individual  materials,  the  only  approach  seems  to  be  to  control  every  process¬ 
ing  step  and  every  processing  variable  that  can  be  controlled.  This  will  Include  control 
of  the  raw  ingredients,  the  weight  and  chemical  purity  of  each,  their  source,  and  process¬ 
ing  and  handling,  to  the  point  where  they  are  ready  for  mixing.  Similarly  with  the  material 
mixing;  consideration  should  be  given  to  the  control  not  only  of  mixing  time,  but  rate, 
atmosphere,  temperature  and  humidity,  cleanliness  of  mixing  equipment,  type  of  construction 
material  of  this  equipment,  etc.  If  compacting  is  involved  there  will  be  parameters  such 
as  pressure,  temperature,  time,  atmosphere,  storage  time  and  conditions  before  and  after 
compacting,  etc.  Similar  lists  of  possible  control  parameter j  can  be  established  for 
sintering,  subsequent  machining,  etc. 

Consideration  should  also  be  given  to  Inspection  techniques  for  use  both  during  process¬ 
ing  and  for  Inspection  of  the  finished  material.  In  addition  to  the  more  conventional 
methods,  consideration  migriO  he  given  to  various  crack  detection  tecluilques;  die  penetrant 
for  the  surface,  and  acoustic  for  internal  cracks;  X-ray  inspection  for  density  variability 
and  porosity,  etc.  Obviously,  also,  for  every  Inspection  step  a  criteria  of  acceptance  or 
rejection  must  be  established.  Experience  with  nondestructive  inspection  methods  for  the 
quality  control  of  "ceramic"  materials  is  also  very  limited.  Attempts  have  been  made  to 
correlate  NDI  results  with  physical  and  mechanical  properties  of  the  material  but  only  very 
limited  success  has  been  achieved.  This  subject  is  also  discussed  further  in  Section  5. 

In  addition  to  controlling  the  processing  parameters,  the  inspection  techniques  and  the 
inspection  criteria,  it  is  necessary  to  define,  so  far  as  is  possible,  the  material 
characteristics  to  be  achieved.  Again  the  relationship  between  such  characteristics  as 
grain  size,  surface  finish,  •'laterlal  phases,  porosity,  etc.  and  the  required  mechanical 
and  physical  properties  is  very  Incompletely  known  and  the  general  practice  is  to 
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specify  any  characteristic  that  might  be  significant  and  that  can  be  meaoured.  Guidance 
is  given  in  Section  5- 

Clearly  the  deslgi  task,  with  materials  of  this  class,  is  greatly  Increased  by  the  require* 
ment  for  the  preparation  of  detailed  material  processing  and  inspection  specifications. 
Preferably,  also,  these  should  be  compiled  before  extensive  mechanical  property  testing  of 
the  material  is  undertaken,  so  that  such  testing  can  be  performed  on  a  true  specification 
material.  Ideally,  also,  test  specimen  material  should  be  processed  to  the  limits  of  the 
tolerances  on  the  various  parameters  so  that  the  maximum  variability  in  the  material  from 
this  source  can  be  examined.  However,  this  will  not  generally  be  practical,  because  of 
the  large  number  of  parameters  involved,  and  reliance  will  generally  be  placed  on  obtain¬ 
ing  a  satisfactory  statistical  distribution  from  numerically  large  samples. 

It  should  be  emphasized  that  the  significance  or  the  necessity  of  adopting  all  of  the 
above  procedures  on  the  variability  of  the  material  mechanical  properties  is  not  yet  under¬ 
stood.  It  is  not  generally  known,  for  any  materials  of  this  class,  how  much  of  the  vari¬ 
ability  is  due  to  processing  variations,  and  how  much  is  inherent  in  the  brittleness,  in 
combination  with  microscopic  and  atomic  scale  flaws.  Furthermore,  the  controls  mentioned 
will  be  costly;  nevertheless,  until  these  materials  are  much  better  understood,  there  seems 
to  be  no  other-  alternative . 

2.9  METHODS  OF  ACHIEVING  HIGH  ALLOWABLE  STRESSES 

The  significance  of  the  variability  in  the  mechanical  properties  of  nonmetallic  refractory 
materials  on  the  allowable  stress  level  that  can  be  used,  if  a  specified  level  of  struc¬ 
tural  reliability  is  required,  has  be«i  discussed  in  previous  sections.  The  importance  to 
the  designer  of  applying  close  control  of  material  processing  and  inspection  techniques 
to  minimize  variability  has  also  been  mentioned.  In  the  basence  of  ductility, however,  it 
is  not  expected  that  variability  of  mechanical  properties  can  be  reduced  to  the  level  where 
it  has  no  significant  effect  on  allowable  stress,  and  hence  on  component  weight.  It  there¬ 
fore  becomes  necessary,  during  design,  to  consider  other  steps  which  can  be  taken  with  a 
material  of  given  variability  to  maximize  allowable  stresses  without  sacrifice  of 
reliability. 

A  promising  technique  for  achieving  Increased  strength  levels  is  the  use  of  the  proof 
test,  which  Involves  subjecting  each  component  to  a  predetermined  stress  to  eliminate  by 
destructive  testing  the  occasional  sample  of  low  strength  and  thus  raise  the  allowable 
stress  level  for  a  given  failure  probability.  In  terms  of  the  Welbull  strength  distribu¬ 
tion  curve,  proof  testing  has  the  effect  of  truncating  the  curve  by  cutting  off  the  long 
tall  on  the  low  strength  side.  The  proof  stress  in  effect  becomes  a  "zero  probability  of 
failure*  stress  but  with  the  advantage  that  it  is  determined  directly  by  test.  The  distri¬ 
bution  curve  thus  has  a  definite  and  experimentally  determined  end  point  and  the  use  of 
the  curve  to  predict  stress  levels  for  fedlure  probabilities  greater  than  zero  becomes  a 
matter  of  Interpolation  between  available  test  data  rather  than  extrapolation  well  beyond 
the  limits  of  the  experimental  results.  Ihus,  not  only  is  the  allowable  stress  level  for 
a  given  failure  probability  Increased,  but  the  confidence  in  the  value  is  also  substantledly 
Improved . 

In  describing  the  strength  distribution  curve  that  applies  after  proof  testing  and  after 
rejection  of  the  low  strength  samples  which  are  destroyed  during  proof  testing,  two  methods 
are  available.  Either  a  new  distribution  curve  can  be  determined,  based  on  the  remaining 
samples,  or  the  original  distribution  curve  can  be  truncated  analytically  to  Include  the 
effect  of  the  proof  test.  The  latter  method  is  considered  preferable  since  it  uses  more 
experimental  data,  although  it  cannot  be  used  where  proof  testing  causes  material  damage 
in  the  remaining  samples.  Methods  are  available  to  moke  this  adjustment  when  the  Welbull 
distribution  curve  is  used.  The  appropriate  analytical  techniques  are  included  in 
Section  3* 

Numerous  studies  are  alreac^  available  in  the  literature  to  show  quantitatively  the 
benefits  of  proof  testing  and  these  generally  predict  very  significant  Improvements  in 
permissible  stress  levels.  However,  such  studies  generally  consider  failure  probabilities 
between  0.01  and  0.10,  which  are  co.mpletely  Impractical  for  airframe  structural  applica¬ 
tions.  If  the  probability  of  failure  is  to  be  reduced  to  1  x  10”°  or  1  x  10"',  for 
instance,  it  will  generally  be  found  that  the  allowable  stress  is  nearly  coincident  with 
the  proof  stress.  Thus,  in  the  simple  case  where  both  the  applied  stresses  and  the  proof 
stresses  are  unlfom  throughout  the  specimen,  and  where  in  addition  the  proof  test  does 
not  damage  the  material.  It  appears  that  the  statistical  considerations  are  eliminated. 

In  the  more  general  case, however,  which  will  be  discussed  below,  this  Is  not  so. 

The  Introduction  of  the  statistical  approach  in  expressing  the  failure  of  a  brittle 
material  makes  the  probability  of  failure  dependent  on  both  the  state  of  stress  and  the 
strength  properties,  throughout  the  part.  As  a  result  a  low  stress  level  applied  over 
most  of  the  volume  of  the  component  might  contribute  as  much  to  the  probability  of  failure 
as  the  maximum  stress,  vihlch  may  be  present  only  in  very  localized  areas.  By  extending 
this  reasoning,  any  proof  stress  distribution  will  result  in  Improved  allowable  stresses 
by  elimination  of  low  strength  components,  and  it  is  not  necessary  that  the  proof  stress 
match  the  applied  stress  In  distribution.  Thus,  a  proof  test  can  be  selected  on  the  basis 
of  convenience  and  low  cost.  A  leading-edge  component,  for  Instance,  which  is  stressed  in 
seirvice  by  a  complex  system  of  aerodynamic  loads  may  be  effectively  proof  tested  by  induc¬ 
ing  thermal  stresses  by  heating  and  subsequently  cooling.  In  determining  the  effect  of  a 
given  proof  stress  distribution  on  the  probability  of  fadlure,  statistical  methods  must 
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Again  be  used.  Ihe  necessary  analytical  treatment,  together  with  charts  which  facilitate 
numerical  computations,  Is  given  In  Section  3  ^or  the  case  of  a  Welbull  distribution  curve. 

Proof  testing  raises  the  question  of  material  damage,  and  limited  studies  which  have  been 
made,  particularly  with  graphite,  show  that  damage  in  the  form  of  microcracks  can  be  pro¬ 
duced  by  a  proof  test.  Presumably  this  question  of  damage  will  be  one  of  the  considera¬ 
tions  Involved  In  selecting  the  proof  stress  level.  This  will  require  test  specimens  which 
can  be  examined  before  and  after  the  application  of  proof  stress  to  check  for  material 
damage.  As  a  se^'iid  method  of  checking  whether  the  selected  proof  stress  level  Is  causing 
significant  material  damage,  testa  to  fidlure  can  be  conducted  on  a  series  of  proof-tested 
specimens  to  ensure  that  the  test  points  lie  on  the  truncated  distribution  curve  predicted 
by  the  methods  In  Section  3.  In  practice  the  material  damage  to  proof  testing  must  be 
kept  small,  either  by  the  proper  selection  of  material  or  proof  stress  level,  since  it  Is 
not  practical  to  design  a  structural  component  such  that  extensive  material  damage  Is 
occasioned  by  a  single  load  application. 

Ihe  other  consideration  in  selecting  the  proof  stress  level  Is  one  of  economics.  The 
higher  the  proof  stress  the  higher  will  be  the  resulting  allowable  stress  for  the  selected 
failure  probability,  and  hence  the  lower  will  be  the  component  weight.  High  proof  stresses, 
however.  Increase  the  proportion  of  components  which  will  be  destroyed.  It  has  been 
postulated  that  the  allowable  stress  In  a  component  can  be  raised  to  any  level  by  proof 
testing  at  a  sufficiently  high  level,  and  accepting  a  very  large  rejection  rate.  On  this 
basis  It  Is  considered  that  weight  optimization  loses  Its  usual  meaning  and  becomes  an 
economic  consideration  with  a  trade-off  between  weight  and  the  cost  of  the  number  of 
components  which  must  be  made  to  achieve  one  having  the  selected  strength  level.  More 
realistically.  In  brittle  material  design,  optimization  will  probably  Involve  the  usual 
determination  of  geometric  characteristics  to  sustain  the  necessary  loads  with  minimum 
weight,  but  this  will  be  supplemented  by  a  study  of  sdlowable  stress  level,  and  hence 
weight,  against  cost  In  terms  of  the  type  of  proof  test  and  the  component  rejection  rate. 


To  date,  proof- testing  is  the  only  method  of  Improving  allowable  stresses,  for  a  given 
structural  reliability  and  with  a  material  of  given  variability,  that  has  been  studied, 
but  there  are  two  other  considerations  vdilch  can  be  mentioned  although  no  data  exists  on 
their  significance.  The  first  of  these  Is  the  use  of  redundant  load  paths  which  Increase 
allowable  strcssos  by  permitting  a  higher  failure  probability  in  any  single  load  path, 
for  the  same  overall  component  failure  probability.  Redundancy,  however,  must  not  violate 
the  rule,  which  has  been  discussed  in  an  earlier  section,  and  which  requires  that  there  be 
no  external  restraints  to  brittle  material  components  which  Introduce  unknown  or  undefln- 
able  loads.  It  Is  also  necessary  that  redundancy  be  provided  by  disconnected  load  paths 
so  that  failure  of  one  path  does  not  produce  failure  of  the  other  as,  for  instance,  by 
crack  propagation.  In  other  words,  the  construction  should  be  redundant  but  fail-safe  and 
determinate.  Considerations  of  redundancy  are  discussed  further  In  the  section  on  Joints 
and  connections,  since  it  is  in  the  design  of  Joints  where  the  problem  of  achieving 
redundancy  without  introducing  unknown  loads  becomes  most  apparent. 

2.10  NEW  DESIGN  CRITERIA  CONCEPTS 

The  conventional  practice  in  establishing  airframe  design  criteria  is  to  determine  limit 
loads,  the  maximum  loads  which  are  expected  to  arise  in  service,  and  to  design  so  that  the 
airframe  will  fiuictlon  satisfactorily  under  these  conditions.  This  is  generally  inter¬ 
preted  as  designing  so  that  the  yield  strength  of  the  material  is  not  exceeded  or  so  that 
instability  of  compression  elements  does  not  occur.  It  is  also  conventional  practice  to 
Increase  these  loads  by  an  arbitrary  but  experience  proven  factor  of  safety,  and  design 
so  that  failure  of  the  airframe  does  not  occur  under  these  ultimate  loads.  Continued  use 
of  the  airframe  without  repair,  after  exposure  to  ultimate  loads,  is  not  required. 

Despite  the  probabilistic  nature  of  essentially  all  loads,  it  has  been  customary  to 
establish  limit  loads  on  a  deterministic  basis,  selecting  levels  which,  from  experience, 
would  be  unlikely  to  be  exceeded  during  the  life  of  the  vehicle.  However,  adequate  . 
statistical  data  to  determine  quantitatively  the  risk  involved,  as  a  function  of  the 
selected  load  level.  Is  rarely  available. 

More  recently  the  probabilistic  approach  has  been  used  in  examining  the  effect  of 
turbulence  and  gusts  on  the  fatigue  life  of  the  structure.  In  space  vehicle  design  also, 
it  is  the  practice  to  treat  more  of  the  loads  probabillstlceilly.  In  space  vehicles  most 
of  the  loads  are  Induced  by  atmospheric  effects  or  mechanical  subsystems,  and  it  is  easier 
to  obtain  sufficient  statistical  data,  than  it  is  for  a  manned  aircraft  of  long  life.  Even 
with  space  vehicles,  however,  the  probabilistic  treatment  of  loads  Is  far  from  adequate. 

When  thermal  effects  are  introduced  the  extension  of  the  deterministic  approach  becomes 
much  more  difficult.  The  combination  of  extreme  vedues  of  loads,  heat  transfer  rates, 
temperatures,  etc.  would  be  simple,  but  generally  unacceptably  conservative.  Alternatively, 
the  selection  of  combinations  of  various  levels  of  the  many  parameters  Involved,  to  try 
to  find  critical  combinations.  Is  often  somewhat  arbitrary.  Involving  much  Judgment. 

Extension  of  the  arbitrary  safety  factor  practice  also  becomes  difficult  when  thermal 
effects  are  important  and  while  there  Is  general  agreement  that  it  Is  unnecessary  to  apply 
a  safety  factor  to  every  parameter,  there  is  little  agreement  on  Just  what  snould  be 
factored . 
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The  question  of  repeated  loadSi  with  aoaoclated  thermal  effocti  ie  even  more  complex,  if 
the  approach  is  by  extrapolation  of  deterministic  methods  of  load  specification,  and  very 
little  consideration  of  criteria  for  this  situation,  particularly  where  thermal  effects 
predominate,  has  presently  been  made. 

Current  practice  in  establishing  allowable  material  properties  for  airframe  design  does 
consider  the  statistical  distribution  of  material  strength.  The  variability,  with  metals, 
is  small,  and  the  values  that  the  designer  selects  from  approved  handbooks  such  as 
already  allow  for  this  variability. 

However,  the  same  procedure  is  not  followed  with  other  sources  of  data  which  are  deter¬ 
mined  experimentally  and  used  for  design.  Generally,  the  degree  of  conservatism  to  apply 
to  mea3ured  aerodynamic  coefficients,  heat  transfer  coefficients,  etc.,  is  left,  in  an 
uncontrolled  manner,  to  the  individual  specialist. 

When  brittle  materials  are  used  as  part  of  the  airframe,  the  question  of  structural 
criteria  requires  review  for  a  number  of  reasons.  First,  the  emphasis  on  specifying 
material  allowables  on  the  basis  of  failure  probability,  requires  a  corresponding  expression 
of  loads  and  thermal  effects  on  a  probabilistic  basis,  since  the  significant  consideration 
is  the  failure  probability  of  the  airframe;  a  combination  of  structural  failure  probability 
and  load  occurrence  probability.  For  the  same  reason  the  conventional  safety  factor 
approach  must  be  examined;  it  ie  desirable  to  substitute  a  rational,  probabilistic  loading 
condition  for  the  current  arbitrary  factor  of  safety. 

The  Importance  of  thermal  effects  for  structural  components  requiring  "ceramic"  materials 
also  Justifies  at  least  an  attempt  to  rationalize  such  conditions  both  with  respect  to 
defining  the  important  design  considerations  and  with  respect  to  the  question  of  safety 
factors.  Next,  it  becomes  necessary  to  establish  a  basis  for  selecting  materia]  allowables, 
involving  now  the  selection  of  an  allowable  failure  probability,  either  for  the  material 
or  the  entire  airframe,  and  it  becomes  necessary  to  consider  how  repeated  loads,  with  the 
associated  thermal  effects  and  allowable  material  properties,  should  be  treated 
probabilistically . 

Finally,  the  question  of  qualification  testing,  to  demonstrate  that  the  airframe  meets 
the  requirements  of  the  design  criteria, needs  examination.  The  present  practice  of  static 
and  repeated  load  ground  testing  of  a  complete  airframe  can  certainly  not  be  conducted  on 
a  statistical  basis  and  neither  does  it  seem  practical  to  conduct  p re -ope rational  flight 
testing  other  than  by  flying  to  discreet,  pre-selected  and  specific  conditions. 

xhls  subject  of  structural  criteria  is  examined  in  some  detail  in  Section  6.  It  is  clear 
that  in  a  Handbook  of  this  type  it  is  not  practical  to  change  the  present  approach  to  the 
determination  of  loads  and  thermal  effects.  To  require  that  these  be  established  on  an 
entirely  probabilistic  basis  at  this  time  would  not  be  acceptable  to  the  industry  and  is 
premature  because  of  insufficient  statistical  data.  Furthermore,  there  are  significant 
legal  Implications  if  the  allowable  operating  limits  of  the  vehicle  cannot  be  clearly 
defined.  The  concept  of  limit  loads  and  associated  thermal  effects  is  therefore  retained 
with  the  understanding  that  these  are  conditions  which  are  very  likely  to  occur  in  the 
life  of  the  vehicle,  and  that  where  probabilistic  data  can  be  used  for  their  definition 
a  probability  of  occurrence  of  about  1%  should  be  used.  Similarly,  ultimate  conditions 
are  retained  with  factors  proven  by  experience  with  the  understanding  that  the  probability 
of  occurrence  of  these  conditions  in  the  life  of  the  vehicle  is  extremely  remote  but 
unspecified  quantitatively. 

It  now  becomes  necessary  to  treat  material  failure  probability  separately  since  load 
occurrence  probability  cannot  be  well  defined.  Accordingly,  the  approach  is  to  select 
material  allowable  stress  levels  which  will  provide  an  extremely  low  probability  of  failure 
under  limit  load  conditions  and  a  much  higher  value  under  ultimate  conditions.  The  former 
is  chosen  to  be  nominally  zero,  and  in  practice  proof  testing  of  each  component  will  be 
required  to  meet  this  condition.  The  material  failure  probability  under  ultimate  loads  is 
permitted  to  increase  to  10"*^  which  Is  consistent  with  the  value  used  to  determine  mechan¬ 
ical  properties  in  metal  structures  under  ultimate  loads.  The  effect  of  this  criteria 
should  be  to  achieve  the  same  levels  of  structural  integrity  as  has  been  the  practice  in 
metallic  structures  while  minimizing  the  need  for  statistical  data  of  either  the  environ¬ 
ment  or  the  structural  materials. 

With  respect  to  qualification  testing,  it  is  considered  that  flight  testing  must  still 
be  conducted  by  flying  at  predetermined  critical  conditions, and  with  brittle  components 
its  chief  function  would  be  to  verify  with  the  use  of  strain  gauges  the  loads  used  for 
design  and  the  predicted  stress  distributions.  The  structural  ground  test,  however,  can 
be  retained,  and  in  Section  6  it  is  shown  how  the  design  of  a  brittle  material  component 
can  be  verified  with  ground  testing  despite  material  variability  and  without  requiring 
large  numbers  of  tests. 

2.11  OPTIMIZATION  CONCEPTS 

Present  optimization  techni'ques  applied  to  metal  structures  are  concerned  principally 
with  structures  which  fall  by  compression  instability,  and  in  which  the  strength  is 
controlled  by  both  material  properties  and  geometry.  The  techniques  Involve  selection  of 
the  geometric  proportions  for  a  given  type  of  construction  and  a  given  metal  material,  such 
that  the  applied  load  can  be  supported  with  the  minimum  weight  of  structure.  An  early 
approach  was  to  assume  that  minimum  weight  is  attained  when  all  elements  of  the  structure 
collapse  at  the  same  stress  level,  a  condition  whl.ch  will  provide  sufficient  equations  to 
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define  the  geometry  of  the  structure.  For  a  given  loading  condition  and  given  external 
component  shape,  minimum  weight  structures  can  be  designed  In  this  manner,  In  various 
materials  and  for  various  types  of  construction,  so  that  an  optimum  with  respect  to  material, 
type  of  construction  and  structural  geometry  can  be  determined.  Similar  studies  can  be 
made  at  different  temperatures  for  structures  subjected  to  heating. 

For  many  of  the  loading  Int  msltles  which  are  common  In  airframe  practice  these  techniques 
lead  to  structural  proportions  which  are  Impractical  to  fabricate,  so  that  It  Is  necessary 
to  Introduce  practical  constrsL^nts  on  minimum  material  thickness,  minimum  edge  distance 
from  rivet  lines,  minimum  stiffener  spacing  dimensions,  etc.  It  Is  also  necessary  to 
Introduce  the  fact  that  most  structures  are  subjected  to  multiple  loading  conditions,  with 
different  loading  conditions  being  critical  for  different  elements  of  the  structure. 

Recently  the  so-called  structural  "synthesis*  methods  have  been  under  development  and  these 
will  define  a  minimum  weight  structure  of  given  material  and  type  of  construction  Including 
practical  constraints  and  multiple  load  conditions,  lliese  structural  synthesis  methods  are 
also  useful  vdiere  the  structure  Is  redundant.  They  permit  the  determination  of  the  minimum 
weight  structural  proportions  where  the  structure  contains  multiple  load  paths  but  where  It 
Is  also  subjected  to  multiple  loading  conditions. 

For  structures  constructed  from  brittle  nonmetalllc  materials  the  same  techniques  could 
be  used  to  define  structures  which  are  critical  with  respect  to  compression  Instability. 
Generally,  however,  structural  elements  constructed  from  this  class  of  material  will  be 
relatively  bulky  and  stable,  so  that  tension  and  bending  loads  become  critical.  When  only 
a  single  load  path  exists  and  the  structursd  element  Is  subjected  to  tension  or  stable 
compression  loadings,  the  design  procedure  with  metallic  structures  Involves  simply  select¬ 
ing  areas  and  thicknesses  to  match  the  local  loadings  without  exceeding  specified  stress 
levels.  With  brittle  materials  the  procedure  Is  basically  the  same,  with  allowable  stresses 
selected  on  the  basis  of  an  acceptable  material  failure  probability  and,  again,  the  struc¬ 
tural  synthesis  methods  can  be  used  to  obtain  minimum  weight  proportions  If  the  structure 
contains  multiple  load  paths.  Hie  problem  Is  slightly  more  complex  than  the  metal  struc¬ 
tures,  however,  since,  for  a  given  failure  probability  the  allowable  stresses  are  dependent 
on  material  volume,  which  In  turn  Is  dependent  on  allowable  stress.  Thus,  an  Iterative 
procedure,  or  at  least  the  establishment  of  a  number  of  designs,  using  preselected  values 
of  allowable  stress,  to  span  the  required  failure  probability.  Is  Indicated.  There  are, 
however,  some  aspects  of  optimization  which  are  not  present  with  metallic  structures. 

The  first  Is  to  minimize  stress  concentrations  by  appropriate  choice  of  local  geometry 
as,  for  Instance,  at  fillets,  comer  radii,  changes  In  cross  section,  etc.  High  local 
stresses  contribute  substantially  to  the  component  failure  probability  and  reduction  of 
these  concentrations  by  small  local  additions  of  material  or  by  local  changes  In  shape 
will  permit,  for  a  given  component  failure  probability,  a  general  Increase  In  stress  level 
over  the  remainder  of  the  material.  Hence,  local  small  additions  of  material  can  result 
In  relatively  large  weight  savings.  Since  the  weight  increments  involved  will  generally  be 
very  small  special  optimization  studies  are  not  Justified. 

Many  refractory  materials  will  be  used  for  high  temperature  applications  In  which 
temperature  gradients  will  be  present  through  the  structural  component.  In  many  such 
applications  the  resulting  thermal  stresses  will  be  a  critical  design  condition.  The  type 
of  optimization  mentioned  above  Is  again  required  to  reduce  local  stress  peaks  and  Increase 
the  stress  level  throughout  the  bulk  of  the  component  material.  Now,  however,  the  vari¬ 
ations  In  geometry  affect  the  heat  transfer  characteristics  of  the  component,  and  hence 
temperature  gradients.  Stresses  are  therefore  affected,  both  directly  and  Indirectly,  by 
geometric  changes.  There  are  no  methods  of  establishing  the  minimum  weight  component 
geometry  systematically  and  the  result  must  be  obtained  by  repeated  analytical  trials, 
seeking  trends  from  which  the  optimum  can  bo  deduced. 

Finally,  optimization  can  be  Introduced  into  the  definition  of  the  structural  configura¬ 
tion  of  a  component  in  the  selection  of  proof-test  stress  level .  For  a  given  component 
reliability  or  failure  probability,  higher  allowable  stresses  result  from  the  application 
of  higher  proof  stress,  so  that  weight  becomes  directly  related  to  the  proof- stress  vsilue. 

On  the  other  hand,  as  proof  stress  Is  Increased  the  proportion  of  components  destroyed  In 
proof-testing  will  Increase,  so  that  a  trade-off  between  cost  and  weight  results.  In  some 
applications  It  may  be  possible  to  realistically  evaluate  the  value  of  each  pound  of  weight 
saved  and,  from  such  analysis,  together  with  the  cost  of  component  fabrication,  a  proof 
stress  level  based  on  minimum  total  cost  could  be  determined.  In  practice,  however.  It  is 
not  likely  that  a  component  failure  rate  during  proof-testing  of  more  than  about  10%  would 
be  acceptable,  since  higher  values  Imply  damage  to  the  material  of  the  remaining  components. 
Thus  again,  optimization  studies  peculiar  to  brittle  material  structures  are  not  Justified. 
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3.  ESTABLISHMENT  OF  DESIGN  STRESSES 


3.1  THE  STATISTICAL  APPROACH 

Conventional  structural  design  with  metallic  materials  Involves  a  number  of  basic  assump¬ 
tions  related  to  the  response  of  the  material.  Those  which  are  Important  when  structural 
design  Is  extended  to  brittle  materials  are  as  follows: 

(a)  It  is  assumed  that  the  strength  characteristics  of  a  complex  structure  subjected 

to  a  complex  system  of  Internal  stresses  can  be  predicted  from  experimental  data 

on  material  properties  determined  from  small  simple  specimens  subjected  to  simple 
stress  systems.  A  number  of  strength  theories  such  as  the  distortion  energy  theory 
and  the  maximum  shear  stress  theory  have  been  developed  for  this  purpose  and  have 
proven  generally  satisfactory  with  metallic  structures. 

(b)  It  Is  assumed  that  the  mechanical  characteristics  of  the  material  for  any  given 
set  of  conditions  can  be  defined  specifically  by  a  single  unique  value,  l.e. 
characteristics  under  tension  loads  by  ultimate  tensile  strength. 

(c)  It  Is  assumed  that  the  strength  of  a  structi  al  component  is  determined  by  the 

stresses  at  some  critical  point  and  that  th  strength  of  the  structure  can  be 

determined  by  an  examination  of  the  stress  ystem  at  this  single  point. 

When  brittle,  nonmetalllc  materials  are  used  the  same  facility  for  determining  material 
properties  from  small  simple  teot  specimens,  and  using  the  Information  to  predict  the 
characteristics  of  large  complex  components  subjected  to  complex  loadings,  must  be  avail¬ 
able,  otherwise  structural  design  with  such  materials  becomes  Impractical.  A  material 
failure  theory  which  Is  generally  accepted  for  this  purpose,  with  brittle  nonmetalllc 
materials.  Is  a  maximum  stress  theory,  which  assumes  that  the  component  will  fall  when 
the  maximum  principal  stress  equals  the  strength  of  the  material  as  determined  In  simple 
tension.  That  Is,  the  state  of  stress  Is  assumed  to  have  no  effect  on  the  limiting  value. 
Extensive  verification  of  this  theory  has  not  been  accomplished,  particularly  for  stress 
states  Involving  compression,  but  there  Is  no  more  satisfactory  theory  available  at  this 
time . 

With  brittle  materials,  however,  the  mechanical  characteristics  are  not  expressible 
as  a  single  number.  Due  to  the  wide  variability  In  any  particular  mechanical  property, 
the  most  that  can  be  done  Is  to  predict  the  probability  of  failure  for  any  particular 
stress  condition.  Variability  In  mechanical  properties  Is  assumed  to  be  due  to  the 
presence  of  flaws,  which  produce  local  stress  concentrations  that  cannot  be  relieved  by 
yielding,  due  to  the  complete  lack  of  ductility.  Whether  a  sample  of  material  will  fall 
under  a  given  stress  condition  will  depend,  therefore,  on  the  size  and  distribution  of 
flaws,  and  since  the  latter  Is  random  the  only  statement  that  can  be  made  about  failure 
Is  the  probability  of  Its  occurrence.  Furthermore,  since  the  probability  of  experiencing 
a  flaw  of  critical  size  will  Increase  as  the  size  of  component  or  the  valume  of  material 
under  consideration  Increases,  the  strength  becomes  a  function  of  component  size. 

The  Introduction  of  a  statistical  approach  to  the  expression  of  mechanical  character¬ 
istics,  and  the  dependence  of  failure  probability  on  volume,  also  means  that  the  strength 
of  a  component  cannot  be  determined  by  the  examination  of  a  critical  point.  For  example, 
an  applied  stress  distribution  may  have  a  very  localized  peak,  so  that  the  probability 
of  this  peak  combining  with  a  flaw  sufficiently  severe  to  produce  failure  Is  small.  On 
the  other  hand  the  same  stress  distribution  may  subject  a  large  volume  of  material  to  a 
lower  stress,  and  although  a  more  severe  flaw  is  needed  to  produce  a  failure  there  may 
actually  be  a  greater  probability  of  meeting  such  a  flaw.  Thus  the  probability  of  failure 
of  the  entire  component  must  be  expressed,  and  this  Involves  some  type  of  summation  of 
the  failure  probability  at  all  points  within  the  component.  Again  It  must  be  pointed  out 
that  the  dependence  of  failure  probability  on  volume  is  based  on  the  assumptions  of  the 
flaw  concept.  Its  validity  rema5.n''  to  be  positively  demonstrated,  and  experimental 
evidence  to  date  is  limited,  and  In  some  cases  conflicting.  Similar  statements  can  be 
made  about  most  of  the  procedures  to  be  presented  In  this  Section,  but  they  remain  the 
best  that  are  presently  available,  and  the  overall  application  of  these  procedures  to 
component  design,  while  very  limited,  has  nevertheless  proved  satisfactory. 

Additional  details  of  the  flaw  theory  can  be  found  In  References  3.I  and  3.2  and  sub¬ 
stantiating  data  for  the  size  effect  In  References  3.I,  3.3,  3.4,  3.5,  3.6,  3.7,  3.8, 

3.9,  3-10,  3.11. 

The  variability  In  mechanical  properties  of  a  brittle  material,  from  supposedly  Identical 
specimens,  implies  that  there  Is  a  distribution  function  which  shows  the  relative  fre¬ 
quency  with  which  a  particular  value  of  some  mechanical  property  m-xy  be  expected  to  occur. 
If  frequency  of  occurrence  Is  plotted,  for  instance,  against  tensile  strength,  the  plot 
will  show  the  frequency  rising  to  a  maximum  value  at  some  strength  level,  and  falling  off 
on  either  side.  Extreme  values  of  strength,  either  high  or  low,  do  not  occur  as  aften  as 
those  near  the  center.  Furthermore,  the  curve  may  or  may  not  be  symmetilcel  about  the 
maximum  frequency.  Such  a  curve  Is  called  a  frequency  distribution;  It  i*?  not  presently 
known  whether  all  brittle  materials  have  a  similar  frequency  distribution,  nor  Is  It 
possible  to  analytically  determine  such  a  function.  The  most  that  Is  presently  possible 
Is  to  assume  various  frequency  distributions  and  seek  a  best  fit  with  experimental  data. 
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By  normalizing  of  the  frequency  distribution  It  Is  possible  to  make  the  totaj.  area  under 
the  curve  equal  to  unity,  and  by  Integrating  the  resulting  expression  the  distribution  func 
tlon  Is  obtained.  This  function  expresses  the  probability  of  a  given  value  of  the  variable 
such  as  tensile  strength  In  the  example  given  above,  occurring.  VIhen  plotted,  this  func¬ 
tion  Is  typically  an  approximately  "S*  shaped  curve,  approaching  or  passing  through  zero 
(absolute  Impossibility)  at  one  extreme  and  asymptotically  approaching  unity  (absolute 
certainty)  at  the  other. 

To  construct  a  distribution  curve,  defining  a  particular  mechanical  property  for  a 
particular  material,  generally  requires  a  very  large  number  of  test  specimens  since  the 
structural  designer  Is  Interested  In  the  extreme  lower  portion  of  the  curve,  where  the 
probabilities  of  failure  are  very  small,  while  at  the  same  time  the  rareness  of  extreme 
events  precludes  a  good  definition  of  this  part  of  the  curve.  In  order  to  avoid  very 
extensive  testing  programs  It  la  desirable  to  find  a  general  mathematical  description  of 
the  distribution  function  applicable  to  all  brittle  materials.  As  already  stated,  there 
Is,  at  present,  no  theoretical  basis  for  completely  defining  the  distribution  curve,  and 
to  establish  such  a  curve  on  an  empirical  basis  Introduces  the  same  problem  of  lack  of 
test  data  at  the  lower  extremities,  the  only  part  of  the  distribution  curve  of  real 
Interest.  As  a  result  there  Is  no  complete  agreement  rn  the  type  of  curve  to  be  used, 
although  a  relationship  established  by  Welbull  Is  accepted  as  the  moot  satisfactory  to 
date.  The  Welbull  distribution  function  has  been  found  to  I’t  a  wide  variety  of  experi¬ 
mental  data,  covering  not  only  material  strengths  but  mainy  other  statistical  data.  It 
must  always  be  remembered,  however,  that  adequate  data  In  the  range  ox'  Interest  1  o  always 
lacking,  although  a  few  programs  have  been  conducted  In  which  very  large  numbers  of  test 
specimens  have  been  deliberately  used  In  an  attempt  to  vei'lfy  the  general  usefulness  of 
the  Welbull  curve  (Reference  3il2). 

The  Welbull  distribution  function  Is  based  on  the  flaw  theory,  with  the  assumption  that 
the  flaws  are  distributed  at  random  with  a  certain  density  per  unit  volume.  The  strength 
of  the  specimen  Is  then  deteralned  by  the  weakest  point  In  the  specimen.  The  result  Is  a 
representation  of  the  material  as  a  series  model,  or -a  chain  In  which  failure  depends  on 
the  weakest  link.  This  is  perhaps  the  major  limitation  of  the  Weibull  theory  since  a  real 
material  is  perhaps  better  represented  as  a  series  of  chains  in  parallel,  the  so-called 
series-parallel  model.  Again,  however,  a  convenient,  practical,  mathematical  representa¬ 
tion  of  such  a  model  Is  not  available. 

The  Welbull  distribution  function  also  assumed  that  the  test  specimens  or  structural 
components  under  Investigation  are  all  of  the  same  population,  so  that  all  data  points 
fit  one  distribution  curve.  It  also  assumes,  when  data  from  small  simple  specimens  are 
used  to  design  larger,  complex  components,  that  the  material  in  both  cases  Is  of  the  same 
population.  In  general  these  are  not  good  assumptions,  but  In  order  to  use  nonmetalllc 
refractory  materials  for  the  design  of  aircraft  or  space  vehicle  components,  much  tighter 
processing  controls  must  be  used,  both  for  material  processing  and  selection,  than  Is  the 
customary  practice  with  ceramic  materials.  This  Is  necessary,  both  to  reduce  variability 
In  mechanical  properties  as  much  as  possible.  In  order  to  maximize  the  design  stresses 
for  a  given  reliability,  and  also  to  ensure  that  Indeed  the  mechanical  characteristics 
determined  on  simple  specimens  are  representative  of  more  complex  components.  If  such 
procedures  are  followed  any  adverse  consequences  from  the  two  assumptions  Just  mentioned 
are  minimized. 

The  procedures  presented  In  this  Section  will  be  based  only  on  the  Weibull  distribution 
function,  since  this  function  appears  to  be  more  appropriate  for  brittle  materials  than 
other  available  functions.  Its  limitations  must  be  recognized,  however,  and  It  Is  possible 
that  It  may  not  be  particularly  appropriate  for  some  particular  material  or  material 
combination.  There  Is  however  no  other  procedure  currently  available.  Methods  for  mini¬ 
mizing  the  Importance  of  an  accurate  definition  of  the  distribution  curve  will  be  discussed 
later. 

The  Welbull  distribution  function  Is  expressed  as  the  probability  of  fracture,  which  Is 
given  by 

. .  [■>(-V)'l 

where  V  Is  the  volume  of  the  element  under  consideration,  9  Is  the  applied  uniform  tension 
stress,  and  9  and  m  are  material  constants.  If  the  Welbull  function  Is  truly 

applicable  to  Che  material  under  consideration,  and  If  the  materials  used  for  small  test 
sptclmens  and  for  the  structural  components  are  truly  Identical,  then  ffu*  ^o  ™ 
indeed  be  material  constants  and  will  not  change  with  volume.  In  the  following  section  a 
procedure  Is  given  for  the  evaluation  of  the  material  constants  from  experimental  data 
and  a  table  to  facilitate  this  process  Is  Included. 

The  above  expression  can  be  generalized  by  writing  the  exponent  as  an  Integral  over  the 
volume  of  the  component,  and  expressing  e  as  a  variable  In  terms  of  V.  In  the  completely 
get.eral  case  a  component  can  be  divided  into  a  large  number  of  elements,  each  sufficiently 
small  that  the  stress  within  the  element  can  be  considered  uniform.  The  above  equation 
can  be  applied  to  each  element,  and  by  proper  summation,  the  probability  of  failure  of 
the  component  can  be  determined.  Curves  to  facilitate  such  a  computation  are  given. 
Furthermore,  the  equation  can  be  evaluated  directly  to  give  failure  probability,  for  a  few 
cases  where  the  stress  distribution  Is  simple  and  can  be  expressed  In  simple  mathematical 
form. 
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It  will  be  evident  that  the  use  of  brittle  nonmetalllc  materials  xn  structural  components 
Introduces  two  basic  difficulties  If  efficient  reliable  structures  are  to  be  obtained. 

These  difficulties  are: 

(a)  Variability  In  mechanical  properties,  and  the  Infrequent  but  real  possibility  of 
low  values,  particularly  In  large  volumes  of  material,  demands  low  stress  levels 
relative  to  mean  strength  of  the  material,  and  hence  high  weight.  If  high  reliability 
or  extremely  low  probability  of  failure  Is  to  be  achieved. 

(b)  Accurate  definition  of  the  Important  lower  p  rt  of  the  distribution  curve,  which  is 
necessary  If  a  reliable  prediction  of  failure  probability  Is  to  be  made,  still 
requires,  with  present  theoretical  knowledge  of  the  problem,  extensive  test  programs 
to  obtain  statistical  data  on  mechanical  properties.  Furthermore,  those  programs 
must  be  repeated  for  each  environmental  condition  of  Interest,  such  as  temperature. 

It  is  considered  that  the  most  promising  method  of  circumventing  these  difficulties  Is 
ty  subjecting  each  component  to  a  proof-test.  A  proof-test  will  reveal  those  components 
which  are  low  In  strength  and  will  have  the  effect  of  experimentally  fixing  the  lower 
extremity  of  the  distribution  curve.  Thus  it  becomes  possible  to  define  much  more  accu¬ 
rately  the  lower  branch  of  the  curve  with  relatively  few  experimental  data.  Furthermore, 
the  elimination  of  the  few  extreme  values  substantially  Increases  the  permissible  stress 
level  for  a  given  probability  of  failure.  It  should  be  noted  that  the  proof  stress  dis¬ 
tribution  need  not  match  the  applied  stress  distribution  If  the  proper  relationships  are 
available  to  detemlne  the  probability  of  failure  of  an  element  of  the  component,  when 
subjected  to  a  given  applied  stress  and  a  given  proof  stress.  Accordingly,  proof-testing 
may  be  conducted  In  any  convenient  manner.  For  Instance,  a  component  designed  by  aero¬ 
dynamic  loadings  may  be  proof-tested  by  Introducing  thermal  stresses  by  heating  and  cooling, 
If  such  a  procedure  Is  convenient  or  economical.  It  should  be  noted  also  that  the  proof 
stress  may  be  less  than  the  applied  stress,  for  any  particular  element,  while  still 
producing  significant  Improvements  In  failure  probability  for  a  given  applied  stress,  or 
conversely  Improvements  In  permissible  stress  level  for  a  given  failure  probability.  Maxi¬ 
mum  benefits  are  produced  Jf  the  proof  stress  equals  the  maximum  applied  stress,  but  the 
selection  of  the  proof  stress  level  must  also  consider  the  economics  of  the  possible 
component  failure  rate  »nd  the  degree  of  material  damage  Imposed  on  acceptable  components. 
More  detailed  discussions  of  these  various  aspects  of  proof- testing  can  be  found  In 
Reference  3 ‘IS* 

Methods  for  Introauclng  ajiy  type  of  proof  stress  distribution  Into  the  assessment  of 
component  failure  probability  are  given  In  the  following  sections. 

3.2  ANALYTICAL  RELATIONSHIPS 

From  the  original  work  by  Welbull  (Reference  3-7)  the  probability  of  failure  of  a  struc¬ 
tural  component  or  element  Is  given  by 

S  -  1  -  exp  l-BJ  ,  (1) 

where  B  is  the  risk  of  rupture  and  Is  given  by 

B  «  /n(  a  )  dV.  (2) 

Welbull  uses  experimental  data  as  the  basis  for  the  assumption  that,  for  the  case  of  an 
element  under  uniform,  uniaxial  tension. 


n(  ff  ) 


K  ff*". 


For  this  simple  case,  therel'ore. 


B  »  K  ff’V, 


(3) 


(^) 


where  a  Is  the  uniaxial  stre.‘<s,  V  Is  the  volume  of  the  element,  and  K  and  m  are  material 
constants . 


K  can  be  conveniently  replaced  by  another  constant  (1/  so  that 

/  -  V*" 

B  -  V 


and 


1  -  [  -V  j 


/ 


(5) 


We  recognize  the  possibility  that  some  materials  may  be  able  to  support  a  certain  stress 
level,  ff^,  without  the  possibility  rf  failure.  To  introduce  this  stress  level,  we  re¬ 
write  Equation  (6),  as 

.m  1 


S  =  1  -  exp 


(^) 


(7) 
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If  an  element  le  subjected  to  trlaxial  stresses,  and  the  material  lo  Isotropic,  we  con¬ 
sider  mutually  perpendicular  principal  streoses  acting  at  a  point. 

The  X,  y,  and  z  suces  for  a  potential  element  are  to  bo  oriented  no  that  ffx  maximum 

positive  principal  stress.  We  can  now  consider  the  failure  probability  of  a  small 
spherical  volume  around  this  point.  The  normal  stress  at  any  point  on  the  surface  of  this 
sphere  Is 

9  -  cos^#  +  ffycos^pr  sln^#  +  9^Bin^0,  (8) 


where  (?  lo  an  angle  with  respect  to  the  xy  plane  and  #  Is  an  angle  with  respect  to  the 
xz  planr.  . 


The  risk  of  rupture  Is  still  defined  by  Equation  (2),  where 


dV 


cos0d(2(d  il> 


(9) 


If  the  material  can  support  a  stress  level  wlt’.out  the  possibility  of  failure,  the 
stress  contributing  to  failure  probability  becomes 


2  2  2  2  2 

9  -  ffy  »  ^X^O®  0COB  +  (TyCOS  0  Sin  #  +  ^  ~  ^U  ’ 

Substituting  this  expression  and  Equation  (9)  into  Equation  (2),  and  assuming  that  the 
form  of  n(  a  )  Is  the  same  as  for  the  uniaxial  case,  that  Is  n(  v  )  «■  and  assuming 

also  that  the  Integration  Includes  only  that  part  of  the  stress  which  contributes  to  the 
probability  of  failure,  gives 

B  =  ff(  9^cob^0  cos^#  +  9ycoe^0  sln^#  +  9^3in^0  -  cos0606ii  (10) 


or 
B  « 


ff 


2  2 

cos  ^COS  i  + 


(?) 


cos^(?8ln^^  + 


Bin^0  -  ^cosjfdffdi^  (11) 


or 
B  > 


2  2 
COS  0COB  $  + 


ft) 


cos^jjfslnl^  + 


(12) 


or 


B 


mi 


Subscript  1  has  been  used  with  K  and  m  to  permit  the  possibility  that  they  may  have 
different  values  from  the  vedues  in  the  previous  derivation  for  the  uniaxial  case. 


//[ 


I  -  /  /  I  cos^^fcos^x  +  cos‘'0sln  X  +  I-jt)  Bln‘^0  (-7^1  co8i?dJ^dx  (13aj 

and  the  surface  Integration  Is  limited  to  the  area  where  the  stress  Is  positive  (tension) 


ft) 


ft)  ftf 


(13) 


For  the  uniaxial  case,  Equation  (13)  becomes 


But 


(14) 

(15) 


These  two  equations  are  of  different  form,  but  Equation  (14)  has  been  evaluated  numerically 
for  values  of  m^  from  2  to  10  and  values  of  9^/  9^  from  0  to  0.8  and  is  found  approximately 
equal  to  Equation  (15)  If  we  write 


Then 


mj^  =  m  -  1  and 


4w  »xK 


B 


KV 


m 


I 

»u"  V 


(16) 
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The  term  In  brackets  can  be  evaluated  from  Equation  (13a) i  for  values  of  m^^ .  m^  can  be 
determined  for  values  of  m  from  m^  =  m  -  1.  Values  of  the  tenn  in  brackets  are  given  In 
Figures  1  to  6  for  various  values  of  9^  e^,  9^/  9^/  9^  and  mj^. 

Relationships  are  not  available,  at  present,  for  anisotropic  materials.  However,  in 
most  brittle  materials  of  Interest  the  anlstropy  results  because  the  material  Is  a 
composite  and  is  fabricated  specifically  to  give  different  properties  in  different  direc¬ 
tions.  In  such  a  case  the  differences  in  the  properties  will  probably  be  large  and  it  is 
suggested,  without  proof,  that  stresses  be  resolved  along  the  principal  material  axes  and 
failure  probabilities  be  csdculated  for  each  direction  individually,  l.e.  It  Is  assumed 
that  If  the  material  Is  stx*ongly  anisotropic,  the  failure  probabilities  in  the  principal 
material  directions  are  Independent. 


If  the  stress  distribution  or  the  material  properties  vary  throughout  the  structural 
component,  it  can  be  assumed  to  consist  of  a  large  number  of  elements,  each  subjected  to 
a  different,  but  uniform,  stress.  Then  the  previous  expressions  can  be  generalized  to  give 
the  failure  probability  of  the  component  as  follows. 


For  elements  subjected  to  uniaxial 

S  = 


stresses  only, 
1  -  exp 


y  V  ^  " 


(17) 


For  elements  subjected  to  triaxial  stresses, 

S  =  1  -  exp  |-  Xb|  ,  (18) 

where  B  is  given  by  Equation  (I6),  V  is  the  individual  element  volume  amd  the  summations 
are  extended  only  to  those  elemtsnts  of  volume  where  they  have  positive  values . 

In  practice  we  are  Interested  only  in  very  small  values  of  S,  such  as  10  or  10  ,  so 

that  we  can  write 


Substituting  Into  Equations  (17)  and  (18)  gives,  respectively. 


S  >  XB  . 


(19) 

(20) 


If  the  component  is  subjected  to  a  proof-test,  resulting  in  a  proof-stress  distribution 
expressed  by  9^,  then  Equations  (I9)  and  (20)  become. 


when  9  and 


Vp  are  both  uniaxial  stresses 

3-  I 


m  ,  m  - 

(^■)  ■ 


V, 


(21) 


when  ^px  maximum  principal  stresses  In  a  triaxial  stress  system. 


=  ■  -3(  V)’' 

These  equations  express  the  probability  of  failure  S  of  a  component  subjected  to  a  uniaxial 
or  triaxial  stress  distribution  and  having  variability  characteristics  defined  by  m, 
and  Oq  and  subjected  to  a  uniaxial  or  triaxial  proof  stress  distribution  which  may  be 
different  from  the  applied  stresses.  The  equations  also  recognize  that  the  material  con¬ 
stants  may  vary  throughout  the  component,  depending  on  temperature  or  other  environmental 
conditions . 


In  the  application  of  brittle  nonmetalllc  materials,  it  is  customary  to  determine  the 
material  strength  characteristics  by  conducting  bending  tests  to  failure  on  small,  rec¬ 
tangular  cross-section  bars.  A  four-point  loading  system  is  used,  so  that  the  center 
portion  of  the  bar  is  subjected  to  a  constant  bending  moment. 


Applying  the  Welbull  expression  to  this  condition  and  considering,  conservatively,  only 
the  volume  of  material  subjected  to  the  maximum  bending  moment,  gives  the  following 
expression  for  failure  probability: 


exp 


V 

“  2(ra+l) 

[  "o'"  «b  J 

If  N  bars 

are  tested  and  are 

(23) 


where  Is  the  maximum  bending  stress, 

of  increasing  failure  stress,  and  if  e^m  failure  stress  of  the  nth  bar,  as 

measured  in  the  test,  then  the  failure  probability  corresponding  to  the  fracture  stress 
Is 


bm 


(24) 


®n  -  Trrr 

Equations  (17)  and  (l8)  can  be  used  to  deteimlne  the  Welbull  constants  for  the  material. 
To  do  this,  Equation  (17)  la  rewritten,  for  the  nth  test  bar,  as  follows: 


log  log  (r-r-gn)  +  loe  »bn  -("»  +  !)  106  (  »bn  "  'u^  +  iz{m  +  1))  “  •"  1°S  *^0 


(25) 


Equation  (23)  shows  that  a  plot  of  the  Welbull  distribution  function  will  be  linear  In  a 
system  of  rectangular  coor  Ilnates  In  which  log  log  [1/(1  -  Sn)l  +  log  Is  the 
coordinate  and  log  (  Vhn  '  <^u)  abscissa.  The  slope  will  oe  (m  -f  1)  or  the  distribution 
function  In  these  coordinate.. . 

A  graphical  method  for  determining  the  Welbull  constants  ffy,  m,  and  Oq  Is  presented  In 
Section  3.3* 

3.3  PROCEDURE  FOR  THE  DETERMINATION  OF  FAILURE  PROBABILITY  OF  A  BRITTLE  COMPONENT 


3.3«1  General 

The  procedure  given  Is  an  analysis  procedure,  not  a  design  procedure,  and  as  such  it 
determines  the  probability  of  failure  under  a  given  applied  stress  distribution.  Prob¬ 
ability  of  failure  for  brittle  materials  Is  similar  to  ultimate  strength  for  metallic 
materials,  and  a  safety  factor  or  margin  of  safety  can  be  expressed  If  a  criterion  express¬ 
ing  the  required  probability  of  failure  Is  available.  Clearly  the  procedure  can  be  used 
for  design  by  repeated  application  In  conjunction  with  adjustments  of  the  design. 

The  procedure  Involves  two  steps:  (1)  the  determination  of  material  characteristics 
from  experimental  data  on  small  simple  test  bare  exposed  to  a  simple  loading  situation, 
and  (11)  the  application  of  these  material  characteristics  to  the  determination  of  failure 
probability.  The  material  characteristics  are  the  constants  in  the  Welbull  expression, 
and  must  be  determined  separately  for  each  environmental  condition  of  Interest.  Such 
conditions  will  generally  Involve  at  least  different  temperatures. 

The  procedure  covers  the  completely  general  i,?oo.  In  which  the  component  may  be  of  any 
size  and  shape,  the  applied  stresses  may  have  any  distribution,  and  the  proof  test.  If 
used,  may  produce  any  stress  distribution. 

3.3.2  Determination  of  Welbull  Parameters 

(1)  For  each  temperature  or  other  environmental  parameter  of  Interest  conduct  four-point 
bending  tests  to  failure,  on  rectangular  or  square  section  tent  bars.  To  properly  define 
the  material  characteristics  for  each  condition  of  interest,  tho  application  of  the 
material  must  be  considered. 


(11)  From  the  measured  failure  loads,  determine  the  extreme  fiber  stresses  at  failure 
using  the  simple  bending  stress  formula 


where 


- 


I  P/2  P/2  I 

P  M 


Is  maximum  bending  stress  at  failure. 

Is  total  applied  load  at  failure. 

Is  dimension  shown. 

Is  width  of  test  bar. 

Is  depth  of  test  bar, 

A  mere  refined  expression  for  failure  stress  is  given  In  Section  8. 
(ill)  Determine,  for  each  test  specimen,  the  value  of  the  terms 


•^b 

P 

a 

b 

d 


log  log 


+  1  og  cr¬ 


on 


and  log  e^n 


To  facilitate  the  evaluation  of  log  log  11/(1  -  Sjj)  J  for  test  specimen  groups  of  10, 
20,  and  30,  Table  3*1  is  presented.- 

(Iv)  Plot  values  of  J  log  log  (1/(1  -  S^)!  +  log  I  against  the  corresponding 

values  of  log  .  lx  the  resulting  curve  Is  a  strsd^t  line,  the  material  does  not 

have  a  finite  zero  strength  .  A  concave  downward  curve  Indicates  the  material  does 

have  a  finite  zero  strength  and  a  tentative  value  is  taken  for  ay  and  log  (  ffj,  -  <r^) 
is  calculated  and  the  test  data  replotted.  If  the  tentative  value  for  ay  Is  too 
large  the  resulting  curve  will  be  concave  upwards  and  smaller  values  for  must  be 
taken  until  the  resulting  curve  approximates  a  straight  line.  At  this  point  use  the 
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method  of  least  squares  to  determine  the  slope  of  the  straight  line  and  the  goodness  of 
fit  of  the  test  data  to  the  straight  line  for  values  of  above  and  below  the  graphically 
determined  value.  Select  the  value  for  which  gives  the  best  fit  of  the  test  data  go 
a  straight  line.  Having  selected  the  best  cui^e,  compute  m  from 

elope  -  (m  +  1)  . 

(v)  With  ffu  and  m  established,  Cq  Is  calculated  from  Equation  (19) »  using  the  Inter¬ 
cept  of  the  straight  line  on  the  ordinate  and  the  volume  of  the  test  specimen  which  was 
subjected  to  the  applied  stress.  The  value  of  the  Intercept  Is  equated  to 
log  [V/  p(m  +  1)|J  -  m  log  Cq  and  the  equation  solved  for  ffg  • 

Further  details  of  the  graphical  method  of  determining  m  and  <^o  found  In 

References  3*l^i  3«15  and  3.16' 


(vl)  Repeat  the  above  procedure  for  each  environmental  condition  of  Interest. 

3.3.3  Evaluation  of  Failure  Probability  for  a  Structural  Component 

(1)  Determine  the  distribution  of  principal  stresses  and  temperature  throughout  the 
component  for  the  design  condition  of  Interest,  and  determine  also  the  distribution  of 
principal  stresses  for  the  selected  proof  test.  Methods  for  determining  these  stresses 
are  given  in  Section  4. 

(il)  Divide  the  component  Into  elements,  the  size  of  each  to  be  selected  so  that  the 
applied  principal  stresses  .ind  temperatures  can  be  considered  uniform,  and  equal  to  the 
maximum  values  over  the  element.  Orient  the  x,  y  and  z  axes  for  each  element  so  that 
is  the  maximum  positive  principal  stress. 

(Ill)  Calculate,  for  each  element,  the  following: 


(a)  If  the  material  Is  isotropic,  and  the  stresses  are  uniaxial 


(b)  If  the  material  Is  Isotropic  and  the  stresses  are  trlaxlal 


®(  »x)  ■  ‘"px^ 


where 


B  -  KV 


m 


■{  ^'u'  o'y’  »z'°) 


and  K  «  1/  and  the  terra  in  brackets  is  evaluated  from  Figures  3.2  to  3.6. 

(c)  If  the  material  Is  strongly  anistroplc  the  stresses  must  be  resolved  In 
the  directions  of  the  principal  material  axes  and  the  following  value 
calculated  for  each  direction: 


M  jtt 

.  v"* 

/v  - 

/  "  «r..\ 

t  P  “1 

Iff/ 

\  Of 

\  ®  '  J 

where  Oq  and  m  will  have  different  values  for  the  different  directions. 

(iv)  Sum  the  above  values  over  the  entire  component  and  the  result  is  the  failure 
probability. 


3.4  SAMPLE  PROBLEM 


An  example  of  the  method  of  computing  failure  probability  of  a  structural  component,  as 
defined  in  the  previous  section,  is  presented  below.  A  relatively  complex  application 
has  been  chosen  In  order  to  bring  out  all  details  of  the  method.  The  component  selected 
Is  a  segment  of  wing  leading  edge  of  a  lifting  re-entry  vehicle.  Figure  3.7  shows  this 
segment  schematically,  together  with  principal  dimensions  and  the  Integral  lugs  for  attach¬ 
ment  to  the  wing  structure.  The  leading  edge  is  subjected  to  both  aerodynamic  loadings 
and  nonuniform  heating  which  produces  temperature  gradients  and  thermal  stresses.  The 
total  stresses  have  been  calculated  by  the  methods  described  in  Section  4  which  Involves 
the  division  of  the  structural  component  Into  a  number  of  small  elements.  Figure  3.8 
shows  the  leading  edge  skin,  developed  Into  a  flat  plate,  and  It  shows  also  the  elements 
which  were  used  for  the  rtress  analysis,  and  which  will  be  used  for  the  failure  probability 
analysis.  The  volume  of  each  element,  together  with  the  average  three  principal  stresses 
acting  at  the  center  of  each  element,  are  listed  in  Table  3.2.  Figure  3.9  presents  the 
material  properties  m  ai  1  (Tu  as  a  function  of  temperature  and  appropriate  values  corres¬ 
ponding  to  the  temperatu: e  of  each  element  are  listed  In  Table  3.2.  The  remaining  material 
constant  <Tq,  which  Ip  used  in  the  calculation  of  K,  has  been  assumed  constant  with  the 
value  of  15,000  Ib/ln*^.  'Ibe  calculations  required  by  the  previously  described  procedure 
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arc  con^latad  for  each  alanent  In  Table*  3.2  -  3.4  and  sunmad  to  give  a  failure  probability 
of  0.010.  In  practice  this  value  would  be  much  too  high.  An  m  value  of  approximately 
3  indicates  a  material  with  considerable  variability  in  mechanical  properties,  and  the  use 
of  a  peak  stress  of  over  11,000  lb/in‘  in  a  material  which  has  a  mean  strength  of  only 
12,000  to  13,000  Ib/in^  would  not  be  expected  to  lead  to  high  reliability.  Therefore, 
for  this  particular  example  a«ne  modification  of  the  design  is  indicated. 
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TABLE  3.1 


EVALUATION 

OF  1 0£C  1  Off  f  ^ 

_  1  pnp  1  n 

20  AND  30  SPECIMENS 

^  j  run  J  U| 

n 

N  =  30 

N  «  20 

N  -  10 

1 

-1 .84645 

-1.16703 

-1.38307 

2 

-1.53012 

-1.363^0 

-1.05973 

3 

-1.35451 

-1.17380 

-0.85917 

4 

-1 .22183 

-1.03851 

-0.70709 

5 

-1 .11694 

-0.92795 

-0.57965 

6 

-1 .02952 

-0.83475 

-0.46544 

7 

-0.05406 

-0.75319 

-0.35721 

8 

-0.88725 

-0.68275 

-0.24851 

9 

-0.82696 

-0.61510 

-0.13056 

10 

-0.77171 

-0.55181 

-0.01761 

11 

-0.72946 

-0.4916] 

12 

-0.67239 

-0.43469 

13 

-0.62689 

-0.37889 

14 

-0.58347 

-0.32216 

15 

-0.54172 

-0.26469 

16 

-0.50128 

-0.20648 

17 

-0.46185 

-0.14329 

18 

-0.42314 

-0.07488 

19 

-0.30487 

0.00763 

20 

-0.34677 

0.12016 

21 

-0.30855 

22 

-0.26988 

23 

-0.23037 

24 

-0.18953 

25 

-0.14672 

26 

-0.10099 

27 

-0.05087 

28 

0.00624 

29 

0.07580 

30 

0.17381 

N  =  Total  number  of  specimens  tested. 

n  Rank  of  specimen  fracture  stresses  when  arranged 
In  Increasing  order  from  1  to  N. 
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TABLE  3*2 
SAMPLE  PROBLEM 


EL  EM 

TEMP 

mi 

•■u 

»u/»X 

VOL. 

ii 

490 

9300 

-1400 

-4000 

2.02 

5960 

0.642 

0.0469 

^0 

540 

11400 

+1400 

-4000 

2.03 

5940 

0.520 

0.0469 

2l 

550 

9750 

-2000 

.2900 

2.03 

5930 

0.600 

0.0469 

2o 

620 

7450 

-1600 

-2000 

2.05 

5910 

0.794 

0.0469 

3i 

690 

4000 

0 

-4000 

2.06 

5900 

1.472 

0.0469 

3o 

740 

-1000 

0 

-7100 

2.00 

5000 

.5.00 

0.0469 

U 

940 

-3000 

0 

-11400 

2.16 

5000 

-1.526 

0.1406 

5 

1275 

-3500 

0 

-10300 

2.30 

5610 

-1 .602 

0.1406 

6 

1000 

4300 

0 

-4300 

3.00 

5700 

1.107 

0.1075 

7i 

2210 

6300 

0 

-3600 

3.05 

4400 

0.700 

0.0937 

7o 

2270 

0000 

+3100 

0 

4.07 

4200 

0.407 

0.0937 

8l 

2300 

6000 

0 

-3000 

4.10 

4200 

0.700 

0.0703 

8o 

2360 

7600 

+4500 

0 

4.45 

4050 

0.534 

0.0703 

9l 

2240 

5600 

-1000 

-3600 

3.97 

4350 

0.775 

0.1170 

9o 

2340 

9200 

+300 

-1000 

4.35 

4100 

0.445 

0.1170 

lOi 

2160 

0000 

-2000 

-4600 

3.72 

4510 

0.565 

0.1562 

o 

o 

2250 

9700 

.400 

.2000 

4.0 

4320 

0.446 

0.1562 

11 

1790 

5600 

0 

-5600 

2.96 

5120 

0.915 

0.3125 

12 

1275 

0 

-4000 

-4000 

2.38 

5610 

00 

0.234 

13 

940 

0 

-6000 

-6000 

2.16 

5000 

00 

0.234 

I4l 

700 

2900 

0 

-2600 

2.06 

5890 

2.03 

0.0702 

750 

5000 

0 

-4200 

2.00 

5800 

1 .176 

0.0782 

15i 

570 

6700 

-1000 

-3600 

2.04 

5930 

0.005 

0.0782 

15o 

630 

0200 

-1000 

-3900 

2.05 

5900 

0  720 

0.0782 

I6i 

400 

7000 

-2000 

-2900 

2.02 

5950 

0.050 

0.0782 

o 

VO 

550 

9700 

-1000 

-2000 

2.03 

5930 

0.612 

0.0782 

17i 

510 

5400 

C 

-5300 

2.02 

5940 

1.10 

0.0625 

17o 

560 

7000 

0 

-5300 

2.03 

5930 

0.760 

0.0625 

I8i 

600 

7000 

0 

-4000 

2.04 

5920 

0.046 

0.0625 

o 

GO 

640 

10700 

0 

-7200 

2.05 

5900 

0.551 

0.0625 

19i 

720 

7000 

0 

-4700 

2.07 

5000 

0.041 

0.0625 

19o 

760 

9700 

0 

-7400 

2.09 

5870 

0.605 

0.0625 

20 

940 

7200 

0 

-4000 

2.16 

5800 

0.005 

0.1075 

21 

1275 

0600 

0 

-4400 

2.30 

5610 

0.653 

0.1075 

22 

1700 

9700 

0 

-5250 

2.95 

5130 

0.529 

0.250 

23i 

2120 

7000 

-4000 

-4450 

3.62 

4600 

0.650 

0.125 

23o 

2240 

6300 

-3350 

-4000 

3.97 

4340 

0.600 

0.125 

29i 

2190 

3100 

-3000 

-3100 

3.00 

4450 

1.435 

0.0937 

29o 

2310 

6000 

-3000 

-5050 

4.22 

(m-1) 

4100 

Fig.  3.9 

0.696 

0.0937 

Fig.  3.0 
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TABLE  3.3 
SAMPLE  PROBLEM 


EL  EM 

mi 

»u/  ‘'x 

V 

2.02 

0.642 

-0.1506 

^0 

2.03 

0.520 

0.1228 

2l 

2.03 

0.608 

-0.205 

2o 

2.05 

0.794 

-0.215 

3i 

2.06 

1.472 

0 

3o 

2.08 

.5.88 

0 

4 

2.16 

-1.526 

0 

5 

2.38 

-1.602 

0 

6 

3.00 

1 .187 

0 

7i 

3.85 

0.700 

0 

7o 

4.07 

0.487 

0.352 

81 

4.18 

0.700 

0 

80 

4.45 

0.534 

0.592 

9l 

3.97 

0.775 

-0.1781 

9o 

4.35 

0.445 

0.0326 

lOi 

3.72 

0.565 

-0.250 

lOo 

4.0 

0.446 

-0.0413 

11 

2.96 

0.915 

0 

12 

2.38 

00 

-00 

13 

2.16 

00 

-CX3 

I4i 

2.06 

2.03 

0 

1^0 

2.08 

1.176 

0 

15i 

2.04 

0.885 

-0.1492 

15o 

2.05 

0.720 

-0.122 

161 

2.02 

0.850 

-0.286 

160 

2.03 

0.612 

-0.103 

17i 

2.02 

1.10 

0 

17o 

2.03 

0.760 

0 

181 

2.04 

0.846 

0 

180 

2.05 

0.551 

0 

19i 

2.07 

0.841 

0 

19o 

2.09 

.  0.605 

0 

20 

2.16 

0.805 

0 

21 

2.38 

0.653 

0 

22 

2.95 

0.529 

0 

23i 

3.62 

0.658 

-0.572 

23o 

3.97 

0 .688 

-0.532 

24i 

3.80 

1.435 

-0.967 

24(5 

4.22 

0.696 

-0.50 

I 

^(0) 

-0.430 

0.08 

2.47 

0.0323 

-0 . 351 

0.217 

2.45 

0.0886 

-0.298 

0.103 

2.45 

0.0420 

-0.268 

0.0137 

2.43 

0.00563 

-1.0 

0 

2.43 

0 

-7.1 

0 

2.42 

0 

-3.0 

0 

2.36 

0 

-2.94 

0 

2.20 

0 

-1.0 

0 

1.78 

0 

-0.571 

0.007 

1.44 

0.00486 

0 

0.0246 

1.37 

0.01796 

-0.50 

0.00291 

1.33 

0.00219 

0 

0.00832 

1 .26 

0.00660 

-0.643 

0.00066 

1.39 

0.000475 

-0.1089 

0.00831 

1.28 

0.00649 

-0.575 

0.029 

1.48 

0.01958 

-0.206 

0.057 

1.39 

0.0410 

-1.0 

0.0031 

1.81 

0.001711 

-00 

0 

2.20 

0 

-00 

0 

2.36 

0 

-0.897 

0 

2.43 

0 

-0.840 

0 

2.42 

0 

-0.538 

0.0074 

2.44 

0.00303 

-0.475 

0.041 

2.43 

0.01687 

-0.415 

0.0085 

2.47 

0.00344 

-0.206 

0,116 

2.45 

0.0473 

-0.982 

0 

2.47 

0 

-0.680 

0.025 

2.45 

0.0102 

-0.685 

0.0078 

2.44 

0.0032 

-0.672 

0.150 

2.43 

0.0617 

-0.671 

0.0105 

2.42 

0.00434 

-0.763 

0.1002 

2.41 

0.0416 

-0.555 

0.0138 

2  35 

0.00586 

-0.512 

0.0157 

2.20 

0.00714 

-0.540 

0.101 

1.80 

0.0560 

-0.635 

0.0646 

1.50 

0.04307 

-0.635 

0.00266 

1.39 

0.001911 

1 

• 

0 

0 

0 

1.45 

0 

-0.975 

0.00226 

3.2  to  3-6 

1.31 

Fig. 

3.1 

0.001723 

TABLE  3.4 


SAMPLE  PROBLEM 


EL  EM 

m 

V 

•x 

V  % 

(  V  '0: 

r  1/1(0) 

h 

3.02 

0.0469 

9300 

0.620 

0.235 

0.0323 

0.000356 

lo 

3.03 

0.0469 

11400 

0.760 

0.440 

0.0886 

0.001826 

2l 

3.03 

0.0469 

9750 

0.650 

0.275 

0.0420 

0.000541 

2o 

3.05 

0.0469 

7450 

0.497 

0.120 

0.0056 

0.000031 

3l 

3.06 

0.0469 

4000 

0.267 

0.019 

0 

0 

3o 

3.08 

0.0469 

-1000 

0 

0 

0 

0 

4 

3.16 

0.1406 

-3800 

0 

0 

0 

0 

5 

3.38 

0.1406 

-3500 

0 

0 

0 

0 

6 

4.00 

0.1875 

4300 

0.287 

0.007 

0 

0 

7i 

4.85 

0.0937 

6300 

0.420 

0.015 

0.0049 

0.000006 

7o 

5.07 

0.0937 

8800 

0.587 

0.067 

0.0180 

0.000113 

8l 

5.18 

0.0703 

6000 

0.400 

0.009 

0.0022 

0.000001 

0o 

5.45 

0.0703 

7600 

0.507 

0.027 

0.0066 

0.000012 

9l 

4.97 

0.1170 

5600 

0.373 

0.007 

0.0005 

0.0000004 

9o 

5.35 

0.1170 

9200 

0.613 

0.072 

0.0065 

0.000054 

lOl 

4.72 

0.1562 

8000 

0.533 

0.051 

0.0196 

0.000156 

o 

o 

5.00 

0.1562 

9700 

0.646 

0.110 

0.0410 

0.000704 

11 

3.96 

0.3125 

5600 

0.373 

0.018 

0.0017 

0.000009 

12 

3.38 

0.234 

0 

0 

0 

0 

0 

13 

3.16 

0.234 

0 

0 

0 

0 

0 

1^1 

3.06 

0.0782 

2900 

0.193 

0.007 

0 

0 

14© 

3.08 

0.0782 

5000 

0.333 

0.032 

0 

0 

15i 

3.04 

0.0782 

6700 

0.447 

0.090 

0.0030 

0.000021 

15o 

3.05 

0.0782 

8200 

0.547 

0.160 

0.0169 

0.000211 

I6i 

3.0<i 

0,0782 

7000 

0.467 

0.105 

0.0034 

0.000027 

l6o 

3.03 

0.0782 

9700 

0.647 

0.270 

0.0473 

0.000998 

17i 

3.02 

0.0625 

5400 

0.360 

0.046 

0 

0 

17o 

3.03 

0.0625 

7800 

0.520 

0.140 

0.0102 

0.000089 

I8i 

3.04 

0.0625 

7000 

0.466 

0.100 

0.0032 

0.000020 

l8o 

3.05 

0.0625 

10700 

0.713 

0.350 

0.0617 

0.001349 

19i 

3.07 

O.O625 

7000 

0.466 

0.100 

0.0043 

0.000026 

19o 

3.09 

0.0625 

9700 

0.647 

0.260 

0.0416 

0.000676 

20 

3.16 

0.1875 

7200 

0.480 

0.100 

0.0059 

0.000110 

21 

3.38 

0.1875 

8600 

0.573 

0.150 

0.0071 

0.000199 

22 

3.95 

0.250 

9700 

0.647 

0.180 

0.0560 

0.002520 

23i 

4.62 

0.125 

7000 

0.466 

0.030 

0.0431 

0.000161 

23o 

4.97 

0.125 

6300 

0.420 

0.013 

0.0019 

0.000003 

24i 

4.80 

0.0937 

3100 

0.207 

0.0005 

0 

0 

24o 

5.22 

Fig. 

3.9 

0.0937 

6000 

6.400 

-  15,000 

0.009 

0.0017 

X 

0.000001 

-  0.010234 
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Fig.?. 2(a)  Complex  stress  factor  I 

Oy/o^  =  0.0,  0.2,  and  0.4 
m,=  2;  m,  =  m-  I;  l(o„-ayKii, 
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Complex  stress  fiielor  I 

njoy  =  ().().  0.2.  umJ  0.4 

m,=  2:  m,  =  ni  I;  l(Oy.o  2.5\} 
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Fip..V2(h)  (’oinplfx  stress  factor  I 
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Fig.3.3(a)  Complex  stress  factor  I 
®u/®x  *  O'®'  0-2 
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Fig.3.3(b)  Complex  stress  factor  I 

Oy/Ox  =  0.4,  0.6  and  0.8 
m,  *  4;  m,  -  m  -  I:  l(o^ 
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Complex  stress  factor  I 
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4(a)  Complex  stress  factor  I 

Ou/Ow  *  0.0,  0.2  and  0.4 
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Fig.3.S(a)  Complex  stress  factor  I 

Oy/Ox  =  0.0,  0.2  and  0.4 
m,  =8;  m,  *  in  -  I:  I(o^=Oy-o, 


4.1 


i£S§i3$§g^a£^MaaSgS3$$iEgiEigSglgiegg«{|18ilil;|l^lg«SSkC2lf««3SS8iSe3SSSS§lgSeSlH9SlSl^nfBMMeaeHS«H 

£5S3ifSl£e  ==S-^£SSSSsSS$<»g|«ffSfifl5ii!a»Sf9PM«»lftMiUBi9«WIHiaillllllHiflHNnilimn 

i|fSiiifi=iiifii5£iiisitsfggii|g||iiiisi?¥fiiiiiiiiiiliiiiltliillfSIIIIIHIIIISIUIIillllllllll 

iiiiliiiiiiiiiiiiiiiiiiiffHiiiiiifiiiiiiiiiiiilfiiiilliiliiiiiiiiii 

i-  ^  .=1# .f ^  .*•- 

Sg*S5SS8=SHHS=  ===^==SEEg=Sg*»gEggggga^-^s=gH?SSf8i8SaSSStfSSg33gaSSSS! 

88<gs£SgB=  .pc  =  ^e3ic.i£4<E?iE8if  =  3£a^^H3Hn  =  c&lf88f8ie>Bsa8s^4S3  3iH 

iiiiiiiiiiiiiiiiiiiiiiiiiii 


iiilillili 


Complex  stress  factor  I 

Oi,/ox  =  0.0.  0.2  and  0.4 

m,  =8;m,  «m  I:  l(„„-0y-o,-o)  “  0-7392 
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Fig.3.7  Sample  problem.  WIrp  lending  edge  segment 


Fig.3.8  Sample  problem.  Distribution  or  elemental  section  pattern 


Fiit-3.9  Sumplc  problem.  Variation  of  Oy  and  m  with  temperature 
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4.  STRESS  ANALYSIS  METHODS 


4.1  INTRODUCTION 

The  Importance,  In  brittle  material  design,  of  detecting  the  maximum  stresses  In  a 
component,  regardless  of  how  localized  they  might  be,  has  already  been  emphasized,  as 
has  the  corresponding  need  for  a  sophisticated  stress  analysis.  The  limitations  of  con¬ 
ventional  analysis  methods,  as  used  by  stress  analysts  and  structural  desl^iers,  has  also 
been  reviewed  briefly  In  Section  2.  In  the  past  the  practice  was  to  supplement  conven¬ 
tional  theory  with  local  correction  factors  determined  by  application  of  the  Theory  of 
Elasticity.  The  latter  is  very  powerful  where  It  can  be  used,  but  unfortunately  its 
Applications  are  limited,  by  matho-naiJ cal  complexity,  to  applications  of  simple  geometry. 
Fortunately,  the  errors  In  the  application  of  simple  theory  are  local  e'^fects,  removed 
from  the  general  complexity  of  the  structure,  and  consequently  elastic  theory  Is,  in  fact, 
very  useful . 

In  recent  years  a  very  powerful  stress  analysis  method,  the  finite  element  method,  has 
been  evolved.  This  technique  divides  the  structure  Into  large  numbers  of  simple  elements, 
each  of  which  can  be  analyzed  quite  easily.  Coupling  these  elements  together,  with  the 
requirements  of  equilibrium  and  strain  compatibility,  produces  very  large  numbers  of 
equations  which  must  be  solved  simultaneously  for  the  unknown  stresses  or  displacements. 
The  modem  computer  has  made  the  solution  of  such  equations  a  practical  proposition.  The 
finite  element  method  offers  the  ability  to  handle  very  complex  ntructures  and  complex 
loading  situations,  but  It  Is  not  convenient  for  general  studies,  and  It  does  require 
elaborate  computational  equipment.  Fortunately,  the  latter  Is  now  available  at  most 
organizations  conducting  sophisticated  engineering  work. 

In  this  Section  useful  material  for  the  designer  Is  presented  on  both  methods  and  In 
both  cases  the  data  Is  oriented  towards  the  particular  situations  expected  to  occur  In 
designing  with  brittle  materials.  The  ‘corrected"  simple  theory  approach  Is  Included 
for  the  benefit  of  organizations  that  do  not  possess  computational  equipment,  and  also 
because  the  method  Is  particularly  useful  for  preliminary  design,  optimization  studies, 
etc.  The  finite  element  approach  Is  Included  because  It  Is  a  necessity  for  good  design 
with  brittle  materials. 

4.2  CONVENTIONAL  STRESS  ANALYSIS  THEORY 

The  engineer's  theory  of  bending,  which  Is  still  an  Important  practical  tool  of  struc¬ 
tural  analysis  and  design.  Is  concerned  with  the  prediction  of  stresses  In  a  structure, 
but  under  a  number  of  very  simplifying  assumptions.  The  principal  assumptions  are: 

a)  Sections  through  the  beam  which  are  plane  before  application  of  the  bending  moment 
remain  plane  as  the  beam  strains. 

b)  The  structure  is  of  constant  cross  section. 

c)  The  material  Is  Isotropic  and  elastic,  with  direct  proportionality  between  stress 
eujd  strain. 

d)  The  structure  Is  subjected  to  a  constant  bending  moment  along  its  length. 

In  applications  where  these  assumptions  are  seriously  violated,  the  only  recourse,  prior 
to  the  advent  of  the  finite  element  methods  of  analysis  which  are  to  be  discussed  later, 
was  to  use  the  theory  of  elasticity.  While  this  theory  produces  accurate  results  It  Is 
limited,  by  mathematical  complexity,  to  situations  Involving  relatively  simple  geometry. 
Fortunately,  the  assumptions  made  In  the  engineer's  theory  generally  result  In  localized 
errors  In  the  stress  distribution.  Practical  engineering  practice  therefore  uses  elastic 
theory  to  examine  these  local  effects,  which  are  removed  from  the  general  geometric 
complexity  of  the  structure,  and  to  produce  correction  factors  to  be  applied  to  the 
stresses  predicted  by  simple  theory.  The  usefulness  of  this  practice  varies  with  applica¬ 
tion,  and  In  this  sub-section  as  much  assistance  as  possible  will  be  given  In  following 
the  practice  as  It  applies  to  anticipated  brittle  material  airframe  components. 

As  has  been  mentioned  elsewhere  In  this  Handbook,  brittle  materials  will  probably  be 
used  In  airframe  structures  In  relatively  small  elements  as  a  result  of  limitations 
Imposed  by  manufacturing  methods.  Consequently,  the  components  are  likely  to  be  rela¬ 
tively  short  compared  with  their  cross-sectional  dimensions.  The  assumption  that  plane 
sections  remain  plane  Is  frequently  violated  at  free  ends  and  a  situation  of  particular 
significance  In  components  Intended  for  elevated  temperature  applications  results  from 
thermal  stress  effects.  Thermal  stresses  produced  by  temperature  gradients  through  the 
cross  section  of  a  beam  produce  a  self-balancing  system  and  their  magnitudes  are  easily 
calculated  from  conditions  of  equilibrium  and  the  assumption  of  plane  sections.  However, 
these  stresses  must  reduce  the  zero  at  a  free  end  of  the  beam,  even  though  the  temperature 
gradients  do  not.  As  a  result  warpage  of  the  beam  cross  section  occurs  and  the  local 
stresses  are  not  predicted  by  simple  theory. 

During  high  speed  flight  aerodynamic  heating  conditions  vary  as  velocity,  altitude,  and 
vehicle  attitude  vary.  In  a  typical  beam-llke  structural  component  temperature  gradients 
will  be  produced  throughout  the  cross  section  but,  assuming  a  constant  cross  section, 
these  gradients  will  be  constant  at  each  station  along  the  beam.  Thermal  stroBsoa  can  bo 
easily  determined  as  already  discussed.  However,  brittle  material  componunts  are  likely 
to  contain  integral  transverse  ribs  and  stiffening  members,  and  local  attachment  lugs. 
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all  of  which  represent  heat  sinks  which  disturb  the  general  temperature  distribution. 
Discontinuities  in  temperature  may  also  be  produced  where  adjacent  components  overlap, 
so  that  part  of  each  component  is  shielded  from  direct  exposure  to  aerodynamic  heat. 

Ihis  situation  occurs,  for  instance,  in  ceramic  heat  shields  the  edges  of  which  overlap 
to  produce  a  seal,  vrtiile  still  accommodating  thermal  expansion. 

These  discontinuities  in  temperature  may  also  produce  cross-section  warpage  and  hence 
violation  of  assumption  (a),  and  local  stresses  not  computed  by  simple  theory. 

Another  important  temperature  discontinuity  effect  which  can  be  anticipated  In  ceramic 
components,  will  occur  where  Integral  lugs  are  provided  on  surface  structures,  such  as 
heat  shields,  for  attachment  to  the  sub -structure.  Such  lugs  provide  a  local  heat  sink 
which  produces  radial  temperature  gradients  in  the  surface  structure  during  transient 
heating  phases  of  flight. 

One  other  important  situation  in  which  accurate  stresses  are  not  predicted  by  olmplo 
bending  theory  occurs  in  the  region  of  concentrated  loads.  In  ceramic  airframe  components 
these  situations  will  occur  where  such  components  are  attached  to  the  sub-structure  and 
where  provision  is  made  for  attachment  of  adjacent  structural  elements.  Provision  for 
attachment  of  a  ceramic  component  will  generally  be  made  by  some  type  of  lug.  Integral 
with  the  component.  With  this  arrangement  the  load  is  introduced  more  or  less  at  a  pj.lnt 
and  the  distribution  does  not  match  the  normal  distribution  of  shear  across  the  section 
of  the  beam.  Readjustment  of  the  shear  distribution  occurs  with  local  modification  of 
the  bending  stresses. 

A  similar  situation  occurs  in  plate-like  surface  structures,  subjected  to  aerodynamic 
pressure  loadings  and  attached  to  the  sub-structure  at  local  points. 

Appropriate  methods  of  load  introduction  into  a  ceramic  component  Include  Integral 
stiffeners  across  the  beam,  reinforced  and  unreinforced  holes  in  the  beam  with  pins,  load 
pads  on  the  beam  caps,  etc.  Since  none  of  these  arrangements  Introduce  shear  in  accord¬ 
ance  with  the  requirements  of  the  plane  strain  assumption,  local  ’correction”  stresses 
are  created.  Typical  quantitative  data  is  given  later. 

Similarly,  the  introduction  of  concentrated  loads  into  surface  structures  will  be  made 
either  by  Integral  supports,  or  holes  will  be  provided  for  a  mechanical  attachment. 

The  second  assumption,  of  a  constant  cross-section,  will  be  violated  in  many  applica¬ 
tions.  Gradual  changes  in  cross-section,  such  as  are  produced  by  the  typical  taper  in 
wings,  fuselages,  etc.,  are  not  significant  in  disturbing  the  stress  distribution  pre¬ 
dicted  by  simple  theory,  but  significant  effjcts  will  result  from  abrupt  and  local 
cross-sectional  changes  caused  by  integral  ribs,  stiffeners,  load  application  members, 
holes,  cutouts,  etc.  Such  effects  will  require  the  use  of  fillets  which  will  reduce  but 
not  eliminate  the  resulting  stress  peaks. 

The  effects  resulting  from  an  abrupt  change  of  cross-section  are  generally  very  localized 
and  can  be  treated  reasonably  well  by  studying  stress  concentration  effects  using  the 
theory  of  elasticity.  Data  convenient  for  the  design  of  brittle  ntructures  Is  given 
later. 

Assumption  (c)  is  not  a  cause  for  corrective  factors  in  brittle  material  ntructureo. 

The  materials  are  likely  to  be  very  elastic  and  isotropic,  perhaps  to  n  greater  degree 
than  typical  metallic  materials,  and  so  the  assumption  is  valid. 

Assumption  (d)  is  generally  valid  in  determining  the  stresoeo  at  a  given  cross-section. 
Neglect  of  the  rate  of  change  of  bending  moment  implies  neglect  of  shear  and  for  ceramic 
materials  the  deflections  and  deformations  due  to  shear  are  likely  to  be  very  small 
compared  with  deflections  due  to  bending.  An  exception  may  occur  in  beams  which  are  very 
short  compared  with  cross-sectional  dimensions}  say  less  than  twice  the  major  cross- 
sectional  dimension.  Corrections  for  this  effect  are  chiefly  corrections  to  deflections} 
the  stress  modifications  due  to  a  short  beam  are  primarily  those  due  to  end  effects  and 
concentrated  load  application,  and  are  covered  under  assumption  (a) . 

In  the  following  sub-section  all  of  the  above  "correction”  effects  are  re-examined 
quantitatively  and,  where  possible,  useful  numerical  data,  is  given.  This  data  is 
generally  limited  to  simple  geometric  situations  since  it  has  its  basis  in  elastic  theory. 
Where,  as  a  consequence,  it  cannot  be  used  directly,  however,  it  may  still  be  useful  as 
a  guide.  Much  of  the  data  presented  is  taken  from  the  literature  but  with  modifications 
and  extension  to  make  it  more  convenient  for  the  needs  of  the  designer  working  with 
brittle  materials. 

4.3  CORRECTIONS  TO  BENDING  THEORY 

a)  End  Effects  from  Thermal  Stresses 

This  problem  is  one  of  a  broad  class  of  problems,  often  referred  to  as  "shear  lag" 
problems,  which  are  concerned  with  the  diffusion  of  stresses  from  material  which  ends,  at 
some  station,  as  a  free  edge.  The  shear  lag  problem  is  typically  encountered  in  airframe 
shell  structures  where  wing  surfaces  are  cut  for  engines,  leuiding  gear  or  the  fuselage, 
and  where  fuselage  surfaces  are  cut  for  doors,  windows,  etc.  In  these  cases  the  usual 
construction  is  thin  sheet  with  longitudinal  stiffeners.  A  useful  general  study  can  be 
made  by  treating  the  problem  as  a  two-dimensional  flat  plate  problem  rnd  studying  the 
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dlffualon  of  Btress  from  the  cut  Btlffeners  and  sheet  Into  the  continuous  stiffeners  and 
sheet.  Typical  examples  are  given  In  Reference  4.1,  and  useful  generalized  charts  for 
the  design  of  structures  on  this  simplified  basis,  are  given  in  Reference  4.2. 

More  generally  the  brittle  material  components  of  interest  will  not  be  flat  (e.g. 
leading  edge  segments)  and  the  modified  thermal  stress  distribution  due  to  free  ends 
becomes  a  complex  function  of  geometry.  Such  a  case  is  not  treatable  in  generalized 
design  chart  nor  can  such  a  problem  even  be  solved  by  other  than  finite  element  analysis. 
Even  the  solution  of  the  problem  for  very  simple  geometric  shapes  is  extremely  difficult 
and  has  only  been  accomplished  for  a  few  specific  stress  distributions. 

Reference  4.3  studies  the  problem  of  rectangular  strips  subjected  to  a  self-balancing 
axial  stress  distribution  applied  at  the  free  ends.  Two  stress  distributions  across  the 
width  of  the  strip,  are  given.  These  results  can  be  used  to  determine  the  stresses  near 
the  ends  of  a  rectangular  strip  subjected  to  two  particular  temperature  distributions. 
Since,  despite  their  limited  scope,  such  data  may  provide  useful  guidance  in  more  complex 
situations,  the  information  is  given  in  Figures  4.1  and  4.2.  Similar  results  are  given 
for  a  solid  cylinder  (based  on  Reference  4.4)  in  Figure  4.3.  Figure  4.4  gives  the 
thermal  stresses  in  a  longitudinally  stiffened  plate  with  free  ends,  and  is  appropriate 
for  small  stiffened  surface  panels,  which  may  form  an  application  for  refractory  non- 
metallic  materials  in  very  high  temperature  structures.  The  case  given  involves  the 
minimum  of  only  three  stiffeners.  Figures  4.1  and  4.2  represent  the  other  extreme  since 
they  can  apply  to  the  case  of  an  infinite  number  of  stiffeners. 

It  Is  important  to  note,  for  design  purposes,  that  at  no  point,  for  the  cases  given, 
do  the  stresses  exceed  the  values  that  would  be  calculated  by  simple  theory,  for  stations 
dlstemt  from  the  free  end.  However,  the  generality  of  this  statement  for  other  tempera¬ 
ture  distributions  and  for  much  more  complex  shapes,  is  not  known. 

b)  Temperature  Discontinuities 

Again  this  problem  is  very  dependent  on  geometry  so  that  the  only  general  solutions 
available  are  those  concerned  with  simple  geometric  shapes.  Even  so  the  analysis  is  very 
complex.  Solutions  for  a  rectangular  strip  have  been  developed  in  Reference  4.5  and  some 
useful  design  curves  are  given  in  Figure  4.5.  More  complex  temperature  effects  may  be 
obtained  by  superposition.  The  stresses  shown  are  for  conditions  of  plane  stress,  appro¬ 
priate  to  a  very  thin  strip.  For  the  plane  strain  case  the  values  should  be  multiplied 
by  1/(1- M  )  •  Note  also  that  the  stresses  are  reduced  as  the  temperature  discontinuity 
approaches  the  free  edge.  Typically  the  levels  are  reduced  about  30^  when  the  origin  of 
the  X  and  y  axes  is  at  a  distance  of  0.4b  from  the  free  edge. 

Figure  4.6  gives  thermal  stresses  in  a  plate,  such  as  might  arise  locally  in  plate- 
like  ceramic  surface  structures  due  to  attachment  to  a  cool  substructure.  Such  an  attach¬ 
ment  represents  a  heat  sink  which  produces  a  reduced  temperature  in  the  plate  at  the  point 
of  attachment.  Conduction  in  the  plate  then  produces  temperature  gradients  radially 
from  the  attachment  point.  Since  the  attachment  represents  a  "cold”  spot,  these  temper¬ 
ature  gradients  will  produce  tensile  thermal  stresses. 

Figure  4.6  gives  data  for  three  cases  of  practical  interest.  Case  1  is  a  hole  in  a 
plate  where  the  edge  of  the  hole,  of  radius  a,  is  maintained  at  temperature  AT  below  the 
temperature  of  the  plate.  This  case  simulates  the  situation  when  the  plate  is  attached 
by  a  metal  bolt,  or  other  mechanical  fastening. 

Case  3  assumes,  on  the  other  hand,  that  the  attachment  is  made  through  a  ceramic  post, 
fabricated  integrally  with  the  panel.  The  post  is  of  radius  a,  and  is  held  at  a  temper¬ 
ature  AT  below  the  panel.  In  this  case  the  integral  post  applies  constraints  to  the 
thermal  deformations  which  modify  the  thermal  stresses. 

Case  2  assumes  a  uniform  thickness  plate,  without  a  hole  or  post  and  might  represent 
a  clamped  or  brazed  attachment. 

c)  Concentrated  Loads 

At  the  point  where  concentrated  loads  are  applied  to  a  beam, disturbances  in  the 
"simple”  stress  distribution  occur  If  the  load  is  not  applied  in  a  manner  which  matches 
the  internal  distribution  of  shear  in  the  beam.  In  general  this  will  not  be  the  case; 
the  distribution  of  the  applied  load  will  be  dependent  on  the  geometry  and  stiffness  of 
the  local  structure  throu^  which  the  load  is  transmitted  and  of  the  local  geometry  of 
the  beam.  This  dependence  on  geometry  again  prevents  simple  or  general  solutions  but 
results  for  some  specific  simple  cares  are  given  in  Figures  4.7  through  4.10.  These 
cases  have  been  selected  as  representative  of  practical  methods  of  introducing  loads 
Into  beams  or  plates. 

Figure  4.7  gives  the  local  stresses  In  a  simple  rectangular  cross-section  beam  near 
a  concentrated  load  applied  to  the  upper  surface.  These  local  stresses  are  to  be  added 
to  the  bending  stresses  calculated  by  simple  theory.  Figure  4.7  is  based  on  results 
given  in  Reference  4.6.  It  should  be  noted  that  these  local  stresses  are  negligible  at 
a  distance  from  the  point  of  load  application  equal  to  the  depth  of  the  beam. 

Figure  4.7  assumes  the  load  applied  at  an  infinitesimally  small  point  so  that 
immediately  under  the  load  the  stresses  are  Infinite.  In  fact,  such  stresses  are  modified 
by  local  deformations  of  the  beam  surface  and  the  surface  of  the  load  application  device, 
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•0  that  the  contact  area  la.  In  fact,  finite.  Figure  4.8  gives  local  otresses  Immediately 
under  the  load  and  should  be  used  Instead  of  Figure  4.7  for  distances  of  approximately 
26.  Figure  4.8  Is  based  on  data  given  In  Reference  4.6. 

Figure  4.9  gives  the  local  stresses,  to  be  superimposed  on  stre.-ised  calculated  from 
simple  theory,  if  the  load  is  applied  at  a  hole,  typical* of  a  mechanical  attachment. 

Figure  4.9  is  calculated  using  a  stress  function  given  In  Reference  4.6  and  assumen  an 
Infinite  plats.  Its  application  to  a  beam  having  finite  boundaries  will  therefore  Intro¬ 
duce  errors  unless,  ai  Is  typically  the  case,  the  hole  is  smadl  compared  with  the  beam 
depth. 

Again  Figure  4.9  gives  Infinite  etressas  Immediately  under  the  load  because  It  assumes 
a  zero  area  of  contact.  Corrections  can  be  obtained  from  Figure  4.8  for  the  effect  of  a 
pin  of  finite  size,  used  to  apply  the  load.  In  the  preparation  of  Figure  4.8,  It  Is 
assumed  that  the  pin  will  normally  be  a  reasonably  close  fl s.  In  the  ho. althougli  not  a 
perfect  fit.  Accordingly,  Figure  4.9  is  conveniently  expressed  In  terms  of  the  tolerance 
between  the  hole  and  pin  diameters. 

In  ceramic  structures  Integral  luge  may  be  provided  for  load  application  to  a  beam 
and  Figure  4.10  gives  local  stresses  to  be  superimposed  on  bending  stresses  calculated  by 
simple  theory,  where  this  Is  the  case.  Again  Figure  4.10,  (based  on  relationships  given 
In  Reference  4.6)  Is  given  for  an  Infinite  plate  and  Is  therefore  most  appropriate  when 
the  lug  Is  remote  from  the  boundaries  of  the  beam.  The  relationships  given  In  Figure  4.10 
are  also  determined  for  a  point  load  and  accordingly  approach  Infinity  as  the  radius  r 
approaches  zero.  It  Is  therefore  recommended  that  the  minimum  value  of  r  be  the  radius 
of  the  load  application  lug.  Very  local  effects  due  to  the  sudden  change  of  cross-section 
at  such  a  lug  are  not  known. 

The  use  of  ceramic  materials  In  plate-llke  surface  structures,  as  heat  shields,  has 
been  mentioned.  Such  structural  elements  will  be  subject  to  normal  pressure  loadings, 
and  will  probably  be  attached  to  the  substructure  by  Integral  lugs,  located  at  discreet 
points.  Su7h  lugs  Introduce  concentrated  reactions  normal  to  the  plate  surface.  Analyti¬ 
cal  expressions  for  a  large  number  of  cases  of  plates  under  normal  loading  are  given  In 
Reference  4.7.  A  case  which.  It  Is  believed,  will  have  general  application  to  ceramic 
surface  structures  has  been  evaluated  numerically  and  the  results  are  given  In  Figure  4.11. 

Figure  4.11  gives  bending  moments  for  a  circular  plate  under  pressure  on  a  central 
support.  Ihe  material  Is  assumed  to  have  a  |t  of  0.3  end  It  Is  further  assumed  that 
the  diameter  of  the  support  Is  small  compared  with  the  diameter  of  the  plate,  (b  <  .05a) 

It  Is  believed,  without  proof,  that  this  data  should  give  approximate  results  for  the 
bending  moments  near  supports  for  a  large  plate  on  many  supports. 

d)  Stress  Concentrations  at  Chsmges  of  Cross-Section 

Typical  stress  concentration  factor  data  for  notches  and  fillets  In  flat  and  round 
bars,  subject  to  axial  load  and  moment,  are  given  In  Figures  4.1  through  4.16.  These 
figures  are  arranged  with  a  basic  chart  (Figure  4.1)  appropriate  to  small  notches  and 
fillets,  supplemented  by  additional  corrections  factors  for  large  and  deep  notches  and 
fillets  and  also  for  elliptical  fillets.  Ihe  data  have  been  assembled  based  on 
Reference  4.2. 

Details  of  the  stress  distributions  at  fillets,  such  as  are  required  for  failure 
probability  assessment,  are  not  given,  but  appropriate  data  Is  given  In  Section  7. 

Figures  4.16  through  4.19  give  data  on  the  effects  of  holes  and  the  material  Is 
sufficiently  general  to  cover  the  effect  of  hole  reinforcement,  the  effect  of  hole  shape 
and  the  effect  of  an  adjacent  boundary.  The  method  of  using  the  curves  Is  self-evident. 
Data  for  these  curves  have  been  taken  from  Reference  4.2. 


Figures  4.20  and  4.21  give  data  useful  In  the  design  of  tension  fittings,  while 
Figure  4.22  give  stress  concentration  data  for  the  design  of  tension  lugs.  Such  lugs 
are  shown  on  Figure  4.22  In  two  forms;  with  a  square  end,  which  Is  form  used  for  the 
analytical  and  experimental  work  on  which  the  figure  Is  based,  end  with  a  round  end, 
vrtilch  Is  the  form  generally  encountered  In  practice.  Reference  4.8  Indicates  little 
difference  In  maximum  lug  stresses,  bevween  these  two  forms.  Note  that  Figure  4.22, 
which  Is  based  on  Reference  4.8,  Includes  some  effect  of  clearetnee  between  pin  and  hole. 
Reference  4.8  indicates  that  clearance  has  little  effect  on  the  stress  at  the  side  of 
the  hole  for  d/D  <  0.5  but  that  the  effects  of  clearance  are  Importemt  when  d/D  >  0.5  and 
for  maximum  stresses  at  all  values  of  d/D.  Data  for  d/D  >0.5  Is  limited  and  Figure  4.22 
should  be  considered  as  Indicating  trends. 


4.4  FINITE  ELEMENT  METHODS  OF  STRESS  ANALYSIS 


4.4.1  General  Concepts 

The  finite  element  analysis  technique  is  a  sophisticated  numerical  method  which  permits 
the  generation  of  approximate  solutions  for  the  deformation,  Internal  loading  and  other 
behavioral  characteristics  of  complex  structures  under  a  variety  of  external  loading  or 
stimuli.  In  employing  finite  element  methods,  the  geometry  of  the  actual  physical  struc¬ 
ture  under  consideration,  which  may  be  either  jl  continuous  system  or  a  combination  of 
discrete  components.  Is  mathematically  approximated  by  replacing  It  with  a  large  number 
of  Interconnected  structural  elements  with  simple  geometric  forms.  Examples  of  such 
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elomentn  are  flat  or  curved  plates  of  quadrilateral  or  triangular  shape,  beuns,  bars, 
conical  or  cylindrical  rings  and  solid  parallellplpeds.  For  these  elements  energy 
principles  are  used  to  determine  approximate  numerical  relationships  between  elemental 
boundary  forces  and  specified  nodal  displacements.  These  relationships,  vrtilch  are  usually 
derived  through  the  use  of  assumed  forms  of  stress  and/or  displacement  distributions 
within  tho  Individual  elements,  are  expressed  as  stiffness,  flexibility,  moss  euid  loading 
matrices.  Through  Imposition  of  Interelement  compatibility  and  equilibrium  conditions, 
behavioral  matrices  for  the  total  structural  system  are  generated  by  simple  linear 
combinative  assembly  of  the  Individual  elemental  matrices.  After  specification  of  the 
structural  boundary  conditions  and  applied  loads,  the  characteristic  structural  stiffness 
or  flexibility  matrix  can  be  solved  directly  using  matrix  algebra  for  the  unknown  displace¬ 
ments  or  forces  on  the  element  boundaries.  Once  the  element  edge  displacements  or  forces 
are  obtained,  use  of  the  a  sumed  distribution  polynomials  for  displacements  or  forces  In 
the  Interior  of  the  elements  allows  the  calculation  of  stress  and  strain  magnitudes 
through  application  of  the  material  strain-displacement  and  stress-strain  laws.  Thus, 
the  finite  element  technique  allows  complex  structural  analysis  problems  to  be  solved  by 
providing  an  approximation  to  the  actual  structural  geometry  and  utilizing  plece-Wj.se 
continuous  approximations  to  the  forces,  displacements,  stresses  and  strains  In  the 
model.  The  accuracy  of  the  solutions  obtained  from  a  finite  element  analysis  Is  a 
function  of  level  of  sophistication  of  the  assumed  element  behavior  and  the  degree  to 
which  Interelement  compatibility  and  equilibrium  conditions  are  capable  of  satisfaction 
with  this  given  element  behavior.  In  theory  as  the  element  Is  reduced  to  Infinitesimal 
size,  the  Idealized  model  approaches  the  actual  structure  and  solutions  become  exact. 

In  essence  two  parallel  or  related  methods  are  currently  used  for  finite  element 
analysls--the  force  and  displacement  formulations.  In  the  force  or  flexibility  method. 
Interelement  forces  are  the  unknowns,  and  the  basic  building  blocks  are  element  flexibility 
matrices.  A  master  set  of  compatibility  equations  Is  assembled  using  equilibrium  condi¬ 
tions.  The  displacement  or  stiffness  method  uses  elemental  stiffness  matrices.  These 
are  assembled,  using  compatibility  conditions.  Into  a  set  of  equilibrium  equations  which 
are  then  solved  for  the  unknown  displacements.  Although  both  approaches  have  been  used 
for  the  development  of  structural  analysis  programs,  the  range  of  elements  available  in 
force  method  programs  is  relatively  limited  and  does  not  extend  to  the  types  of  solid 
elements  required  for  brittle  material  work. 

The  principal  features  of  the  finite  element  method  of  stress  analysis,  and  particularly 
the  displacement  approach.  Include  Its  versatility  with  respect  to  practical  structures 
with  complex  geometry  and  complex,  multiple  loading  conditions,  and  Its  amenability  to 
development  In  the  form  of  a  highly  automated  computer  program. 

The  Input  data  to  such  a  program  consists  simply  of  a  geometric  description  of  the 
structure,  the  material  properties,  specified  loads,  and  a  definition  of  the  elements 
which  constitute  the  analytical  model.  This  information  Is  directly  referred  to  the 
portion  of  the  program  containing  the  library  of  finite  element  formulations,  which  must 
contain  a  sufficient  number  of  different  types  of  elements  to  properly  represent  tho  range 
of  situations  encountered  In  the  structure  to  be  analyzed. 

Once  the  pertinent  element  formulations  have  been  drawn  from  the  library  and  numerically 
evaluated  for  each  element  of  the  structure  under  analysis,  the  next  operation  Is  to 
develop  and  solve  the  systems  of  equations  vdiich  describe  the  behavior  of  tho  total 
structure.  The  element  formulations  are  combined  In  an  automatic  procedure  to  yield  the 
desired  equations  and  solution  Is  accomplished  througii  the  use  of  the  more  efficient  of 
the  many  mathematical  subroutines  available.  The  displacements  are  solved  for  In  this 
manner  and  then  back  substituted  Into  the  element  formulations  to  obtain  the  internal 
stress  distribution. 

Typically  che  printout  of  the  solution  consists  of  a  list  of  tho  predicted  displacements 
of  the  Joints  which  connect  the  elements,  the  state  of  stress  within  each  element,  and 
the  reactions  on  the  boundary  of  the  structure.  Various  checks  are  also  built  Into  the 
program  and  are  printed  out,  to  assess  the  validity  of  the  results.  Depending  on  the 
sophistication  of  the  program  It  Is  possible  to  Include  the  determination  of  principal 
stresses  and  to  develop  appropriate  graphical  output. 

4.4«2  General  Purpose  and  Special  Purpose  Programs 

Following  the  general  lines  described  above  finite  element  analysis  programs  have  been 
developed  both  on  a  very  large  scale,  involving  very  broad  capabilities,  and  aj  special 
programs  of  limited  capability  but  with  the  ability  to  solve  particular  problems  in  the 
most  expeditious  manner.  There  are  many  special  purpose  programs  available  or  under 
development  and  a  good  review  of  these  is  given  In  Reference  4.9.  None  of  these  seem  to 
be  particularly  suitable  for  structures  constructed  from  brittle  materials  however, 
because  the  latter  require  "three-dimensional"  elements.  Typical  ceramic  structural 
elements  will  have  relatively  thick  walls,  requiring  consideration  of  stresses  through 
the  wall  thickness  and  requiring  In  turn,  finite  elements  with  this  capability. 

Since  a  number  of  excellent  general  purpose  programs,  with  capabilities  appropriate  for 
the  analysis  of  brittle  material  structures,  are  available  any  organization  requiring 
the  capability  would  be  advised  to  use  one  of  these,  rather  than  to  attempt  to  develop 
new,  special  purpose  programs. 

The  most  important  advantages  of  a  general  purpose  program.  If  an  existing,  fully 
developed  program  is  used,  lie  In  the  many  special  features  which  are  available,  and 
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which  cannot  be  Juatlfied  in  a  special  purpose  program.  For  example,  preprinted  Input 
data  forms,  extensive  Internal  libraries  of  material  property  data,  options  for  such 
things  as  transforming  material  axes  to  accommodate  arbitrary  axes  of  orthotropy,  grid 
point  axis  transformations  to  account  for  irregular  boundary  conditions,  eccentric 
connection  transformations  for  realistic  modeling  of  frame  Joints  and  shell  stiffeners, 
etc.  Additionally,  special  purpose  programs  frequently  encounter  difficulties  such  as 
machine  storage  capacity  that  must  be  avoided  rather  than  summounted  In  view  of  the 
limited  applicability  of  the  program. 

General  purpose  programs  also  Justify  adequate  documentation,  suitable  for  general 
usage,  thus  facilitating  the  training  of  personnel  In  program  use.  Efficiencies  also 
often  result  from  the  avoidance  of  manued  trcmsfer  of  data,  with  Its  potential  for 
errors,  between  special  purpose  or  single  step  prograjT.s.  The  Integration  of  heat  conduc¬ 
tion  and  thermal  stress  analyses  within  a  single  program  Is  an  example. 

On  the  other  hand,  special  purpose  programs  which  are  developed  for  the  analysis  of  a 
very  restricted  class  of  problems  will  generally  be  much  more  efficient  In  operation 
than  the  Immensely  sophisticated  general  purpose  programs.  This  increase  In  operational 
efficiency,  which  results  from  the  elimination  of  logic  and  programming  associated  with 
the  many  options  of  the  general  purpose  program.  Is  only  gained  at  the  cost  of  the 
development  effort  of  the  superfast  special  program.  In  deciding  whether  to  use  an 
existing  program  with  Its  higher  operational  cost  or  to  develop  a  special  purpose 
program  consideration  must  be  given  to  the  tradeoff  between  the  factors  of  cost  and 
time.  If  a  great  number  of  analyses  of  a  limited  class  of  structures  Is  desired,  the 
reduction  In  operating  costs  over  a  period  will  probably  offset  the  expense  of  developing 
a  relatively  simple  special  program.  If  a  more  general  capability  Is  required,  the  most 
economical  procedure  would  be  to  use  one  of  the  available  existing  general  purpose 
programs  with  suitable  finite  elements  in  the  library. 

Capabilities  of  Available  General  Purpose  Finite  Element  Computer  Programs 

In  addition  to  special  purpose  finite  element  programs,  there  are  presently  available 
a  number  of  "general  purpose"  programs  as  well.  General  purpose  being  loosely  defined 
as  follows; 

a)  A  versatile  finite  element  library. 

b)  A  complete  set  of  element  matrices  to  support  each  finite  element  representation. 

c)  Large  scale  problem  solving  capability. 

d)  Applicable  to  a  wide  variety  of  structural  classes. 

e)  Machine  Independent. 

f)  Available  computational  procedures  to  support  required  analyses, 1  .e .  displacement, 
stress,  stability,  vibration,  etc. 

g)  User  oriented,  as  reflected  by  ease  of  Input  and  straight-forward  interpretation 
of  output. 

h)  Powerful  matrix  abstraction  capability. 

A  convenient  summary  of  programs  meeting  some  or  all  of  these  requirements  Is  presented 
in  Reference  4.10. 

The  availability  of  genersQ.  purpose  programs  suitable  for  the  analysis  of  brittle 
material  structures,  which  inherently  exhibit  three-dimensional  states  of  stress,  is 
limited.  Three  of  the  programs  which  are  available  (either  free  upon  request  or  by 
purchase)  are  as  follows: 

NASTRAN  -  NASA  General  Purpose  Program  for  Structural  Analysis 

MAGIC  -  Matrix  Analysis  via  Generative  and  Interpretive  Computation?! 

ASKA  -  Automatic  System  for  Kinematic  Analysis 

These  three  programs  are  described  briefly  below.  The  selection  of  a  program  for 
Implementation  as  a  permanent  structural  analysis  capability  requires  a  detailed 
examination  of  the  characteristics  and  features  of  the  available  programs  with  respect 
to  the  total  analysis  requirements  and  the  available  computer  facilities.  It  Is  not 
appropriate  to  Include* in  a  handbook  sufficient  Information  for  this  purpose,  but 
appropriate  references  are  given. 

NASTRAN 


NASTRAN  Is  described  in  detail  in  Reference  4.11.  It  is  a  large  scale  structural 
analysis  program  developed  for  the  NASA,  with  great  versatility  and  flexibility.  It  Is 
capable  of  carrying  out  analyses  of  tne  static  response  to  concentrated  and  distributed 
loads,  to  thermal  expansion,  and  enforced  deformation.  It  will  also  carry  out  an  elastic 
stability  analysis,  and  analysis  of  dynamic  response  to  transient  loads,  steady  state 
sinusoidal  loads  and  random  excitation.  It  will  determine  real  and  complex  eigenvalues 
for  use  in  vibration  analysis  and  flutter,  and  It  will  conduct  a  dynamic  stability  analyrl 
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LlmltiitlonB  on  the  size  of  problem  are  only  those  Imposed  by  running  time  and  by  the 
ultimate  capacity  of  auxiliary  storage  devices.  It  Is  not  bounded  by  core  size. 

The  finite  elements  Included  In  the  program  are  rods,  beams,  shear  pnnels,  triangular 
and  quadrilateral  plates  with  both  membrane  and  bending  stiffness  and  anisotropic 
material  properties,  conical  shell  elements, doubly  curved  axlsymmetrlo  shall  elements 
and  triangular  and  trapezoidal  cross-section  ring  elements.  Apart  from  the  triangular 
ond  trapezoidal  ring  elements,  these  elements  are  not  particularly  suitable  for  analysis 
of  thick  walled,  cerajiilc  structures.  However,  NASTRAN  is  designed  so  that  other  elements 
can  be  Incorporated  and  element  derivations  for  elements  more  suited  to  brittle  material 
structures  are  available  In  the  literature.  They  will  be  discussed  later.  Actual 
experience  with  NAS'i'RAN  has  shown  that  the  Incorporation  of  new  elements  Is,  In  fact, 
quite  difficult. 

NASTRAN  Is  designed  for  use  with  essentially  any  computer.  It  Is  a  modular  program 
so  that  It  may  be  updated  by  revamping  within  a  module  without  modifying  external  appear¬ 
ance.  It  Is,  In  fact,  intended  by  NASA  to  update  the  capability  periodically. 

Ihe  program  Is  designed  with  simple  Input  deck  preparation  and  to  minimize  chances  for 
human  error  In  problem  preparation.  For  the  same  reasons  the  need  for  manual  intervention 
during  program  execution  has  been  minimized. 

The  program  contains  a  curve  plotter  routine  that  will  generate  graphs  of  response 
quantities  as  functions  of  frequency  or  time,  as  appropriate.  Hie  plotter  Includes 
logarithmic  scales  and  will  provide  titles,  axis  labeling,  etc. 

Structure  plotting  la  also  available  as  an  aid  to  visualizing  the  shapes  of  geometric¬ 
ally  complex  structures,  the  buckling  and  vibration  modes,  deflected  structural  shapes, 
etc.  These  plots  can  be  presented  In  orthographic,  perspective  or  stereoscopic  projection. 

Tlie  program  also  has  restart  capability,  essential  for  the  economic  running  of  large 
problems,  and  all  aspects  are  well  documented  for  maximum  visibility. 

NASTRAN  Is  coded  completely  In  double  precision  with  the  exception  of  element  stress 
calculations.  This  feature,  although  designed  to  minimize  errors  associated  with  round¬ 
off,  etc.,  has  in  some  cases  led  to  unnecessarily  long  execution  times,  especially  on 
computers  whore  double  precision  Is  not  required. 

In  addition,  the  lack  of  a  complete  finite  element  library  (no  solid  elements)  as  well 
as  the  lack  of  a  complete  library  of  element  matrices  (work  equivalent  pressure  loads, 
flexural  thermal  load  matrices)  have  limited  the  programs  use  In  some  cases. 

NASTRAN  Is  available  for  purchase,  along  with  appropriate  documentation  from  Computer 
Software  Management  and  Information  Center  (COSMIC),  University  of  Georgia. 

MAQIC 

Tlie  MAGIC  System  for  Structural  Analysis  is  described  In  detail  In  References  4,12, 

4.13  and  4.14.  The  MAGIC  System  and  NASTRAN  are  similar  In  many  respects  so  that  this 
discussion  will  be  concerned  primarily  with  the  differences,  MAGIC  Is  generally  similar 
In  size  and  scope  to  NASTRAIT  but  with,  on  the  one  hand,  a  more  sophisticated  set  of 
finite  element  representations  and  on  the  other  somewhat  loss  versatility  Ir  the  area 
of  forced  dynamic  response  calculations.  As  with  NASTRAN,  MAGIC  Is  under  continuing 
development . 

The  elements  presently  included  In  MAGIC  II  are  the  frame  element,  axial  force  member, 
quadrilateral  shear  panel,  companion  Interelement  qompatlblo  quadrilateral  and  tri¬ 
angular  thin  shell  elements  of  zero  curvature,  triangular  cross- sectioning,  trapezoidal 
cross-section  ring  and  core  element,  doubly  curved  toroidal  thin  shell  ring  and  shell 
cap  element.  In  addition,  a  quadrilateral  and  triangular  plate  element  along  with  an 
Incremental  frame  element  are  included  primarily  for  the  performance  of  Instability 
analyses . 

Of  most  Importance,  however,  are  thii  nolld  elements  available  In  advanced  versions  of 
the  MAGIC  System.  Those  include  the  tetrahedron,  rectangular  prism,  triangular  prism 
and  symmetric  triangular  prism.  A  triangular  cross-section  ring  which  accommodates 
asymmetric  loading  on  axlsymmetrlc  thick  walled  structures  is  also  available. 

Included  with  each  finite  element  rcpresontatlon  are  element  matrices  for  stiffness, 
stress,  thermal  stroon,  prestraln  load,  distributed  mechanical  load  (pressure). 

Incremental  stiffness  and  conslntont  miiHs, 

The  computational  procndni'an  available  Iran  the  MAGIC  Cystem  include  linearly  elastic 
displacement,  ntrons,  thermal  stress,  (with  mid  wltliout  condensation),  prescribed 
displacements,  ntablllty  atvl  vibration  mialyses  (with  and  without  condensation). 

For  very  largo  scale  nitalyiaa  Involving  many  thousands  of  degrees-of-freedom,  the 
powerful  matrix  nbotrs'tl  in  oapabllPy  available  with  the  system  provides  for  static 
and  dynamic  substructiirlng  ns  well,  liiwevur,  problem  size  is  limited  only  by  computer 
running  time  and  the  capacity  of  Mixlllary  atorngo  devices. 
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MAGIC  was  designed  to  be  machine  Independent  (coded  exclusively  In.  FORTRAN  IVi  and  Is 
modular  In  nature.  Additional  elements  and  new  computational  procedures  are  easily 
incorporated  as  required. 

The  system  Is  also  designed  to  bo  user  oriented.  Preprinted  Input  data  forms  are  an 
Ingegral  part  of  the  system.  Output  Is  designed  to  be  easily  Interpretable  by  the 
analyst.  Included  as  output  are  displacements,  element  forces,  element  stress,  and 
system  reactions. 

Many  supplementary  convenience  features  are  Incorporated.  Grid  points  may  be  Input  In 
rectangula  cylindrical  or  spherical  coordinate  systems.  Internally  generated  trans¬ 
formations  are  Included  for  grid  point  axes,  material  axes,  stress  axes,  eccentric 
connections  for  shell  stiffeners,  element  matrix  repeat,  etc. 

Selected  double  precision  Is  used  as  a  basis  for  coding  the  MAGIC  System.  The  program 
Is  available  free  upon  request  from  the  Air  Force  P'light  Dynamics  Laboratory,  Wright- 
Patterson  AFB,  Ohio. 

ASKA 

ASKA  (Reference  4.15)  Is  again  similar  to  NASTRAN  In  Its  scope  and  versatlbllty  but  has 
the  advantage  of  a  very  large  number  of  available  elements  and  a  capability  for  sub- 
structuring.  It  Is  based  on  the  matrix  displacement  method.  Is  modularized  by  systematic 
growth,  and  In  addition  to  the  usual  static  straus  and  deformation  analysis  under  loads 
and  temperatures  It  will  analyze  for  Instability,  plasticity,  large  displacement  effects, 
modes  and  froquonclcs  and  transient  response  due  to  arbitrary  time  dependent  loads,  both 
for  damped  and  undnmped  structures. 

As  with  the  other  programs  mentioned  ASKA  Is  problem  oriented  to  relieve  the  engineer 
of  unnecessary  detail  and  In  particular  built  In  checking  procedures  are  provided  for 
Input  data.  The  program  does  net  stop  at  the  first  error  found  but  tries  to  clarify  as 
much  as  possible  per  run,  with  automatic  termination  If  the  remaining  calculations  would 
be  meaningless. 

The  substructuring  capability  permits  very  large  problems  to  be  attacked  by  solving 
portions  of  the  structure  Individually,  under  boundary  loads  and  coupling  stiffnesses, 
and  Iterating  until  the  boundary  conditions  of  adjacent  substructures  are  compatible. 
Problems  with  900O  unknowns  have  been  solved. 

The  elen.ent  library  of  ASKA  Involves,  in  addition  to  the  usual  simple  elements,  families 
of  ring  elements,  membrane  shell  elements  for  axlsymmetric  bodies,  three-dimensional 
sector  elements  for  anailysls  of  problems  with  axlsymmetric  geometry  but  unsymmetrlc 
loading,  and  three-dimensional  elements  with  straight  and  curved  edges,  etc.  The  term 
families  refers  to  the  fact  that  the  elements  are  available  with  both  linear  and  higher 
order  strain  assumptions,  the  latter  leading  to  improved  accuracy  (with  an  Increase  in 
complexity;  and  to  a  much  better  smoothing  of  stresses  from  element  to  element. 

4,4,4  Elements  for  Analysis  of  Brittle  Material  Structures 

Since  brittle  material  structures  are  expected  to  involve  relatively  thick-walled 
components.  In  contrast  to  the  thin  shells  of  metallic  construction.  It  will  be  necessary 
to  consider  three-dimensional  stress  states  and  to  do  this  with  finite  element  computer 
programs  requires  "solid  elements".  It  must  be  noted,  however,  that  analysis  using 
three-dimensional  finite  elements  Is  relatively  costly  In  comparison  with  analysis  using 
the  more  customary  one  and  two-dimensional  finite  elements.  The  preparation  of  input 
data  and  the  Interpretation  of  results  are  substantially  more  complex  for  three- 
dimensional  problems  and,  because  the  number  of  degrees  of  freedom  Is  generally  greater, 
so  Is  the  computational  effort.  A  number  of  solid  elements  suitable  for  this  purpose 
are  available,  and  are,  or  shortly  will  be,  operational  with  the  MAGIC  and  ASKA  general 
purpose  programs.  Typical  of  these  are  the  rectangular  prism,  tetrahedron,  triangular 
prism  and  the  triangular  cross-section  ring.  These  are  shown  In  Figure  4.23  and 
derivations  can  be  found  In  References  4.l6,  4.17  and  4.l8,  respectively. 

The  rectangular  prism  element  can  be  used  in  conjunction  with  the  tetrahedron  and 
triangular  prism  elements  for  the  analysis  of  arbitrary  solid  geometries  or  It  can  be 
used  with  plate  elements  for  built-up  regions.  In  the  reference  given  the  prism  Is 
mathematically  discretized  Into  a  finite  number  of  displacement  degrees  of  freedom  by 
the  assumption  of  displacement  mode  shapes.  For  the  rectangular  prism  element  the 
assumed  displacement  functions  satisfy  the  requirements  of  displacement  continuity  along 
interelement  boundaries  and  they  require  that  the  edges  of  the  prism  remain  linear  In 
defomatlon.  As  a  consequence  the  element  cannot  bend  under  any  conditions.  The  assumed 
functions  also  lead  to  a  total  of  24  displacement  degrees  of  freedom  for  the  element 
representation.  Linear  elastic  material  behavior  Is  assumed,  with  a  capability  for 
orthotropic  material  behavior.  Stress  behavior  Is  defined  by  three  direct  stresses 
and  three  shear  stresses  calculated  at  the  centroid  of  the  element. 

The  tet/ahedrc"'  element  is  used  with  the  rectangular  prism  for  the  Idealization  of 
solids  of  arbitrary  configuration.  In  regions  of  irregularities.  Capabilities  also  exist 
to  assemble  three  tetrahedrons  Into  a  triangular  prism  element,  automatically  In  some 
prograins.  A  considerable  reduction  In  Input  Ir  realized,  leading  to  a  corresponding 
reduction  In  the  possibility  of  input  error  when  large  scale  analyses  are  performed.  A 
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linear  polynomial  mode  ohape  In  asoumed  for  each  of  the  three  displacement  functions 
leading  to  12  coefficients  for  the  element,  corresponding  to  throe  translational  degrees 
of  freedom  at  each  of  the  four  vertices.  Interelement  continuity  In  displacement  Is 
satisfied  and  duo  to  the  assumption  of  linear  edge  displacements  the  edges  of  the  tetra¬ 
hedron  remain  linear  In  deformation.  Linear  elastic  orthotropic  material  behavior  Is 
assumed.  Duo  to  the  displacement  assumptions  a  state  of  constant  strain  exists  throughout 
the  element.  Three  direct  stresses  and  three  shear  stresses,  calculated  at  the  element 
centroid,  define  the  stress  behavior. 

Generally  similar  comments  apply  to  the  axlsymmetrlc  triangular  cross-section  ring, 
which  Is  presently  available  with  axlsymmetrlc  loading. 

All  of  the  above  element  formulations  assume  linear  edge  displacement.  Greater  accuracy 
and  smoother  stress-distributions  can  be  obtained  with  solid  elements  Involving  higher 
order  strain  assumptions,  and  better  matching  of  geometry  with  fewer  elements  can  be 
obtained  with  elements  having  curved  edges.  Such  sophisticated  elements  are  described  In 
Reference  4.16. 

At  the  present  time  a  further  extension  of  the  above  concept  Is  underway,  although  so 
far  as  is  knowti,  In  not  yet  generally  available.  It  can  be  demonstrated  that  generally, 
for  a  given  total  number  of  degrees  of  freedom  within  a  structure,  accuracy  Is  Increased 
for  larger  elements  with  a  greater  number  of  degrees  of  freedom.  In  order  to  take 
advantage  of  this  feature  without  losing  an  Important  advantage  of  finite  element  methods, 
their  ability  to  model  complex  geometry,  Isoparametric  elements  are  being  developed. 
Those  are  elements  with  curved  sides  which  can  be  adjusted  to  match  geometric  boundaries. 
While  such  elements  are  complex  mathematically,  and  require  numerical  Integration  to 
develop  the  element  properties,  the  complexities  are  not  apparent  to  thj  user.  In  fact 
the  data  preparation  task  Is  reduced  by  the  fewer  number  of  elements  required  for  a  given 
problem. 
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Fig.4.4  Thermal  stresses  in  a  stiffened  plate 
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Fig.4.5  Thermal  stresses  due  to  a  temperature  discontinuity  -  rectangular  strip 
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Fig.4.fi 


Stress  due  to  a  cold  spot  in  a  plate 


Fig.4.7 


Local  stresses  due  to  a  load  applied  at  the  surface  of  a  beam 


Fig.4.8 


Local  stresses  at  point  of  load  application 


Pig.4.9(b)  Local  stresws  due  to  a  load  applied  at  a  hole 
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Fig.4,18  Stress  concentration  factors  for  reinforced  holes  -  2: 1  biaxial  itreu 
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Fig.4.l9  Stress  concentration  correction  factor  for  holes  near  a  boundary 
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Fig.4.21  Stress  concentration  factor  for  “T”  fitting 
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MATERIAL  CHARACTERIZATION 


5.1  GENERAL 

In  structural  design  with  metallic  materials,  the  designer  has  little  difficulty  In 
characterizing  his  materials  or  In  determining  mechanical  and  physical  property  data  for 
design  and  analysis  purposes.  The  situation  Is  quite  different  with  nonmetalllc  refrac¬ 
tory  materials;  the  lack  of  ductility  makes  these  materials  very  sensitive  to  flaws, 
defects,  structure,  etc.,  which  In  turn  makes  them  sensltlva  to  every  detail  of  the 
processing.  As  a  result  detailed  standard  specifications  for  ceramic  materials  are  lack¬ 
ing,  as  are  tables  of  mechanical  and  physical  property  data.  In  both  cases  the  designer 
must,  In  general,  develop  his  own. 

To  assist  in  this  task,  this  Section  presents  general,  but  quantitative  data  on  the 
effect  of  various  material  characteristics  and  features  on  mechanical  properties,  such 
as  for  Instance,  the  effects  of  porosity  and  grain  size  on  strength.  This  Information 
should  be  useful  In  establishing  the  material  characteristics  required  to  achieve  the 
most  desirable  properties.  Information  is  also  given  on  the  subject  of  characterization 
to  assist  the  designer  In  preparing  material  specifications  and  In  arranging  process  and 
quality  controls.  The  subject  of  strength  under  complex  stress  states  Is  also  covered, 
again  without  reference  to  specific  materials.  In  view  of  Its  Importance  In  stress 
analysis. 

While  mechanical  and  physical  property  data  on  specific  materials  have  been  avoided, 
because  of  their  dependence  cn  the  material  manufacturing  process,  data  can  be  found  In 
the  literature  If  very  approximate  values  are  needed  for  preliminary  design.  A  good 
source  of  such  data  Is  Reference  5.1.  Even  In  the  earliest  stages  of  design,  however, 
consideration  should  be  given  to  the  statistical  aspects  of  strength,  see  Sections  3 
and  6,  and  data  for  this  purpose  can  rarely  be  found  in  the  existing  literature  nor  has 
It  been  possible  to  Include  such  Information  In  this  Section. 

5.2  MECHANICAL  PROPERTIES 
5.2.1  Fracture  Mechanisms 

The  subject  of  fracture  mechanisms  in  typical  polycrystalline  ceramic  materials  was 
discussed  briefly  In  Section  2  where  It  was  stated  that  current  fracture  theories  provide 
little  quantitative  data  that  will  help  the  designer  select  or  develop  the  best  material 
for  a  particular  application.  A  certain  amount  of  qualitative  Information  exists,  how¬ 
ever,  together  with  a  number  of  seml-emplrlcal  relationships  which  show  trends.  This 
data  should  help  the  designer,  and  accordingly  a  more  detailed  discussion  of  the  subject 
Is  presented  here. 

It  is  well  for  the  designer  and  structures  engineer  to  recognize  at  this  point  that 
the  physical  understanding  and  the  theoretical  treatment  of  fracture  In  brittle  ceramic 
materials  is  not,  at  this  time.  In  a  very  satisfactory  state  of  development.  A  lack  of 
complete  understanding  and  analytical  treatment  of  all  of  the  phenomena  associated  with 
fracture  is  not  surprising  considering  that  Interest  In  the  application  of  ceramic 
materials  for  structural  purposes  has  been  very  limited.  What  Is  discouraging,  however, 
to  the  practicing  engineer,  Is  the  lack,  within  the  existing  literature,  of  any  attempt 
to  relate  the  various  concepts  and  Incorporate  them  Into  a  single  rational  theory.  There 
Is,  for  instance,  the  Griffith  theory  which  assumes  cracks  and  flaws,  and  predicts 
failure  on  the  basis  of  energy  unbalance.  Another  approach  assumes  dislocations  and 
other  defects  in  the  atomic  structure  which  move  under  applied  stress  until  stopped  by 
obstructions  where  the  defects  collect  to  form  mlcrocracks.  In  either  case  It  is  not 
clear  what  Is  happening  at  the  crack  tip,  to  '  use  fracture.  Presumably,  the  only  action 
of  a  crack  Is  to  concentrate  the  stresses,  but  except  for  magnitude  they  are  Identical  to 
the  stresses  present  In  an  uncracked  piece  of  material  acted  upon  by  external  loads. 

Elsewhere  within  the  literature  there  are  Indications  that  crack  growth  and  fracture 
proceed  when  atomic  bond  strength  Is  reached  at  the  crack  tips  but  the  relationship 
between  this  concept  and  the  dislocation  theory  Is  obscure.  Similarly,  there  Is  no 
indication  whether  the  atomic  bond  theory  applies  at  grain  boundaries  In  practical  poly- 
crystalllne  materials.  The  literature  also  discusses  many  sources  of  mlcrocracks  such 
as  thermal  expansion  differences  between  different  material  phases,  anisotropic  thermal 
expansion  within  the  crystals  of  a  polycrystalline  material,  surface  damage  due  to 
abrasion,  etc.,  but  again  the  real  mechanism  of  fracture  which  Is  Implicit  In  the  presence 
of  a  crack  is  not  explained. 

In  order  to  provide  a  framework  for  subsequent  presentation  of  quantitative  data  on 
fracture,  some  clarification  of  this  situation  Is  desirable  and  accordingly  the  following 
Is  offered.  Assume  that  the  failure  mechanism  is  rupture  of  atomic  bonds,  either  within 
the  crystal  structure  or  at  grain  boundaries,  in  a  polycrystalline  material.  Actual 
rupture  Is  probably  preceded  by  the  movement  of  dislocations  which  In  turn  are  caused  by 
an  excess  or  deficiency  of  atoms  in  the  crystal  structure,  or  by  the  collection  of  point 
defects.  These  defects  move,  under  stress,  until  stopped  by  some  obstruction  such  as 
a  grain  boundary,  or  another  slip  plane  when  they  pile  up  until  a  crack  Is  formed.  Ciacks 
can  also  be  formed  by  mechanical  twinning,  at  least  In  AloOo  (Reference  5.2).  The  crack. 
In  turn,  concentrates  the  stresses  until  atomic  bond  breakage  occurs  and  the  crack 
propagates.  As  the  crack  lengthens  elastic  strain  energy  In  the  surrounding  material  is 
released,  and  is  absorbed  by  ‘he  creation  of  new  surfaces.  When  the  energy  released  by 
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crack  lengthening  Is  greater  than  the  surface  energy  of  the  new  crack  surface -3  formed, 
the  crack  will  propagate  rapidly  through  the  material  (Reference  5.3)  leading  to  complete 
failure.  Presumably  either  or  both  of  the  mechanisms  of  dislocation  movement  and  atomic 
bond  breakage  may  be  acting  at  the  crack  tip  since  both  are  the  consequence  of  stress 
and  both  will  lead  to  crack  growth.  Reference  5*2  states.  In  contrast  to  the  above,  that 
dislocations  cannot  move  In  a  complete. ^  brittle  material  so  that  whether  dislocation 
movement  or  atomic  bond  rupture  Is  eventually  responsible  for  crack  growth  probably 
depends  upon  whether  the  material  has  a  slight  degree  of  plasticity}  another  unresolved 
subject  within  the  ceramic  literature. 

Almost  certainly,  the  mechanisms  described  above  occur  first  In  areas  of  stress  concen¬ 
tration  within  the  materiel.  Among  such  areas  of  stress  concentration  are  pores  and 
voids,  flaws  such  as  luck  of  bond  between  adjacent  grain  faces,  the  presence  of  Impurities 
and  Inclusions  which  In  effect  create  pores  and  lack  of  bonding,  and  surface  Irregulari¬ 
ties  causing  geometric  stress  concentrations. 

Sources  of  stress  to  cause  crack  growth  and  fracture.  Include  externally  applied  loads, 
internal  temperature  gradients,  localized  thermal  stresses  due  to  thermal  expansion 
differences  between  different  phases  In  a  multiphase  material  (References  and  5>2), 
anisotropic  themal  expansion  with  respect  to  crystallographic  direction  In  a  polycrystal- 
llne  material  (Reference  5*^),  volumetric  expansion  due  to  phase  change  (References  5.4 
and  5 >2),  and  stresses  at  the  surface  due  to  machining  operations  such  as  grinding 
(Reference  5>2). 

Superimposed  on  the  above  situation  Is  a  stress  corrosion  effect  which  Is  Important  In 
some  ceramics  (References  5*5  snd  5*4).  Water  vapor  within  the  atmosphere  certainly 
causes  crack  growth  and  premature  failure  In  aluminum  oxide  under  sustained  stress, 
(References  5.6,  5-7  and  5.8).  Some  references  (5*4)  Indicate  that  the  effect  of  water 
vapor  on  aluminum  oxide  does  not  occur  In  polycrystalllne  material  while,  on  the  other 
hand,  experimental  evidence  of  the  effect  on  polycrystalllne  alumina  Is  given  In 
Reference  5-8.  The  actual  mechanism  does  not  seem  to  b(  ur derstood  except  that  liquids 
may  lower  surface  energy  and  hence  lower  strength  (Referene  5.2).  Liquids  may  also, 
however,  have  beneficial  effects  by  rounding  crack  tips  and  hence  Increasing  strength 
(Reference  5-2) . 

5.2.2  Strength  and  Stiffness  of  Ceramics 

Porosity,  grain  size  and  the  presence  of  flaws  and  microcracks  are  perhaps  the  most 
Important  factors  affecting  the  strength  of  ceramic  materials  of  a  particular  chemical 
composition.  Trace  Impurities  are  also  Important,  relative  to  their  volume,  since  they 
tend  to  concentrate  In  grain  boundaries  where  they  create  both  defects  and  crack  stopping 
mechanisms.  Stiffness  Is  affected  by  porosity  but  not  by  grain  size,  flaws, microcracks 
or  grain  boundary  composition. 

5. 2. 2.1  Porosity,  Grain  Size  and  Flaws 

Below  1056  porosity,  which  la  the  practical  range  of  Interest,  approximations  for 
elastic  moduli  are  given  In  Reference  5*2,  as  follows: 


G/Go  -  1  -  15  (1  -  •'o)  P/{7  -  5  *'o) 
K/Ko  =  1  .  3  (1  -  vj,)  p/2  (1  .  2  i/q) 


where  G  -  shear  modulus,  K  -  bulk  modulus,  Gq  and  Kq  are  values  at  zero  porosity, 
Vq  =  Poisson's  ratio  ".nd  P  *  volume  fraction  of  pores. 


The  above  relationships  are  good  for  spherical  pores;  the  reduction  In  stiffness  could 
be  increased  by  50^  for  nonspherlcal  pores  and  uneven  distribution  of  porosity. 


Other  expressions  for  the  effect  of  porosity  on  elastic  modulus  are  given  In  Refer¬ 
ence  5.4,  as  follows: 


E 


E 


Eoe 


-KiP 


1  + 


(Reference  5.9  gives  a  value  of  3.95  for  for  alumina) 
Kg  P 

1  -  (Kg  +  1)  P 


E  =  Eq  (1  .  K3  P) 

where  Eq  is  the  modulus  for  a  nonporous  body,  P  Is  the  volume  fraction  porosity  and  K 
is  a  material  constant. 

Reference  5.2  also  gives  an  expression  for  the  effect  of  temperature  on  Young's  modulus 
as  follows: 

E  =  El  -  BTe^"'^o/T)  -  BTe^‘'^o/T) 

where  Ei  is  modulus  at  absolute  zero;  T  »  absolute  temperature;  B  and  Tq  are  constants 
for  each  material.  This  expression  Is  for  a  single  crystal  but  Is  good  for  polycrystalllne 
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materials  below  the  temperature  at  which  grain  boundary  sliding  occurs.  This  l.s  typically 
at  about  one  half  of  absolute  melting  temperature. 


The  effect  of  grain  size  and  porosity  on  polycrystalllne  ceramic  strength  Is  given  by 
an  equation  proposed  by  Knudsen  and  reported  In  Reference  5*2  as  follows: 

S  =  So  (GS)"“  exp  (-bp) 


(GSl  =  average  grain  size,  p  Is  volume  percent  pores,  Sq  a  and  b  are  empirical  constants. 
No  typical  values  are  given  for  these  constants. 

Reference  5.^  gives  a  similar  expression  for  the  effect  of  grain  size  on  strength,  as 
follows : 

Bond  strength  Sq  +  K 


Where  G  -  grain  size,  K  Is  a  material  constant,  Sq  Is  frictional  stress  on  an  unlocked 
dislocation  as  It  glides  along  a  slip  plane.  Sq  Is  frequently  near  zero. 

Reference  5-2  also  suggests  that  the  effect  of  porosity  on  strength  depends  on  the  ratio 
of  pore  size  to  the  size  of  flaw  causing  failure.  This  subject  Is  treated  more  extensively 
In  Reference  ^.10  from  which  the  following  statements  are  drawn: 


(a^  If  the  pore  size  is  large  compared  with  the  critical  flaw  size,  so  that  the  flaw 
lies  entirely  within  the  high  stressed  material,  then  the  effect  of  the  pore  can 
be  treated  by  the  engineering  stress  concentration  theory.  On  this  basis  the 
Introduction  of  the  first  pore  will  produce  a  precipitous  reduction  In  strength, 
typically  a  reduction  of  50^  as  would  be  expected  from  a  spherical  or  circular 
pore . 

(b)  If  the  pore  size  Is  small  compared  with  a  critical  flaw  then  the  flaw  will 
control  strength  and  will  be  unaffected  by  the  pore.  In  this  case  strength 
should  show  a  monotonlc  decrease  with  increasing  porosity.  Typically,  the 
effect  of  porosity  on  high  strength  polycrystalllne  ceramics  falls  In  this 
range  and  the  Knudsen  equation,  presented  previously,  applies. 

If  the  flaw  slzu  Is  of  the  order  of  the  pore  size  so  that  a  segnent  of  the  flaw 
Is  subjected  to  stress  concentration,  then  porosity  will  cause  a  precipitous 
decrease  In  strength  with  the  first  pore,  but  not  to  a  value  corresponding  to 
the  appropriate  stress  concentration  factor.  The  Knudsen  equation  will  be 
unconservative  for  this  case,  but  the  engineering  stress  concentration  theory 
will  be  overconservative. 


Reference  S-IO  also  gives  a  relationship  for  the  effect  on  strength  of  small  additions 
of  a  second  phase  material.  On  the  other  hand,  a  second  phase  material  effectively 
creates  a  pore,  but  since  there  la  some  continuity  of  load  carrying  capability  across 
the  pore  as  a  result  of  the  strength  and  stiffness  of  the  second  phase  material,  the 
effective  stress  concentration  factor  Is  reduced.  The  expression  given,  for  a  biaxial 
stress  state.  Is: 
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Where  0  <  volume  fraction  displacement  of  second  phase  and  K  Is  the  stress  concentration 
factor  which  Includes  the  effect  of  the  second  phase  material.  Expressions  for  K  can  be 
found  In  Reference  5.11  • 


When  a  porous  ceramic  Is  subjected  to  a  temperature  gradient  the  pores  have  a  disturbing 
effect  on  the  temperature  field.  Local  thermal  stresses  are  produced.  In  the  vicinity  of 
the  pore.  In  addition  to  the  overall  thermal  stresses  produced  by  the  applied  gradient. 

From  Reference  5*12  this  micromechanical  thermal  stress  Is  given  by: 

-  K  ot  E  T  a 

where  a  “  thermal  expansion  coefficient 
T  =  temperature  gradient 
a  Is  a  measure  of  cavity  size 

K  Is  a  constant  depending  on  cavity  shape  and  Is  1  for  a  cylindrical  hole 
perpendicular  to  the  heat  flow. 

.his  local  thermal  stress  must  be  added  to  the  macromechanical  thermal  stress  produced  by 
the  temperature  gradient.  Reference  5.12  points  out  that  this  micromechanical  thermal 
stress  may  have  a  beneficial  effect  by  Initiating  fracture  at  many  pores.  Further  propaga¬ 
tion  will  then  occur  by  a  large  number  of  cracks  limiting  the  extent  of  each  due  to  a 
fixed  available  elastic  energy  for  a  self-contained  thermal  stress  situation. 

In  Reference  5.9  Gltzen  states  that  for  alumina,  brittle  fracture  appears  to  be  controlled 
by  the  Griffith  Orowan  mechanism  In  which  pre-existing  surface  defects  produced  by  grinding 
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propagate  at  a  critical  stress  given  by 


Cp  Is  the  critical  crack  length,  which  is  approximately  the  grain  size,  typically  15 
mic rons. 

E  Is  Young's  Modulus. 

y  Is  surface  energy.  Data  on  values  for  surface  energy  are  given  In  References  5.13  and 

5.28. 

5. 2. 2. 2  Environmental  Effects 

The  literature  contains  a  number  of  references  to  the  effect  of  atmosphere  on  the 
propagation  of  cracks  In  a  body  under  sustained  stress,  (static  fatigue)  but  little  use¬ 
ful  quantitative  data  Is  given. 

Reference  5.8  reports  results  for  an  aluminum  oxide  tested  In  an  uncontrolled  atmosphere, 
under  constant  static  stress.  At  stresses  above  73^  of  the  short  time  ultimate  the  life 
of  the  material  was  only  a  few  minutes.  To  avoid  damage  by  chemical  attack.  It  Is  com¬ 
mented  that  sustained  stresses  should  not  exceed  60^  of  the  short  time  ultimate. 

References  5.6  and  5.7  study  crack  growth  In  glass  and  sapphire  as  a  function  of  moisture 
content  In  the  atmosphere  and  theoretical  relationships  are  given  for  glass.  In  the 
absence  of  data  on  other  ceramics,  these  relationships  might  serve  as  a  guide  but  they 
must  be  used  very  cautiously  since  glass  is  not  considered  typical  of  other  ceramics  In 
this  respect. 

Reference  5.6  examines  the  effect  of  moisture  on  crack  velocity  and  shows,  for  glass, 
some  very  large  effects.  Orders  of  magnitude  differences  occur  In  crack  velocity,  for  a 
given  load  or  stress,  as  the  relative  humidity  varies  from  near  dry  to  lOOJg.  At  any  given 
atmospheric  moisture  content  the  curves  of  crack  velocity  plotted  against  load,  have  a 
characteristic  shape  Involving  three  regions. 

In  region  I  there  Is  an  exponential  Increase  of  crack  velocity  with  applied  load.  The 
environmental  effect  Is  an  activation  process  dependent  on  the  chemical  potential  of  the 
water  vapor  In  the  environment  and  la  reaction  rate  limited. 

From  5.7,  for  region  I, 

crack  velocity  «  (.0275a  l^^)/n 

a  &  b  are  constants 

n  Is  the  order  of  the  chemical  reaction  with  respect  to  water. 

P  Is  applied  force 

Xq  Is  mole  fraction  of  water  In  the  gas 

In  region  II  the  fracture  mechanism  changes  to  a  transport  rate  limited  process  In  which 
the  stress  activation  process  at  the  crack  tip  is  farter  than  the  rate  at  which  water  vapor 
can  diffuse  to  the  tip.  Hence  crack  velocity  will  be  stress  independent. 

From  5.7,  for  region  II,  crack  velocity  -=  .0275  c  V  «n 

is  the  dlffuslvlty  of  water  vapor  In  the  gas 

c  Is  a  constant 

0  Is  the  thickness  of  the  gas  boundary  layer  li  the  crack. 

In  region  III  the  crack  velocity  Is  again  exponentially  dependent  on  the  applied  force 
but  the  curve  has  a  much  steeper  slope  than  region  I.  There  is  presently  no  physical 
explanation  available  for  this  region. 

5. 2. 2. 3  Strength  Under  Thermal  Stresses 

Typically  the  strength  of  a  structural  element  subjected  to  temperature  gradients 
would  be  checked  in  the  conventional  manner  by  calculating  the  resulting  thermal  stresses 
and  comparing  with  the  material  fracture  strength.  However,  a  system  of  thermal  stresses 
is  self-contained  within  the  structural  element  and  represents  a  fixed  anount  of  stored 
elastic  energy.  Consequently,  crack  nucleatlon,  once  Initiated,  may  or  may  not  proceed 
to  complete  fracture  depending  whether  the  body  contains  sufficient  elastic  energy  to 
create  enough  crack  surface  for  the  crack  to  propagate  completely  through  the  body. 

This  idea  is  examined  in  Reference  5. 13  where  the  concept  of  degree  of  damage,  result¬ 
ing  from  thermal  stress.  Is  Introduced.  In  this  reference  the  stored  elastic  energy  due 
to  thermal  stress  Is  equated  with  surface  energy  to  determine  the  degree  of  crack  propaga¬ 
tion  relative  to  the  .size  of  the  element.  The  following  results  are  obtained: 
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To  prevent  crack  nuoleatlon  due  to  thermal  stresses  the  material  should  have  high 
strength  and  thermal  conductivity  but  low  elastic  modulus  and  coefficient  of  thermal 
expansion . 

To  minimize  material  damage,  once  cracks  have  been  created,  requires  low  strength  and 
high  elastic  modulus. 

Porosity  lowers  strength,  modulus  and  thermal  conductivity  and  hence  lowers  tho  thermal 
stress  fracture  resistance  of  a  material,  but  it  also  reduces  the  degree  of  damage  If 
cracking  begins.  The  effect  of  pores  In  reducing  stored  elastic  energy  Is  believed  to 
be  more  Important  than  their  effect  ae  crack  arrestors  (Reference  5 -IS). 

Pores  and  dispersed  second  phase  material  also  reduce  thernal  stress  damage  by  introduc¬ 
ing  stress  raisers  and  Initiating  early  cracking  while  the  average  stress,  which  Is  the 
driving  force  for  crack  propagation.  Is  low  (Reference  5*1^) • 

The  above  Ideas  are  carried  further  in  Reference  where  It  Is  recognized  that  the 

residual  strength  after  crack  propagation  by  thomal  stresses,  is  the  Important  considera¬ 
tion.  P’rom  the  resulting  analysis  It  Is  determined  that  the  extent  of  crack  propagation 
is  a  function  only  of  the  number  of  cracks  rind  the  Initial  flaw  size  and  Is  Independent 
of  material  properties.  Thus  the  only  way  to  minimize  crack  propagation  (under  thermal 
stresses  ,  and  to  maximize  the  resulting  load  carrying  capability  of  a  given  material  Is 
to  increase  the  length  of  the  critical  flaw. 

5. 2. 2. 4  Fatigue  Strength 

In  ceramic  materials  both  fatigue  under  cyclic  loads  and  the  so-called  static  fatigue 
are  recognized.  The  latter  is  generally  believed  to  be  caused  by  environmental  effects 
and  has  already  been  discussed.  It  must  be  recognized,  however,  that  during  repeated 
loading  testing  both  effects  will  usually  be  present. 

Few  references  are  available  on  the  subject  of  cyclic  fatigue  in  ceramics.  Reference  5.8 
reports  tests  on  alumina  conducted  In  an  uncontrolled  atmosphere,  with  the  stress  cycled 
in  tension  only,  from  this  work  the  allowable  stress  at  10°  cycles  is  approximately 
one  half  of  the  single  load  ultimate.  The  curves  given  do  not  flatten  very  much  with 
number  of  cycles,  to  10°,  so  that  there  Is  no  Indication  of  an  endurance  limit.  Further¬ 
more,  the  effect  of  stress  ratio  Is  not  particularly  significant. 

Reference  5.5  gives  a  cyclic  endurance  limit  for  alumina  of  5OJ!!  of  the  short  time  static 
ultimate . 


5. 2. 2. 5  Strengthening  Mechanisms 

Grain  Size 

The  effect  of  grain  size  on  strength  has  been  Indicated  above  In  various  theoretical 
relationships  from  which  It  will  be  evident  that  a  decrease  In  grain  size  will  Increase 
strength.  This  conclusion  Is  generally  drawn  from  bend  test  data,  which  Is  very  sensitive 
to  surface  defects,  and  presumably  the  defect  size  Is  related  to  grain  size.  Fracture 
testing. however,  leads  to  opposite  conclusions.  Fracture  energy  inernases  with  increased 
grain  size.  Reference  5*15. 

Tractlcal  ceramics  are  polycrystalline  materials  with  grain  boundaries  which  are  laden 
with  other  than  the  basic  material.  Fracture  energy  is  a  composite  quantity  derived  from 
the  energies  of  the  grains  and  the  Intergranular  material  and  Is  therefore  dependent  on 
the  ratio  of  transgranular  to  Intergranular  fracture  which  In  turn  Is  dependent  on  temper¬ 
ature,  grain  size,  Intergranular  material,  and  grain  boundary  thickness.  The  crack  path 
Is  also  affected  by  the  geometric  arrangement  of  tho  material  since  a  largo  hard  grain 
will  make  the  crack  go  through  high  fracture  energy  material  or  take  a  long  path  around. 
Therefore,  large  grain  size  favors  high  fracture  energy.  It  Is  concluded.  In  Reference  5.15i 
that  optimum  strength  Is  obtained  with  fine  grain  surface  texture  and  a  coarse  grain 
interior. 

Surface  Conditions 

Rupture  strength  tends  to  be  sensitive  to  surface  conditions  so  that  surfaces  may  be 
coated  or  glazed  to  increase  strcngtii.  Coating  provides  protection  for  the  surface  or  It 
acts  as  a  barrier  to  the  exit  of  dislocations.  Glaxlng  removes  surface  damage  but  it  may 
develop  surface  crazing  (Reference  .  Quenching  has  also  been  used  as  a  strengthening 
mechanism  (Reference  5-1°  ■  It  is  assined  tiiat  quenching  leads  to  compressive  stresses 
In  the  surface,  but  some  Investigators  have  found  the  mechanism  to  be  a  volume  rather  than 
a  surface  effect.  Strength  Increases,  at  room  temperature  by  a  factor  of  2.0,  are  reported 
5.16  from  a  combination  of  quenching  and  glazing  in  conjunction  with  a  prior  high 
temperature  treatment  In  a  fluorine  containing  atmosphere. 

Reference  5.16  also  Indicates,  as  would  be  expected,  that  too  rapid  quenching  can  produce 
tliemal  .shock. 

The  chemical  addition  of  Ions  or  compounds  to  the  surface  Is  also  reported  to  Increase 
strength  by  the  Introduction  of  surface  compressive  stresses. 
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Composition  Effects 

Single  element  additions,  for  example  C  In  T^C  or  Titanium  In  Zr02,  are  mentioned  in 
Reference  5.4  as  having  a  limited  effect  on  strength  but  marked  improvements  in  thermal 
shock  resistance. 

Additives  are  often  used  to  Increase  density  or  rate  of  denslflcatlon  In  sintering  and 
strength  may  be  increased  through  Increased  density  and  reduced  porosity,  prevention  of 
grain  growth,  chemical  reactions  Increasing  bond  strength,  and  grain  boundary  segrega¬ 
tion  (Reference  , 

Some  additives  to  ceramics  will  cause  precipitation  hardening  similar  to  that  found  In 
metals.  The  strength  Increase  Is  due  to  blocking  of  slip  or  dislocation  motion  or  In  very 
brittle  materials  to  crack  stopping.  The  addition  of  a  fine  uniform  dispersion  of  a 
second  ceramic  phase  can  also  Increase  rupture  strength  by  Impeding  dislocation  motion 
nd  limiting  crack  and  flaw  size  (Reference  5.4). 

If  a  second  metallic  Ion  la  added  uniformly  to  a  matrix  (l.e.  tantalum  Ions  added  to 
tantalum  carbide)  so  that  the  ion  Is  In  solid  solution  the  rupture  strength  may  be 
Increased  (Reference  5.4). 

Work  Hardening 

Ceramics  may  b*"  work  hardened  by  various  deformation  methods  significantly  raising 
rupture  strength.  Deformatl,on  techniques  vai7  from  slow  tension  to  explosive  shock. 

Powders  can  be  explosively  shocked,  and  after  pressing  and  sintering  the  work  hardening 
is  maintained. 

5.3  FAILURE  UNDER  COMPLEX  STRESS  STATES 

In  Sections  2.5  and  2.6  the  subject  of  failure  and  fracture  of  brittle  materials  Is 
discussed  briefly,  and  It  Is  explained  that  present  knowledge  of  fracture  does  not  permit 
the  prediction  of  mechanical  properties  on  a  theoretical  basis.  In  Section  5.2  a  number 
of  empirical  relationships  have  been  given  to  show  the  characteristic  effects  of  certain 
parameters  such  as  porosity,  on  strength;  the  only  other  type  of  general  strength  data 
which  is  available  to  the  designer  are  a  number  of  theories  which  define  strength  levels 
under  complex  stress  states.  These  theories  are  established  on  phenomenaloglcal  grounds; 
none  are  completely  satisfactory  and  considerable  differences  of  opinion  exist  about  their 
relative  merits. 

.'Some  of  the  theories  proposed  for  brittle  failure  are  discussed  briefly  In  Section  2, 
and  others  have  evolved  very  recently  nince  Section  2  was  prepared.  All  of  the  theories 
to  be  discussed  are  summarized  In  Figure  5J.,for  biaxial  stress  states,  as  envelopes  of 
CO.;  blnatlons  of  principal  stresses  which  can  be  sustained  without  failure.  No  data  applic¬ 
able  to  brittle  materials  has  bean  found  In  the  literature  on  trlaxlal  stress  states. 

5.3*1  Maximum  Normal  Stress  Theory 

The  most  commonly  used  criteria  for  ^escribing  the  biaxial  fracture  strength  of  brittle 
materials  Is  the  maximum  normal  stress  theory,  which  assumes  that  the  material  will 
fracture  when  one  of  the  principal  stresses  becomes  equal  to  the  uniaxial  strength.  With 
this  theory  the  strength  Is  not  affected  by  principal  stresses  other  than  the  maximum. 

Ihe  criterion  makes  no  prediction  of  compression  strength  in  terms  of  tensile  strength  and 
both  values  must  be  determined  experimentally  from  uniaxial  tests.  Refe  :nce  5J.7  presents 
early  test  data  for  relatively  brittle  materials  which  shows  good  confirmation  of  the 
theory  In  both  the  tension-tension  and  tension-compression  quadrants.  However,  the  range 
of  tension  compression  values  Included  Is  very  limited  and  Reference  5J,7  »1bo  quotes  more 
recent  test  data  to  show  that  the  theory  Is  not  valid  in  the  tension  compression  quadrants. 
Reference  5.18.  on  page  208,  refers  to  a  modified  form  of  the  maximum  normal  stress  theory 
which  takes  some  account  of  the  principal  stresses  other  than  the  maximum,  but  there  Is  no 
method  for  applying  this  modification  In  the  absence  of  extensive  test  data. 

5.3*2  Mohr's  Failure  Theory 

Another  Important  failure  theory  Is  Mohr's  theory  of  strength  which  fomulates  the 
condition  of  material  failure  In  a  general  manner  and  can  be  used  for  either  ductile  or 
brittle  materials.  It  accommodates  failure  either  by  fracture,  when  the  lar3est  tensile 
nomal  stress  has  reached  a  limiting  value  depending  on  the  properties  of  the  material, 
or  by  slip,  when  the  shearing  stress  in  the  plane  of  slip  has  reached  a  limiting  value. 

The  theory  provides  also,  in  the  latter  case,  that  the  limiting  shearing  stress  can  depend 
on  the  nor.T.al  stress  acting  across  the  same  plane. 

Mohr's  theory  is  developed  Ir  detail  In  Reference  5.18  considering  first  Its  application 
to  ductile  materia? 3  In  which  failure  Is  represented  by  slip.  Based  on  olseivatlons  of 
the  orientation  cl  slip  lines,  which  are  detectable  on  the  surface  of  deformed  .metels, 

M.ohr  neglects  the  intermediate  principal  stress  ^2*  Then  a  failure  condition  Is  repre¬ 
sented  by  the  major  principal  stress  circle  corresponding  to  and  and  plotted  on 

T- (Taxes.  A  number  of  major  principal  stress  circles  corresponding  to  failure  determined 
experimentally  for  various  combinations  of  and  (T^  can  be  drawn  and  Mohr  postulates 
that  the  envelope  of  all  of  those  maximum  principal  stress  circles  Is  the  limiting  curve 
describing  failure.  This  Is  Illustrated  In  Figure 5*2  in  which  the  points  P  denote  the 
planes  on  which  failure  occurred  for  the  various  principal  stress  combinations.  In  other 
words  the  theory  assumes  that  failure  conditions  are  described  by  the  envelope  of  any  and 
all  principal  Mohr  circles  representing  stress  states  on  the  verge  of  failure.  Clearly, 
failure  can  be  used  to  describe  either  yielding  or  fracture. 
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In  general,  sufficient  experimental  data  Is  not  available  to  construct  the  Mohr 
envelope  and  a  simplification  Is  made  by  assuming  that  the  envelope  curves  consist  of  two 
straight  lines.  These  can  be  determined  from  only  uniaxial  tension  and  compression  data. 
In  this  form  the  Mohr  theory  Is  the  same  as  a  modification  of  the  maximum  shear  stress 
theory  In  which  sliding  along  the  slip  planes  Is  assumed  to  be  Inhibited  by  friction  asso¬ 
ciated  with  compression  stresses  acting  on  these  planes.  The  maximum  shear  stress  theory 
and  Its  modifications  are  not  of  direct  Interest  for  brittle  materials  but  details  can  be 
found  In  Reference  5>lBwhere  It  Is  attributed  to  Coulomb,  and  Reference  3 >19  where  It  Is 
attributed  to  Reyto. 

The  simplified  Mohr  theory  Is  shown  In  Figure  5<3  Reference  3«17  which  refers  to  this 
theory  as  the  Coulomb-Mohr  theo''  defines  the  straight  lines  by  the  equation: 


where  ^^u  ^cu  uniaxial  tensile  and  compressive  strengths,  respectively. 

In  order  to  apply  the  simplified  Mohr  theory  to  brittle  materials  a  number  cf  consider¬ 
ations  must  be  made.  Referring  to  Figure  3.3  extension  of  the  straight  line  envelope  to 
point  A  Implies  tensile  strengths  greater  than  those  demonstrated  In  the  uniaxial  test  used 
to  define  In  fact.  If  the  material  could  not  fall  In  shear  (as  Is  often  assumed  for 

brittle  nonmetalllc  materials)  and  If  the  presence  of  a  uhear  stress  had  no  effect  on  the 
tensile  strength,  then  the  envelope  would  become  a  vertical  line  through  point  D.  If  an 
experimentally  detenalned  compression  ultimate  ..trength  la  available,  however,  It  probably 
Implies  that  the  material  can  also  fall  In  shear.  In  this  case  another  envelope  boundary 
would  be  a  horizontal  line  through  point  P.  If  there  Is  an  effect  of  shear  stress  on  the 
tensile  strength,  then  the  shear  boundary  will  have  some  slope  such  as  CB.  In  the  absence 
of  test  data  other  than  tensile  and  compression  ultimate,  it  would  clearly  be  unwise  to 
use  any  other  straight  line  boundary  than  CB.  Similarly  It  is  conservative,  In  the  ab¬ 
sence  of  additional  test  data,  to  assume  that  at  point  n  the  type  of  failure  becomes 
cleavage  and  that  the  boundary  follows  the  circular  arc  DD.  Any  other  assumption  Implies 
circles  through  point  D  with  diameters  greater  than  OD.  Such  circles  would  exceed  the 
boundary  CB  and  would  therefore  be  Inconsistent.  Similar  reasoning  requires  that  the 
compression  boundary  be  the  circular  arc  CE. 

The  Mohr  envelope  Is  shown  for  biaxial  stress  combinations  as  a  ej-  ^2 
Figure  5J..  Ihe  use  of  the  circular  arcs  BD  and  CE  In  Fig.  3>3  produces  the  same  results 
as  the  maximum  normal  stress  theory  In  the  tension- tension  and  compression- compress! on 
quadrants.  In  the  tension- compression  quadrant  the  use  of  the  simplified  Mohr  theory 
produces  a  linear  variation  between  the  uniaxial  tensile  strength  and  the  unlaixial  com¬ 
pression  strength.  Since  the  Mohr  criterion  uses  experimental  values  for  uniaxial  tension 
and  compression  It  obviously  predicts  correctly  the  ratio  of  compressive  to  tensile 
strength. 

3.3.3  Griffith  Failure  Theory 

The  Griffith  failure  theory,  which  was  developed  for  brittle  materials,  also  provides 
a  basis  for  biaxial  failure  criterion  by  assuming  that  failure  occurs  when  a  critical 
tensile  stress  Is  reached  on  the  boundary  of  the  crack. 

In  Reference  3.3  Griffith  develops  relationships  between  applied  principal  stresses 

Sand  and  the  critical  tensile  strength  of  the  material.  By  using  these  relatlon- 
ps  for  a  uniaxial  tensile  case,  the  critical  strength  can  be  expressed  In  terms  of  the 
conventional  uniaxial  ultimate  strength  The  result  can  be  substituted  back  Into 

the  biaxial  stress  expressions  giving  the  following: 

If  (3  +  ^2)  positive: 

If  (3  »!  +  <^2)  negative; 

\  ^tu  ^tu/  \  ^tu 

These  expressions  apply  only  If  ^i>^2’ 

From  the  above  expressions  the  uniaxial  compression  strength  Is  predicted  as  eight 
times  the  uniaxial  tensile  strength,  vdilch  Is  In  good  agreement  with  some  test  results 
on  brittle  materials,  but  not  all.  The  expressions  also  show  that  <^l  „  for  any 

**tu 

blexlal  stress  situation  where  «f2  Is  tensile  or  If  compressive.  Is  numerically  less  than 
three  times  .  if  02  is  compressive  and  numerically  greater  than  three  times  the 
quadratic  equation  above  must  be  used.  Actual  values  are  given  In  Figure  5.1. 

From  Figure  5.1  the  Griffith  criterion  coincides  with  the  maximum  normal  stress  cri¬ 
terion  In  the  tens  Ion- tension  quadrant.  It  also  predicts  an  Increase  In  the  compression 
strength  In  the  msoclmum  principal  stress  direction  due  to  the  presence  of  a  compression 
stress  In  the  direction  normal  to  the  maximum  principal  stress.  This  conclusion  Is  ques¬ 
tionable,  although  there  is  very  little  experimental  data  to  provide  any  basis  for 
verification . 
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5.3«^  Welbull  Failure  Theory 

The  Welbull  theory,  which  Is  a  statistical  theory  described  at  length  In  other  sec¬ 
tions  of  this  handbook,  also  provides  a  basis  for  predicting  material  failure  under  bi¬ 
axial  stress.  Ihe  derivation  of  the  relationship  between  the  applied  principal  stresses, 

and  ®2»  the  material  strength  Is  given  In  Reference  5-20.  The  resultant  relation¬ 
ships  are  complex  and  difficult  to  use  and  are  not  reproduced  here.  A  typical  result, 
for  an  m  of  12,  Is  shown  In  Figure  1.  In  the  tension-tension  quadrant,  it  predicts 
failure  stresses  which  are  generally  less  than  those  predicted  by  all  other  theories 
but  which  are  consistent  with  some  limited  test  data  (Reference  b<21).  The  Welbull  theory 
does  not  predict  a  compression  failure,  vhlch  is  Inconsistent  with  observation,  and  It 
predicts  that  In  the  tension-compression  quadrant  the  tensile  strength  Is  Increased 
beyond  the  uniaxial  value  by  the  presence  of  a  normal  compression  stress.  Again,  some 
very  limited  test  data  Is  available  vdilch  can  be  used  to  substantiate  this  prediction, 
but  there  Is  also  much  which  disputes  It. 

5.3.5  Babel-Sines  Failure  Theory 

Among  the  more  recent  activities  Intended  to  develop  Improved  biaxial  failure  criteria 
Is  work  by  Babel  and  Sines  (Reference  522)  which  generalizes  the  work  by  Griffith.  Griffith 
considered  only  the  limiting  case  of  sharp  strength  controlling  discontinuities.  Many 
brittle  materials,  particularly  porous  materials,  show  discontinuities  which  are  not 
sharp,  and  the  work  of  Babel  and  Sines  therefore  included  the  Influence  of  discontinu¬ 
ities  of  all  degrees  of  severity.  This  ./as  done  by  studying  the  effect  of  flaws  of 
ellipsoidal  shape  on  the  fracture  strength  of  brittle  materials  and  using  the  assumption 
made  by  Griffith  that  the  flaw  will  extend  to  failure  when  a  critical  tensile  stress  Is 
reached  on  the  boundary  of  the  discontinuity. 

In  practice  neither  the  shape  of  the  flaw  nor  the  critical  tensile  stress  are  known 
but  these  'microscopic"  parameters  can  be  replaced  by  'macroscopic'  ones,  the  'onlaxla] 
compression  strength  and  the  uniaxial  tensile  strength  fftu»  which  can  be  determined 

experimentally.  The  resulting  equations  expressing  and  *2  i*'  terms  of  ff^u 
0  cu  follows: 


The  first  of  the  above  equations  applies  In  the  tension- tenslc,'.  quadrant  and  partly 
Into  the  tension-compression  quadrant  while  for  high  ratios  of  compressive  to  tensile 
stress  the  second  equation  applies. 

The  result  of  this  work  is  a  criteria  which  predicts  a  unleuclal  compression  strength 
between  three  and  eight  times  uniaxial  tensile  strength  depending  on  the  shape  of  the 
discontinuity.  The  extreme  values  of  three  and  eight  are  obtained  from  the  limiting 
cases  of  a  sphere  and  a  sharp  crack,  respectively.  Accordingly,  In  the  tension- 
compression  quadrant  the  Sines  criteria  gives  envelopes  which  lie  between  those  given 
by  the  Mohr  and  Griffith  criteria.  Consequently,  It  Is  also  Inconsistent  with  some 
test  results  which  show  compression  strengths  greater  than  elg.ht  times  uniaxial  tension. 
This  Is  thought  to  be  due  to  the  fact  that  under  high  compression  loads  some  cracks  will 
close  and  stresses  can  exist  on  the  bovindary  of  the  discontinuity. 

In  the  tension- tension  quadrant  the  Sines  criteria  predicts  t.n  Increase  In  strength 
over  unleixial  values  as  a  result  of  the  biaxial  stress  state  which  is  also  questionable 
on  the  basis  of  experimented  data. 


5.3.6  Maximum  Strain  Energy  Theory 


Reference  5.16  dismisses  this  theory,  which  assumes  that  the  total  elastic  energy 
stored  in  the  material  Is  significant  as  a  limiting  condition,  because  It  Is  not  applic¬ 
able  to  the  hydrostatic  pressure  case.  Under  this  latter  condition  large  amounts  of 
elastic  energy  may  be  stored  without  causing  fracture.  Nevertheless,  It  is  presented  In 
Reference  523to  correlate  with  experimental  data  determined  for  brittle  case  Iron  and  it 
Is  used  In  Reference  S.S'+i  In  modified  form,  to  represent  the  results  of  tests  on  magnesium 
silicate  and  graphite.  This  modified  maximum  strain  energy  theory  has  the  following 
form:  (Reference  5.24) 


In  the 


tension- tension  quadremt 


1 


In  the  tension-compression  quadrant 

.2 


(fe)  (^) 


1 
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A  representative  curve  Is  plotted  In  Figure  5.1.  Note  that  these  relationships  give  the 
correct  ratio  of  ultimate  compression  strength  to.  ultimate  tensile  strength  since  they 
are  based  on  measured  values.  Also,  In  the  tension- tension  quadrant  the  above  relation¬ 
ship  Is  one  of  very  few  theories  that  are  more  conservative  than  the  maximum  normal 
stress  theory. 


5.3'7  Octahedral  Shear  St 'ess  Theory 

This  theory  gives  the  same  results  as  the  maximum  distortion  energy  theory  and  a 
typical  development  Is  given  In  Reference  5.19. The  theory  was  developed  for  ductile 
materials  and  predicts  yielding  under  combined  stresses,  If  only  the  uniaxial  tensile 
yield  strength  of  the  material  Is  known.  It  Is  limited  to  materials  having  similar 
strengths  In  tension  and  compression . 

For  the  case  of  biaxial  stresses  the  resulting  relationship  takes  the  form; 

2  2 

(ffl  +  ffg  -  *^1  ^2)  »  ffty 

Since  It  was  developed  for  materials  with  equal  tensile  and  compressive  strengths 
It  should  not  be  directly  applicable  to  brittle  materials.  It  has  been  used  to  represent 
the  fracture  of  brittle  cast  Iron,  however,  under  biaxial  tension  and  compression  stress 
combinations  by  applying  a  stress  concentration  factor  to  the  tensile  stress 
(References  5«25»  5«26).  This  concept  was  derived  particularly  for  cast  Iron  since 
this  material  contains  graphite  platelets  which  are  assumed  to  create  crack-llke  shapes 
In  the  iron  matrix.  Stress  concentrations  exist  at  the  tips  of  these  cracks  under  ten¬ 
sion,  and  the  situation  can  be  well  represented  by  Introducing  the  appropriate  stress 
concentration  factor  and  assuming  that  the  crack  propagates  to  failure  when  the  yield 
strength  of  the  ductile  matrix  Is  exceeded  locally.  Under  compression  stresses,  on  the 
other  hand.  It  Is  assumed  that  the  graphite  flakes  transmit  load  and  no  stress  concentra¬ 
tion  Is  Involved. 

In  view  of  the  basis  for  the  derivation  of  this  failure  theory,  It  would  be  unwise 
to  assume  that  It  can  be  applied  to  any  brittle  material,  and  nothing  has  been  found  In 
the  literature  to  support  such  an  assumption. 

5.3.8  Experimental  Correlation  of  Failure  Theories 

Experimental  data  upon  which  to  base  a  material  failure  theory  Is  very  limited  In 
the  literature.  Most  Investigators  have  conducted  a  small  number  of  tests  which  generally 
substantiate  the  Individual  theories  which  are  being  proposed,  and  these  test  results 
can  be  found  In  the  references  given  above.  The  total  body  of  data,  however,  Is  still 
small.  This  Is  particularly  true  If  data  for  nonmetalllc  materials  Is  sought.  In 

Reference  5.22,  for  Instance,  a  considerable  amount  of  data  for  the  evaluation  of  various 
theories  Is  actually  concerned  with  cast  Iron  and  brass.  Probably  the  principal  sources 
of  experimental  data  for  ceramic  materials  are  References  5.27»5*21, 5 J.7.  In  addition  there 
Is  information  on  glass,  but  since  this  material  Is  particularly  sensitive  to  surface 
conditions  care  must  be  taken  In  applying  the  results  to  nonmetedllc  refractory  materials. 

Another  serious  limitation  of  most  available  test  data  Is  that  variability  In  the 
fracture  strength  of  the  materials  Is  generally  not  considered.  The  subject  of  material 
variability  Is  discussed  elsewhere  In  this  handbook.  Although  the  causes  of  this  vari¬ 
ability  are  not  specifically  known,  there  are  many  factors  which  ceui  contribute  and  there 
Is  ample  evidence  from  uniaxial  tests  that  the  variability  exists.  In  Reference  5.22 
Babel  Indicates  that  there  are  no  biaxial  test  data  which  are  based  on  both  careful  test 
technique,  to  minimize  extraneous  variables,  and  a  sufficient  number  of  specimens  to 
obtain  statistically  reliable  results.  Without  these  considerations.  It  Is  not  possible 
to  distinguish  between  the  various  criteria.  In  his  work  Babel  makes  some  allowance  for 
variability  by  assuming  staridard  deviations  based  on  flexure  tests,  but  there  is  no 
assurance  that  this  Is  an  adequate  treatment  of  the  problem. 

5.3.9  Recommended  Practice 

Reference  has  been  made  elsewhere  In  this  handbook  to  a  conference  of  specialists  that 
was  held  In  London  in  Sept.  1967  under  AOARD  sponsorship,  (Ref.  5.28)  with  the  objective  of 
obtaining  opinions  from  the  specialists  on  a  number  of  basic  questions  Involved  In  brittle 
material  design  technology.  In  view  of  the  many  theories  available  to  describe  failure 
under  biaxial  stresses  and  the  great  difficulty  In  obtaining  adequate  experimental  data 
as  a  basis  for  selecting  a  theory,  the  subject  was  discussed  extensively  at  the  London 
conference.  The  only  unanimous  conclusion  that  could  be  obtained  on  this  subject  was  an 
acceptance  of  the  maximum  stress  theory  In  the  tension- tension  quadrant.  Since  this 
conclusion  represents  the  best  opinion  from  a  number  of  specialists,  who  were  selected 
carefully  In  an  attempt  to  obtain  a  viewpoint  representative  of  essentially  all  Investi¬ 
gators  In  the  technology.  It  Is  offered  as  a  basis  for  design  practice.  Some  caution 
must  be  observed,  however,  since  there  Is  test  data  which  snows  oiaxlal  stress  levels 
In  the  tension-tension  quadrant  which  are  less  than  those  given  by  the  maximum  stress 
theory.  As  already  mentioned,  however.  It  Is  not  clear  whether  this  Is  the  result  of 
material  variability  or  whether  It  truly  represents  an  Inadequacy  of  the  maximum  .itress 
theory. 

One  other  agreement  which  was  achieved  at  the  London  meeting  was  that  there  are  no 
shear  failures  In  brittle  materials  of  the  class  being  considered  here.  However,  this 
conclusion  cannot  be  accepted  without  further  consideration  since  It  leaves  experimentally 
observed  compression  failures  unexplained. 
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From  the  above  discussion  the  suggested  design  practice  for  establishing  material 
failure  properties  under  biaxial  stresses  Is  as  follows: 

(a^  In  the  tension- tension  end  compression-compression  quadrants  use  maximum  stress 
theory  based  on  uniaxial  test  data  for  the  particular  material  of  Interest. 

(bl  In  the  tension-compression  quadrant  use  a  straight  line  connecting  the  uniaxial 
tension  test  data  to  the  uniaxial  compression  test  data.  So  far  as  can  be  determined 
from  the  limited  experimental  data  available  this  practice  should  be  conservative.  It 
gives  the  same  results  as  the  Mohr  criteria  which  in  turn  accepts  the  possibility  of 
material  failure  In  shear  under  combined  tension  and  compression.  This  recommendation 
Is  made,  however,  simply  on  the  basis  of  drawing  a  conservative  envelope  around  the  test 
data  with  no  implication  of  shear  failure. 

(c)  The  above  procedure  should  be  combined  with  the  statistical  description  of 
material  strength.  The  material  failure  diagram,  therefore,  becomes  a  separate  diagram 
for  each  level  of  failure  probability.  No  difficulty  Is  Involved  If  unleoclal  testing 
Is  conducted  as  it  should  be,  with  a  sufficient  number  of  specimens  to  provide  statistic¬ 
ally  satisfactory  data. 

5.1*  MATERIAL  CHARACTERIZATION 

Typically,  in  the  design  of  metallic  structures,  the  designer  Is  hardly  concerned  with 
material  characterization.  He  defines  his  material  requirements  by  referring  to  specifica¬ 
tions,  and  he  is  essentially  assured  of  the  structural  properties  of  the  material,  the 
similarity  of  properties  between  laboratory  samples  and  finished  hardware,  and  the 
reproducibility  of  properties  over  large  numbers  of  components.  This  situation  results 
from  a  combination  of  refined  process  and  fabrication  control,  which  has  been  developed 
for  the  widely  used  metals,  together  with  extensive  work  on  the  generation  of  mechanical 
property  data,  and  the  tolerance  of  metals  to  minute  defects.  This  latter  characteristic 
is  very  important  in  ensuring  reproducibility  of  mechanical  properties. 

With  ceramic  materials,  at  their  present  stage  of  use  and  development,  none  of  the  above 
conditions  hold,  and  In  order  to  have  control  over  the  mechanical  properties  of  his  struc¬ 
ture  the  designer  must  give  considerable  attention  to  material  characterization.  He  must 
specify  and  control  many  material  characteristics  In  addition  to  chemical  composition  and 
mechanical  properties.  If  the  material  is  to  perform  efficiently  and  reliably,  and  if 
the  material  In  the  structural  component  is  to  perform  similarly  to  the  laboratory 
specimens  from  which  his  material  design  data  were  determined.  However,  it  is  not  suffi¬ 
cient  to  ensure  similarity  of  processing  conditions  from  laboratory  specimens  to  full  scale 
hardware,  or  from  one  batch  of  components  to  another.  When  all  practical  precautions  are 
taken  to  control  processing  there  is  no  positive  assurance  that  the  material  produced  at 
various  times  and  in  various  sizes  is  truly  similar.  There  have  been  many  Instances  where 
differences  in  material  are  apparent  despite  similarity  of  processing.  This  Is  particularly 
true  with  ceramic  materials  where  stringent  process  controls  are  difficult  to  exercise  and 
the  effects  of  slight  process  variations  not  well  established.  For  the  same  reasons  It  is 

not  possible,  except  for  very  preliminary  design,  to  select  material  properties  from  a 

handbook  and  expect,  that  these  will  be  experienced  In  a  structure. 

The  precise  description  of  an  object  as  complex  as  a  ceramic  body  is  very  difficult. 

There  are  various  levels  of  characterization,  atomic,  micro  and  macro.  The  aim  Is  to 
dpscrlbe  a  material  by  composition  and  microstructure  so  that  its  processing  does  not  h.ave 
to  be  described.  Total  characterization  In  this  sense  is  not  presently  possible  however, 
and  may  never  be.  The  relationships  between  such  characteristics  as  grain  size  and  shape, 
surface  roughness,  etc.,  and  the  mechanical  properties  and  their  variability  are  not  well 
understood,  and  in  many  cases  are  not  known.  The  Importance  of  many  characteristics  and 

the  properties  they  Influence  are  not  known,  and  conversely  it  cannot  be  stated,  for  a 

particular  mechanical  property,  exactly  which  characteristics  should  be  controlled.  Nor 
is  the  relationship  between  many  of  the  processing  parameters  and  the  resulting  mechanical 
properties  well  understood  or,  in  many  cases,  is  it  imderstood  at  all.  Accordingly,  a 
compromise  is  made  with  a  description  of  the  material,  in  both  its  raw  and  finished  state, 
a  description  of  its  processing  history,  and  a  description  of  its  mechanical  and  physical 
properties . 

The  problem  is  further  complicated  by  the  difficulty  of  measuring  some  of  the  character¬ 
istics,  particularly  in  finished  components.  Grain  boundary  thickness  is  an  example.  One 
other  complication  is  the  fact  that  some  factors  may  obscure  the  Influence  of  others  at 
some  times  but  not  at  others.  For  example,  grain  size  Is  important  to  strength  and 
strength  variability,  but  this  effect  may  be  entirely  obscured  by  a  rough  surface.  As  the 
surface  finish  is  improved  or  the  grain  size  Increased, however,  the  grain  size  effect  will 
eventually  become  apparent.  Thus  before  the  emphasis  of  one  factor  is  Judged,  all  other 
potentially  limiting  factors  must  be  specified. 

In  the  above  situation  a  precise  list  of  characteristics  and  factors  which  should  be 
specified  to  control  material  properties  cannot  be  given.  Instead,  reliance  must  be  placed 
on  the  opinions  and  Judgment  of  experienced  individuals  and  References  5.29  and  5.28  give 
what  are  probably  the  best  available  opinions  at  this  time.  Both  are  the  results  of 
committee  activity  involving  groups  of  individuals  selected  for  their  knowledge  of  ceramic 
materials,  including  specifically  the  subject  of  material  characterization.  Reference  5..  ) 
presents  an  extensive  list  of  characteristics  which  should  be  Identified  to  ensure  re()r(>- 
duclbillty.  Inis  list,  which  is  reproduced  in  simplified  form,  in  Figure  5.4,  includi'ii 
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not  only  parameters  known  to  be  Important,  but  also  those  which  are  suspected  of  having 
an  effect  on  mechanical  and  physical  properties. 

The  first  two  categories  In  P’lguro  5-^  provide  processing  data,  since  at  present  an 
exact  reproduction  of  the  processing  Is  necessary,  but  not  sufficient,  to  obtain 
reproducibility.  The  remaining  categories  cover  composition,  grain  structure,  flaws, 
and  surface  condition,  all  presently  considered  Important  for  complete  characterization. 
Many  of  the  factors  Included  In  Figure  5.4  cannot  be  measured  during  a  production  run  of 
material,  or  In  completed  components,  hence  the  need  for  careful  process  control.  They 
may  be  useful,  however.  In  the  early  pu.*.  ■'a  of  a  program  when  the  material  processing  Is 
being  established.  During  this  period  destructive  Inspection  methods  can  be  used  to 
characterize  the  material  fully,  and  the  process  can  be  adjusted  until  all  of  the  desir¬ 
able  characteristics  are  being  obtained. 

Some  clarification  of  the  terms  used  In  Figure  5.4  Is  necessary  and  the  lollowing  is 
taken  from  Reference  5*29*  Grain  boundaries  are  the  Interfaces  between  grains  or  phases. 
They  do  not  Include  the  bulk  of  Identifiable  phases  segregated  between  grains.  Thickness 
of  a  grain  boundary  Is  that  region  which  differs  structurally  and  identlflably  from  either 
bordering  bulk  phase. 

The  distribution  of  pores  and  microcracks,  the  size  and  size  distribution,  and  the 
s'^npes  are  all  Imporant  to  mechanical  properties.  Relative  orientation  Is  Included  to 
Indicate  whether  cracks  and  pores  follow  grain  boundaries  or  are  oriented  along  crystal¬ 
lographic  planes  In  grains. 

With  respect  to  surface  characterization,  topography  Includes  mlcrofussures,  notches  and 
blebs  as  well  as  gross  comers  and  curvatures.  Chemistry  of  the  surface  Includes  any 
deviations  from  bulk  compositions  that  may  occur  as  a  result  of  volatilization,  contamina¬ 
tion  or  leaching  during  firing,  finishing  or  use.  Extrinsic  defects  Include  such  factors 
as  blebs.  Inclusions  and  Isolated  massive  grains. 

The  approach  to  characterization  which  was  adopted  at  the  meeting  reported  In  Refer¬ 
ence  5'28  was  different  from  that  described  above.  The  London  meeting  was  arranged  to 
examine  a  number  of  fundamental  questions  relating  to  brittle  material  design,  specific¬ 
ally  as  a  basis  for  this  handbook.  In  approaching  the  subject  of  material  characterization 
the  objective  was  to  establish,  as  a  guide  to  designers,  the  minimum  level  of  characteriza¬ 
tion  necessary.  This  Is  specified.  In  Reference  5.28,  as  follows: 

Chemical  composition  (including  all  Impurities  of  IJf  concentration  or  greater). 

Sizes,  shapes  and  distribution  of  grains  and  pores. 

Identity  of  phases  other  than  the  principal  phase. 

Surface  finish. 

Details  of  the  processing  method. 

Two  other  related  points  were  established  In  the  conclusions  of  Reference  5*28.  The  first 
was  that  considerable  Improvement  In  material  reproducibility  can  be  obtained  by  advising 
the  material  producer  of  the  above  characteristics  and  particularly  bringing  to  his  atten¬ 
tion  any  changes  that  occur  In  these  characteristics.  The  second  point  was  the  difficulty 
of  making  large  components  with  exactly  the  same  characteristics  as  small  test  specimens 
and  It  was  suggested  that  consideration  should  be  given  to  obtaining  the  small  test 
specimens  required  for  material  property  determination,  from  large  pieces  of  material. 

Neither  of  the  above  references  indicates  a  requirement  for  characterizing  the  starting 
powders  from  which  the  ceramic  materials  are  made  although  there  are  opinions  that  this 
is  Important,  too.  Characterization  should  Include  chemistry.  Including  elemental 
composition.  Impurities  and  trace  elements,  particle  size  distribution,  and  particle 
shape.  Furthermore,  density  Is  not  specifically  mentioned  in  either  reference,  except 
that  It  Is  related  to  porosity,  but  there  Is  no  doubt  that  density  and  density  distribu¬ 
tion  are  Important  parameters  with  respect  to  stiffness  and  strength. 

"’he  view  of  characterization  presented  above  does  not  distinguish  between  the  different 
functions  of  a)  establishing  the  material  composition  and  processing  to  develop  the 
required  properties  In  laboratory  specimens  and  samples,  b)  scaling  up  the  processing 
technique  so  that  the  same  material  characteristics  and  properties  can  be  achieved  In 
full  sized  hardware  of  complex  practical  shapes  and  c)  ensuring  that  the  characteristics 
and  properties  are  reproduced  In  each  and  every  piece  of  hardware. 

Item  a)  Is  limited  by  Insufficient  knowledge  of  the  relationships  between  material 
characteristics  and  the  resulting  material  properties.  Much  of  the  available  Information 
has  been  presented  In  Section  5-2  and  In  view  of  its  limitations  It  must  be  combined  with 
considerable  Judgment  and  experience,  and  trial  and  error  experimentation  to  establish 
the  required  characteristics.  Since  destructive  testing  Is  possible,  however.  It  Is 
possible  to  make  measurements  of  most  of  the  characteristics  specified  In  Figure  5*4  and 
hence  to  verify  that  the  required  values  or  ranges  of  values  have  been  attained.  Methods 
of  measuring  these  characteristics  are  of  Interest  to  the  designer  chiefly  with  respect 
to  the  accuracies  obtainable,  since  these  control  the  tolerance  limits  to  be  used  In  the 
specification  of  values.  A  good  summary  of  measurement  and  Inspection  methods  together 
with  accuracy  limits  Is  given  In  Reference  5.29,  and  further  discussion  of  measurement 
methods  from  the  point  of  view  of  material  characterization.  Is  given  In  References  5-30 
and  5.31- 
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Scaling  up  of  material  processing  to  produce  structural  components  with  the  same 
characteristics  and  properties  (recognizing  the  significance  of  Increased  volume  on  the 
variability  of  properties)  as  were  obtained  In  laboratory  specimens,  (Item  b)  la  also 
very  much  a  matter  of  experience  and  trial  and  error  experimentation,  but  again  the 
resulting  characteristics  can  be  readily  checked  because  destructive  Inspection  Is 
possible.  The  discussion  above,  with  respect  to  Item  a,  applies. 

Ensuring  that  the  required  characteristics,  and  hence  properties  are  reproduced,  within 
specified  limits.  In  each  structural  component  is  much  more  difficult  because  It  must 
depend  heavily  on  nondestructive  Inspection.  These  techniques  are  quite  limited, 
particularly  with  respect  to  the  measurement  of  material  structure  and  defects.  Important 
characteristics  affecting  strength. 

Three  Important  nondestructive  techniques  for  defect  examination  are  ultrasonics.  X-ray, 
and  dye  penetrant. 

The  detection  of  flaws  by  ultrasonics  involves  the  propagation  of  acoustic  energy  within 
the  material  and  the  detection  of  either  the  reflected  or  attenuated  wave  after  It  has 
encountered  material  anomalies.  Fractures,  voids  and  cracks  present  solid  to  gas  inter¬ 
faces  with  grossly  different  acoustic  properties  and  acoustic  energy  Impinging  on  such 
surfaces  Is  reflected  almost  entirely.  Similar  effects  occur  at  Inclusions  of  foreign 
material.  Ultrasonic  testing  is  a  compromise,  based  on  the  acoustic  properties  of  the 
material  since  although  resolution  Increases  with  acoustic  frequency  so  also  does  the 
scatter  and  attenuation  of  the  signal . 

There  is  very  little  data  In  the  literature  to  Indicate  the  type  and  size  of  flaws  that 
can  be  detected  In  ceramic  materials.  Reference  5*32  is  concerned  with  graphite  and 
Indicates  rather  large  discontinuities  of  3/8  to  1/2  sq.  Inches  In  area,  as  the  limit  of 
resolution.  Ultrasonic  inspection  of  graphite  and  zirconium  carbide  is  reported  In 
Reference  5*29  but  no  Indication  la  given  of  the  ability  of  the  techniques  to  detect  flaws. 

Radiographic  techniques  Including  X-ray,  gamma-ray  and  neutron  sources  can  be  used  with 
radiation  counters,  fluorescent  screens  and  photographic  film  to  examine  the  Internal 
features  of  ceramic  materials.  Density  variations  can  be  detected  and  voids  as  small  as 
1  to  2%  of  the  product  thickness  (Referenct:  5.29)  can  be  seen.  Unfortunately,  the 
Identification  of  cracks  by  radiographic  techniques  is  difficult.  If  the  X-ray  beam 
passes  across  the  crack  from  one  face  to  the  other,  there  Is  virtually  no  attenuation 
of  the  beam  Intensity  and  therefore  no  Indication.  If  the  beam  Is  aligned  perfectly 
parallel  with  the  crack  sides,  an  Indication  Is  possible  but  In  most  cases  cracks  will 
be  too  tight  for  a  very  obvious  Indication.  In  these  cases  the  detection  of  cracks  will 
require  very  careful  examination  of  X-rays  ttdcen  from  many  different  angles  and  even  then 
In  most  cases  It  will  not  be  clear  whether  In  fact  the  indications  are  cracks.  Nothing 
has  been  found  in  the  literature  to  Indicate  the  minimum  size  of  cracks  which  it  is 
possible  to  detect  In  ceramic  materials,  with  radiographic  techniques. 

Another  approach  to  the  detection  of  defects  Is  the  use  of  liquid  penetrants  employing 
visual  dye,  fluorescent  dye  or  filtered  particles.  These  techniques  are  generally  good 
for  high  density  materials,  porous  materials  producing  Indications  which  are  difficult 
to  Interpret.  The  techniques  are  quite  sensitive  and  cracks  not  otherwise  detectable 
visually  are  made  evident,  however  these  techniques  are  restricted  to  surface  defects. 

These  nondestructive  Inspection  techniques  will  not  measure  material  structure  and  will 
give  only  relatively  gross  Indications  of  defects.  Accordingly,  two  other  methods  of 
assessing  the  characteristics  of  the  material  In  finished  products  have  been  attempted. 

The  first  of  these  Is  reported  in  References  5-30  and  5.31  In  which  attempts  were  made 
to  correlate  mechanical  properties  with  the  results  of  ultrasonic  and  radiographic 
Inspection  without  specifically  Identifying  defects  or  attempting  to  correlate  defects 
with  their  effect  on  strength.  Radiographics  were  examined,  for  Instance,  with  respect 
to  density  variations.  The  local  density  variations  appeared  to  be  related  to  the 
severity  of  Internal  microcracking  which  was  controlling  the  strength  of  the  material. 

The  presence  of  the  mlcrocracks  also  tended  to  scatter  ultrasonic  energy  thus  providing 
a  record  which  could  be  related  to  strength.  Some  correlation  was  obtained,  by  these 
methods,  between  material  strength  and  the  ultrasonic  and  radiographic  records,  but  the 
correlation  was  not  very  strong  and  there  is  no  Indication  that  the  procedure  could  be 
used  effectively  with  every  ceramic  material. 

The  second  method,  which  Is  reported  In  References  5.32  and  5-33  and  described  In 
References  5.29,  attempted  to  obtain  direct  correlation  betw  n  modulus  of  elasticity 
and  strength,  and  a  number  of  nondestructive  Inspection  observations.  The  principal 
measurements  were  longitudinal  wave  velocity,  which  was  measured  acoustically,  and 
electrical  resistivity.  Both  measurements  can  be  made  nondestructlvely  and  locally  at 
any  point  on  a  completed  component.  The  references  quoted  showed  good  correlation 
between  the  measurements  and  modulus  of  elasticity,  density,  and  ultimate  tensile 
strength . 

None  of  the  methods  described  above  are  particularly  satisfactory  for  the  purpose  of 
ensuring  that  the  mechanical  properties  of  ceramic  materials  are  consistently  reproduced 
from  one  component  to  the  next  and  In  all  ;  irts  of  each  component.  However,  the  desired 
results  can  be  obtained  reasonably  well  by  a  combination  of  approaches.  Assuming  that 
the  material  can  be  well  characterized  and  the  process  well  defined  during  development, 
using  destructive  Inspection  methods  where  necessary,  the  following  procedure  for  ensur¬ 
ing  reproducibility  of  finished  components  is  recommended: 


a)  Characterize  starting  powders. 

b)  Control  the  processing  very  closely. 

c)  During  the  material  and  process  development  evolve  characteristic  NDT 
responses  using  radiographic  and  ultrasonic  methods,  and  do  this  for  each 
major  step  In  the  processing.  For  Instance,  typical  records  should  be 
obtained  for  Important  regions  of  the  component  In  the  green  state  before 
firing,  after  firing,  and  after  finish  machining.  During  development  these 
responses  can  be  correlated,  to  some  degree,  with  the  mechanical  performance 
of  the  finished  product.  To  do  this  effectively,  however,  a  sufficient 
number  of  components  must  be  fabricated  that  "worst  cases",  as  determined  by 
NDT,  can  be  selected  for  mechanical  testing. 

d)  Use  the  characteristic  NDT  responses  developed  above  In  conjunction  with  NDT 
measurements  made  on  each  component  at  each  stage  of  the  process,  to  reject 
unacceptable  co.mponents  as  early  as  possible  before  expensive  subsequent 
processing  steps  are  undertaken. 

e)  Supplement  (d)  above  with  random  sampling  and  destructive  testing  and 
characterization  by  destructive  inspection  methods. 

f)  Use  destructive  Inspection  methods  and  destructive  testing  under  representative 
loading  conditions  on  samples  selected  from  the  finished  components. 

g)  Conduct  proof  tests  on  all  finished  parts.  Such  proof  tests  need  not  precisely 
simulate  the  loading  and  stress  distributions  developed  during  operation  since 
the  methods  given  In  Section  3  can  be  used  to  assess  the  reliability  of  a 
component  under  operating  conditions  from  a  proof  test  conducted  under  some 
convenient  loading  condition. 

To  use  all  of  the  above  methods  In  combination  will  frequently  be  expensive,  and 
some  trade-off  will  be  required  between  a)  Inspection  costs,  proof  testing  costs  and 
fabrication  costs,  and  b)  the  weight  benefits  which  will  result  from  the  Increased 
working  stress  levels  which  can  be  reliably  used  as  a  more  comprehensive  Inspection 
is  made. 

All  of  the  above  Is  given  In  general  terms  with  very  little  quantitative  Information 
to  aid  the  practical  designer.  This  situation  reflects  the  current  state  of  the  art 
and  the  almost  complete  lack  of  experience  with  the  production  and  use  in  quantity, 
of  high  strength  ceramic  structural  components. 
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FiS.S.I  Comparinon  uf  failure  criteria  for  brittle  materials 
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FIGURE  5.^  CHARACTERIZATION  OF  CERAMICS 


(Taken  from  Reference  5-29) 
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6.  DESIGN  CRITERIA 


6.1  INTRODUCTION 

The  term  criteria  Is  used  with  various  meanings  throughout  the  aerospace  community  so 
that  some  definition  of  the  tenrii  as  used  In  this  Handbook:,  Is  first  necessary.  It  Is 
used  here  to  Include  (a)  the  specification  of  the  condltlot.s  which  must  be  considered  In 
the  design  of  a  structural  component,  (b)  the  required  levels  of  strength  and  Htlffness 
under  these  conditions,  and  (c)  the  requirements  fur  demonstrating  that  the  criteria 
have  been  met. 

Ideally  It  should  be  possible  to  limit  criteria  to  only  these  considerations,  so  that 
the  manner  In  which  the  structure  Is  designed,  the  methods  used,  the  sour'^es  of  data, 
etc.,  should  not  be  considered  In  the  criteria.  In  practice,  however.  It  Is  not  economic¬ 
ally  feasible,  with  complex  vehicles,  to  wait  until  ground  and  flight  testing  of  the 
complete  vehicle  reveals  poor  design  practice.  Everything  must  be  done,  at  the  ecrlleet 
possible  stage  of  design,  to  ensure  that  the  best  current  practice  Is  being  followed. 
Accordingly,  It  Is  quite  common  to  Include  In  criteria  those  aspects  of  design  philosophy 
which  are  significant  with  respect  to  structural  Integrity  and  In  some  cases  to  also 
specify  design  practices  end  analysis  methods.  For  Instance,  the  level  of  factor  of 
safety  selected  may  be  dependent  on  the  methods  of  analysis  used.  In  which  case  the 
criteria  must  consider  both.  The  objective  Is  usually  to  ensure  that  the  criteria 
reflects  all  previous  experience  with  respect  to  the  recognition  of  potential  modes  of 
failure,  and  this  frequently  requires  more  than  the  Items  mentioned  In  the  first  para¬ 
graph.  At  the  same  time,  designers  should  not  be  unnecessarily  constrained  and  Innovation 
should  not  be  stifled. 

It  Is  necessary  to  consider  the  subject  of  dsslgn  criteria  In  conjunction  with  brittle 
material  design  since  there  are  some  slfyilfldant  changes  necessary  from  airframe  and 
space  vehicle  criteria  as  typically  developed  for  metallic  structures.  The  principal 
reason  for  this  change  Is  the  need  to  recognize  the  probabilistic  nature  of  material 
strength  properties,  which  makes  It  necessary  to  at  least  consider  whether  all  of  the 
criteria  should  be  treated  on  a  probabilistic  basis. 

With  the  conventional  approach  to  criteria,  material  variability  Is,  In  fact,  considered 
and  typically  99%  failure  probability  levels  are  defined  as  a  basis  for  selecting  material 
allowables.  These  allowables  are  then  used  with  ultimate  loads,  which  are  limit  loads 
multiplied  by  a  factor  of  safety.  Limit  loads  are  the  maximum  loads  expected  In  service. 
Thus  to  some  degree  at  least,  probabilistic  methods  are  used  In  the  conventional  treatment 
of  airframes  and  a  finite  probability  of  failure  under  ultimate  loads  is  accepted.  How¬ 
ever,  the  characteristic  strength  distribution  curve  for  metals  Is  such  that  the  prob¬ 
ability  of  material  failure  under  stresses  from  limit  loads  Is  essentially  zero.  The 
combination  of  this  characteristic,  together  with  ground  testing  to  verify  the  design, 
flight  testing  to  verify  loads  and  load  distributions,  and  operational  restrictions 
based  on  the  demonstrated  strength.  Is  Intended  to  ensure  a  zero  probability  of  failure, 
for  the  structure.  In  service.  Only  very  Infrequently,  usuailly  when  some  new  vehicle 
characteristics  lead  to  a  new  and  unexpected  structural  failure  mode,  is  this  requirement 
not  met. 

However,  If  materials  of  wide  strength  variability,  such  as  ceramics,  are  used  with  the 
conventional  deterministic  approach  to  criteria,  the  structure  may  not  have  a  zero  prob¬ 
ability  of  failure  under  limit  loads.  To  many  Individuals,  and  for  some  applications, 
this  Is  not  acceptable.  Where  It  Is  acceptable,  then  the  question  of  an  acceptable  value 
for  failure  probability  arises,  since  there  Is  nothing  In  current  practice  to  establish 
a  precedent. 

Current  crlterii  practice  also  begins  to  break  down  for  vehicles  where  significant 
aerodynamic  heating  effects  are  present  because  It  is  no  longer  possible  to  define  the 
airframe  strength  with  a  single  number  such  as  a  load  factor.  Many  parameters  are 
Involved  and  rational  combinations  of  these  parameters  are  necessary  to  produce  meaning¬ 
ful  design  conditions.  The  Introduction  of  arbitrary  factors  of  safety  on  some  or  all 
of  these  parameters  leads  to  Irrational  and  inconsistent  situations;  and  again  the  answer 
lies,  ultimately,  In  the  direction  of  probabilistic  methods.  While  this  Is  becoming  a 
problem  with  all  high  speed  vehicles.  It  Is  particularly  Important  when  brittle  ceramic 
materials  are  used  since  the  applications  for  these  materials  will  6G.mo8t  always  Involve 
very  high  temperatures,  with  all  of  the  associated  effects.  For  these  reasons,  therefore, 
consideration  must  be  given  to  criteria  in  this  Handbook. 

If  the  criteria  Is  to  be  approached  probabilistically,  It  is  desirable  tc  be  able  to 
specify  the  allowable  overall  failure  probability  of  the  structure,  considering  all  of 
the  various  loads  and  load  repetitions  sutd  their  probability  of  occurrence,  the  associated 
temperature  effects,  and  the  variable  material  suid  structural  response  characteristics 
under  the  spatial  and  time  varying  stresses  from  these  conditions.  In  addition  the 
reliability  of  analysis  and  test  methods  and  of  experimentally  determined  data  should  be 
included  and  all  of  these  considerations  should  be  combined  Into  en  overall  probability 
of  failure  value. 

The  Ideal  situation  Is  never  attained  In  current  practice.  The  principal  reason  Is 
the  vast  amount  of  statistical  data  and  computational  effort  that  would  be  required. 

This  becomes  economically  Impractical,  particularly  since  much  of  the  data  requires 
extensive  full  scale  ground  and  flight  testing.  Even  If  It  were  considered  worth  the 
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cost,  the  task  cannot  be  completed  until  a  number  of  vehicles  have  been  flovm  extensively 
to  gather  data,  and  obviously,  in  this  case,  the  results  are  available  too  late  to 
Influence  the  design. 

At  best  the  probabilistic  method  Is  applied  only  to  some  elements  of  the  total  assess¬ 
ment  of  structural  Integrity.  Tne  specification  of  material  allowables,  on  this  basic, 
has  already  been  mentioned.  Probabilistic  loads  are  used  for  some  of  the  environmental 
Induced  conditions  for  sp^ce  vehicles.  Probabilistic  strength  characteristics  and  prob¬ 
abilistic  loads  hut^ever,  are  never  combined  in  a  statement  of  structural  failure  prob¬ 
ability,  and  analysis  and  test  data  (other  than  material  properties)  Is  never  treated 
statistically. 

Currently,  the  loads  arising  from  the  various  design  conditions  are  treated  partly 
deterministically  and  partly  probabilistically.  Deterministic  methods  were  used  In  the 
early  days  of  airfraxie  design  when  relatively  simple  descriptions  of  the  overall  loads 
and  strength  levels  were  sufficient.  They  have  been  retained  because  they  are  simple  to 
use,  they  are  particularly  convenient  for  initial  design  woiic  when  extensive  knowledge 
of  the  structure  and  the  vehicle  are  not  available,  they  provide  a  simple  means  for 
establishing  contractual  requirements  during  procurement,  and  they  provide  a  simple 
framework  for  the  establishment  of  operational  limitations.  They  also  permit  responsi¬ 
bility  to  be  assigned  in  the  event  of  a  catastrophy,  since  it  can  usually  be  established 
whether  the  airframe  failed  to  meet  its  strength  requirements  (contractor  responsibility) 
or  whether  it  was  operated  beyond  the  established  limits  (operator  responsibility). 

Probabilistic  methods  of  defining  loads  have  none  of  these  features.  Such  loads  cannot 
be  determined  until  a  large  amount  of  infoimation  is  available  on  the  structure,  the 
vehicle  and  its  mission.  Even  then  the  computational  work  is  of  enormous  magnitude, 
furthermore,  it  is  Impractical  to  demonstrate  the  structural  reliability  by  test,  or  to 
establish  probabilistic  loads  by  flight  testing,  so  that  many  of  the  features  of  the 
deterministic  approach  are  lost. 

The  deterministic  approach  currently  predominates  for  conventional  aircraft  while 
probabilistic  methods  are  more  extensively  used  in  space  vehicle  design.  However, 
deterministic  methods  become  somewhat  Inconsistent  and  arbitrary  when  the  thermal  effects 
of  high  speed  flight  are  important  and  no  really  good  criteria  have  yet  been  evolved. 

Deterministic  methods  of  load  specification  also  involve  the  use  of  safety  factors,  and 
although  these  factors  are  arbitrary  and  are  often  used  inconsistently  with  respect  to 
thermal  effects,  their  use  is  part  of  the  level  of  structural  integrity  which  experience 
has  shown  to  be  satisfactory.  Any  proposed  changes  in  criteria  must  therefore  recognize 
existing  safety  factor  practices.  Perhaps  of  most  Importance  with  deterministic  methods, 
however,  is  the  large  amount  of  successful  experience  which  has  been  accumulated  and  the 
large  numbers  of  structural  engineers  who  are  thoroughly  familiar  with  their  use. 

In  this  Section  the  approach  to  be  talten  to  criteria  for  structures  or  components 
fabricated  from  brittle  materials  is  to  emphasize  probabilistic  methods,  but  to  continue 
with  the  separation  of  l^ad  and  strength  considerations.  Any  efforts  to  change  existing 
load  specification  and  determination  practices  is  well  beyond  the  scope  of  this  Handbook 
although  some  discussion  and  description  of  these  practices  will  be  given  since  they  are 
an  Important  part  of  structural  integrity. 

Emphasis  will  then  be  placed  on  the  strength  aspects  of  criteria,  such  as  the  selection 
of  material  allowables,  factors  of  safety,  etc.,  and  recommended  criteria  practices  will 
be  given.  The  objective  will  be  to  maintain  the  same  strength  and  integrity  levels  as 
have  been  shown  satisfactory  in  the  past.  In  addition  an  attempt  will  be  made  to 
establish  criteria  with  respect  to  thermal  effects,  in  view  of  their  probable  Importance 
to  "ceramic"  stn^ctures. 

It  must  be  emphasized  that  this  Section  presents  only  suggestions  and  recommendations 
for  criteria  for  structures  fabricated  from  brittle  materials.  There  is  currently  a 
complete  lack  of  information,  in  the  literature,  which  can  be  used  to  verify  or  confirm 
these  suggestions,  nor  was  there  any  opportunity,  during  the  preparation  of  this  material, 
to  conduct  verification  experiments.  So  far  as  possible  the  assumptions  upon  which  the 
recommendations  are  based  are  clearly  stated,  and  their  experimental  verification  Is  the 
first  step  in  establishing  criteria. 

6.2  CURRENT  CRITERIA  PRACTICE 
6.2.1  Desi^Ti  Conditions 

a)  Manned  Aircraft 

The  principal  loading  conditions  which  design  the  primary  structure  of 
conventional  manned  aircraft  are  maneuvers,  gust,  landing  and  take-off. 

In  all  currenv,  aircraft  criteria  (References  6.1,  6.2  and  6.3),  maneuvering 
loads  are  treated  as  deteiTnlnlstlc  by  specifying  an  envelope  of  lord  factor  against 
velocity.  Wliere  they  are  not  limited  by  vehicle  performance  capability  these  load  factors 
are,  in  fact,  deteralned  from  statistical  data  accumulated  over  many  years  of  actual 
flight  operations  with  vehicles,  not  necessarily  similar,  but  performing  similar  missions. 
Thus  the  detcnnlr.istlc  method  of  load  specification  has  its  roots  in  statistics  and. 
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although  not  stated  expllcltlyi  a  certain  non-exceedence  probability  level  Is  Implied. 

The  specification  of  a  load  factor  level  Instead  of  a  non-exceedence  probability  level 
is  a  very  simplified  approach  In  which  the  only  parameter  considered  Is  the  broad  classi¬ 
fication  of  the  airplane  by  its  function.  For  large  complex  vehicles  a  more  rational 
examination  of  design  load  factors  Is  frequently  made  at  a  later  stage  In  the  design  by 
conducting  simulator  studies.  If  the  load  factors  upon  which  the  design  was  originally 
based  are  found  to  be  too  low,  the  airframe  will  necessarily  be  modified,  and  quite 
frequently  only  localized  detail  changes  will  be  found  necessary.  If  the  original  load 
factors  are  too  large,  however.  It  will  rarely  be  convenient  to  benefit  from  the  ponten- 
tlal  weight  reductions  because  weight  saving  necessarily  Implies  redesign  over  large 
areas  of  structure. 

Oenei-ally  the  Important  maneuver  design  conditions  will  involve  transient 
effects  such  as  the  pitching  and  rolling  accelerations  and  velocities  required  to  achieve 
maneuver  attitude  and  to  recover  from  the  maneuver.  Again  the  appropriate  design  para¬ 
meters  are  selected  from  past  statistical  records,  with  a  great  deal  of  engineering 
Judgment,  and  a  minimum  consideration  of  the  characteristics  of  the  vehicle  being  designed. 

Permitting  the  pilot  to  fly  to  the  boundary  of  the  maneuver  envelope  Implies 
a  relatively  high  probability  of  limit  load  occurrence,  and  although  limit  loads  are 
usually  Intended  to  be  the  maximum  loads  experienced  In  service  this  situation  must  be 
expected  to  lead  to  a  finite  probability  of  limit  load  exceedence.  For  example,  in 
fighter  aircraft  the  pilot  Is  not  likely  to  be  considering  the  airframe  Vn  diagram  during 
combat  operations;  In  training  aircraft  Inadvertent  exceedence  Is  likely,  and  In  commer¬ 
cial  aircraft  there  may  be  rare  emergency  situations  In  which  the  pilot  Is  not  able  to 
remain  within  the  design  boundaries.  Ihese  situations  are  covered,  quite  unscientifically, 
by  safety  factors,  a  subject  to  be  discussed  later.  Safety  factors,  however,  may  cover 
other  considerations  than  limit  load  exceedence. 

For  fatigue  considerations  the  question  of  repeated  maneuvers  at  different 
levels,  which  again  should  be  treated  on  a  probability  basis,  is  reduced  to  a  deterministic 
form  by  specifying  'blocks*  of  loads  at  various  levels.  The  number  of  load  repetitions 
at  various  fractions  of  the  design  limit  load  factor,  which  Is  presently  the  way  the 
repeated  load  criteria  Is  formulated  for  military  aircraft  (Reference  6.4),  Is  presumably 
based  on  statistical  data.  However,  specifying  the  requirements  as  mentioned  above  and 
relating  these  requirements  only  to  the  class  of  aircraft,  again  represents  a  very 
approximate  method  of  determining  the  design  loads  from  statistical  data. 

For  both  military  and  commercial  aircraft  (Reference  6.2,  6.3),  gusts  are 
treated  deterministically.  In  the  establishment  of  limit  loads,  by  considering  discrete 
sharp  edged  gusts,  with  correction  factors  for  aircraft  response.  In  addition. 

Reference  6.3  specifier  gust  shape.  Again,  the  specified  gust  velocities  are  selected 
from  large  amounts  of  statistical  data  and  there  Is  Implied  a  non-exceedence  probability 
level,  although  Its  value  Is  not  known.  For  repeated  loads  and  fatigue  considerations 
military  criteria  require  a  probabilistic  treatment  of  gusts  by  specifying  a  power  spectral 
density.  This  is  In  contrast  with  the  treatment  of  repeated  maneuver  loads  described 
above.  Commercial  aircraft  criteria  are  not  specific  about  the  manner  In  which  repeated 
gust  loads  should  be  treated,  but  current  practice,  for  large  vehicles.  Involves  the 
probabilistic,  power  spectral  density  methods. 

Landing  loads  are  else  probabilistic  In  nature,  particularly  since  the  pilot 
has  no  direct  measure  of  sink  speed  at  the  moment  of  touchdown,  but  In  current  criteria 
the  situation  Is  treated  deterministically  by  specifying  maximum  sink  speed.  Again  these 
values  have  been  determined  from  the  accumulation  of  statistical  data  on  many  different 
aircraft  so  that  the  current  criteria  agedn  represent  a  simplified  but  convenient  reduc¬ 
tion  of  probabilistic  drta  to  deterministic  design  conditions.  Again,  in  many  cases, 
slmllator  studies  will  be  made  when  the  design  has  proceeded  sufficiently  and  again  If 
the  initial  design  values  have  proven  unsatisfactory  the  costs  of  changes  can  be  large. 

Take-off  conditions  are  also  treated  deterministically.  In  current  criteria, 
by  specifying  load  factors  but  more  recently  the  probabilistic  treatment  of  the  repeated 
loads  produced  by  runway  roughness  has  become  the  practice.  Tlae  situation  parallels  the 
treatment  of  gusts  where  the  repeated  loads  determined  probabilistically  are  principally 
used  for  the  fatigue  analysis  of  the  structure. 

For  supersonic  aircraft  present  criteria  requirements  with  respect  to  heat¬ 
ing  £  ''...’.ts  are  quite  general,  with  both  military  and  ccmmerclal  criteria  requiring 
only  that  such  effects  be  considered  (References  6.1,  6.10).  Revisions  to  the  military 
specifications  are  under  consideration,  and  although  these  have  not  yet  been  published 
there  are  Indications  that  discrete  deterministic  design  conditions  will  be  retained  In 
order  to  utilize  existing  maneuver  load  and  gust  criteria.  Design  trajectories  will 
probably  be  used  to  establish  discrete  design  conditions  In  which  load  and  thermal 
effects  are  combined.  Trajectories  most  likely  to  result  In  (a)  material  strength 
reductions,  (b)  development  of  substantial  thermal  stresses  and  (c)  development  of 
substantial  mechsunlcal  stresses  will  be  reqxiired,  but  It  will  be  recognized  that  the 
maxlmums  of  each  of  these  effects  will  not  alwe^s  occur  along  the  same  trajectory  and 
that  the  worst  combination  may  be  some  other  trajectory.  No  consideration  will  be  given 
to  the  probability  of  occurrence  of  these  various  design  trajectories  or  to  any  of  the 
Important  parameters  which  define  these  trajectories. 

For  life  decign  conditions  typical  mission  profiles  will  be  used  to  establish 
thermal  effects  since  It  Is  recognized  that  every  flight  will  not  Involve  a  critical 
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design  trajectory.  No  conditions  are  Imposed  on  the  relationship  between  design  tra¬ 
jectories  and  mission  profiles,  but  the  need  to  consider  the  time  Involved  In  each 
maneuver,  because  of  the  transient  thermal  effects.  Is  recognized  and  quantitative  data 
Is  given. 

b)  Space  Vehicles 

For  most  spac'j  vehicles,  whether  manned  or  unmanned,  launch  and  ascent  provide 
the  most  Important  structural  design  conditions.  Vfhile  the  heating  effects  during  re¬ 
entry  of  recoverable  vehicles  may  be  critical  also  for  the  re-entry  structure,  neverthe¬ 
less  the  majority  of  the  airframe  weight  will  be  designed  by  launch  and  ascent.  During 
launch  and  ascent  the  Important  loads  arise  from  (a)  environmental  effects  such  as  winds, 
atmospheric  turbulence,  gusts,  wind  shears,  etc.;  (b)  engine  thrust  loads  Including 
transients  during  engj  ae  start  and  cutoff  and  Including  the  load  components  resulting 
from  engine  glmballlng  for  control  purposes;  (c)  aerodynamic  loads  due  to  vehicle  angle 
of  attack  and  changes  In  angle  of  attack;  (d)  loads  produced  by  the  relatively  large 
volumes  of  liquid  propellants.  Including  both  steady  state  Inertial  loads  and  dynamic 
loads  due  to  fluid  motion;  (e)  dynamic  effects  resulting  from  coupling  and  interactions 
between  all  of  the  above  and  the  structure.  The  probabilistic  treatment  of  loads  Is  used 
more  extensively  for  space  vehicles  than  for  conventional  aircraft,  but  at  the  present 
time  the  treatment  Is  still  Incomplete  and  contains  some  Inconsistencies. 

A  large  amount  of  statistical  data  has  been  gathered  on  the  atmospheric 
environments  at  space  vehicle  launch  sites.  Consequently,  winds,  gusts,  turbulence,  etc. 
are  treated  probabilistically  to  the  extent  that  the  environmental  conditions  are  selected 
based  on  a  specified  non-exceedence  probability  level.  However,  having  selected  the 
Individual  wind,  gust  and  turbulence  conditions,  these  are  generally  combined  Into  a 
synthetic  wind  profile  tidilch  Is  then  used  to  determine  specific  critical  load  conditions 
In  a  deterministic  manner. 

To  determine  aerodynamic  loads,  dispersed  trajectories  are  used  In  which  the 
dispersions  reflect  probable  variations  in  guidance  and  control  equipment  and  any  other 
factors  which  control  the  trajectory.  Similarly,  performance  variability  Is  considered 
to  a  specified  probability  level  In  determining  engine  thrust  and  the  associated  tran¬ 
sients,  load  components,  etc.  VDien  all  of  these  loads  are  combined,  however,  to  determine 
the  critical  bending  moments,  axial  loads,  etc.  at  each  station,  they  are  generally  treated 
deterministically  and  combined  by  simple  superposition. 

6.2.2  Design  Methods 

In  order  to  follow  a  structural  design  procedure  entirely  based  on  the  recognition  of 
the  statistical  basis  for  all  aspects  of  the  design.  It  Is  necessary  to  recognize  also 
the  statistical  nature  of  edl  of  the  design  data  which  Is  used  to  predict  the  structural 
response  to  the  prescribed  deslsi  loads.  Such  data  Includes  physical  and  mechanical 
material  characteristics,  aerodynamic  characteristics  for  describing  total  aerodynamic 
forces  and  pressure  distributions,  and  all  of  the  experimentally  determined  physical 
data  Involved  In  predicting  external  and  Internal  heat  transfer  and  the  resulting 
temperatures.  All  of  this  data  will  normally  show  variability,  either  Inherently  In 
the  properties  being  determined  as  In  the  case  of  the  mechanical  properties  of  materials, 
or  as  a  result  of  variabilities  In  test  technique.  Instrumentation,  test  facilities 
performance,  etc. 

A  similar  variability  Is  Implied  In  theoretical  methods  used  to  predict  structural 
response,  to  the  extent  that  all  such  methods  have  been  verified  by  correlation  with 
experimental  data.  Since  this  experimental  data  Is  statistical,  the  accuracy  of  the 
analytical  methods  Is  only  known  to  a  certain  probability  level.  Thus,  all  data  used 
In  predicting  structural  response  to  a  specified  system  of  loads  Is  again  statistical 
In  nature,  and  the  contribution  of  this  variability  to  the  overall  probability  of  failure 
should  be  Included. 

Here  again  current  practice  Is  Inconsistent.  The  establishment  of  material  properties 
Is  generally  treated  statlstjcally  and  the  allowable  properties  to  be  used  for  design  are 
determined  from  experimental  data  by  prescribing  the  acceptable  level  of  probability  that 
the  properties  will  be  exceeded  In  the  actual  structure.  There  is  also  some  recognition 
of  this  situation  with  respect  to  the  methods  and  data  used  to  determine  the  effects  of 
aerodynamic  heating  on  high  speed  vehicles.  Various  methods  are  In  use  for  predicting 
external  heat  transfer  characteristics,  and  these  methods  show  differences  In  results 
and  variability  In  the  correlation  with  experimental  data.  As  a  consequence.  In  the 
discussion  of  criteria  for  high  temperature  structures  It  Is  frequently  proposed  that 
factors  of  conservatism  be  used  on  predicted  heat  transfer  coefficients.  In  this  case, 
there  Is  no  real  attempt  to  statistically  examine  the  scatter  In  experimental  data  but 
only  to  apply  a  rather  arbitrarily  selected  factor  to  the  predicted  values. 

In  all  other  areas  of  technology  Involved  In  the  prediction  of  structural  response  to 
the  design  conditions,  there  Is  no  attempt  In  any  structural  design  criteria  to  treat 
experimental  data  statistically,  or  to  consider  the  accuracy  of  prediction  methods  on  a 
statistical  basis.  For  instance,  statistical  procedures  are  not  generally  followed  in 
reducing  aerodynamic  data  measured  In  wind  tunnel  testing.  The  usual  practice  Is  to  leave 
the  Interpretation  of  experimental  data,  and  the  conservatisms  to  be  added  to  predicted 
values,  to  the  Judgment  of  the  specialists  in  the  various  areas  of  technology.  The  chance 
of  this  practice  leading  to  an  Inadequate  structure  is  not  very  great  since  the  technical 
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speclallets  are  generally  conservative  In  assumptions,  methods  and  experimental  data  as 
used  for  strength  predictions. 

Almost  equally  significant,  however.  In  high  perfcmance  weight  critical  vehicles  Is 
the  fact  that  these  conservatisms  may  be  excessive,  leading  to  overdesign.  The  extent 
to  which  this  situation  exists  In  typical  vehicle  structures  Is  not  generally  known,  since 
many  engineers  are  usually  Involved  In  various  parts  of  the  design  activity,  such  as  the 
determination  of  aerodynamic  pressures,  the  determination  of  heat  transfer  coefficients, 
stress  analysis,  dynamic  analysis,  etc.  Each  applies  his  conservatisms  which.  In  the 
nature  of  a  typical  engineering  orgemlzatlon,  are  usually  cumulative. 

This  problem  Is  not  relieved  by  the  practice  of  structural  testing.  The  testing  of 
full  scale  structures  or  structural  components  will  reveal  the  weakest  point  and  will 
show  whether  this  point  Is  strong  enough  to  meet  the  design  conditions,  but  such  tests 
will  not  generally  show  the  level  of  excessive  strength  throughout  the  remainder  of  the 
structure.  Quite  frequently  ground  testing  will  show  that  even  at  the  weakest  point  the 
structure  Is  much  stronger  than  Is  necessary,  and  frequently  this  Is  the  result  of  the 
accumulation  of  conservatisms  during  the  design.  Usually  however,  at  this  stage  the 
design  work  Is  complete,  tooling  Is  finished  and  a  number  of  production  articles  are  being 
fabricated.  Consequently,  any  large  effort  to  reduce  weight  by  a  redesign  to  eliminate 
the  excess  strength  Is  usually  discouraged.  Some  organizations  anticipate  this  situation 
by  prescribing  artificially  reduced  loads  for  design  purposes  and  though  unscientific 
this  procedure  Is  usually  satisfactory  where  there  Is  considerable  experience  with  similar 
structures  In  similar  applications. 

In  defense  of  the  situation  described  above  It  Is  usual  to  argue  that  the  structural 
criteria  should  not  constrain  the  designer  by  prescribing  particular  methods  of  analysis 
or  particular  experimental  data  with  associated  factors  of  conservatism.  This  oncem  If. 
particularly  valid  in  the  case  of  general  criteria,  such  as  Reference  6.1,  expected  to 
remain  In  use  with  the  minimum  of  revision  for  many  years.  The  problem  Is  not  so  much 
one  of  prescribing  methods  of  analysis,  however,  as  It  Is  one  of  properly  reducing  all 
experimental  data  to  produce  data  for  design  purposes. 

6.2.3  Safety  Factors 

Factors  of  safety  are  customarily  used  to  establish  an  ultimate  load  from  limit  load 
where  the  limit  load  Is  defined  as  the  maximum  load  expected  In  service.  It  Is  usual  to 
require  that  the  structure  suffer  no  degradation  with  respect  to  Its  ability  to  perfom 
Its  functions  when  subjected  to  limit  loads  and  that  It  not  collapse  or  rupture  when 
subjected  to  ultimate  load. 

The  current  values  of  factors  of  safety,  for  example  the  I.5  value  specified  In 
Reference  6.1,  are  quite  arbitrary  and  a  considerable  amount  of  effort  has  been  wasted 
in  trying  to  rationalize  these  arbitrary  factors.  They  apparently  evolved,  at  least  In 
the  U.  S.,  by  choosing  values  of  safety  factor  and  limit  maneuver  load  so  that  previously 
satisfactory  strength  levels  were  retained.  (Reference  6.5).  Subsequently,  some  reduc¬ 
tion  In  safety  factor  level  has  become  acceptable  practice  In  unmanned  systems.  Higher 
risks  are  generally  acceptable  In  unmanned  systems  though  whether  the  reduced  factor  of 
safety  results  In  a  higher  failure  probability  depends  on  the  extent  to  which  the 
selection  of  limit  load  levels  has  been  Influenced  by  the  single  mission,  and  the 
resulting  lower  probability  of  experiencing  extreme  operating  conditions. 

Some  organizations  consider  that  the  safety  factor  covers  variations  In  the  strength 
of  the  fabricated  structures  due  to  processinr  variabilities,  residual  stresses,  etc. 
Others  consider  the  factor  of  safety  to  cover  he  possibility  of  exceeding  limit  load. 

In  the  past  the  factor  of  safety  was  often  suj  1  osed  to  have  covered  the  effect  of  repeated 

loads,  but  the  importance  of  fatigue  In  most  modem  aerospace  structures  has  required 
that  this  subject  be  properly  analyzed  rather  than  burled  In  a  safety  factor. 

When  repeated  loads  are  considered  It  Is  usual  to  apply  the  factor  of  safety  not  to  the 
load  levels  but  to  the  number  of  load  repetitions.  USAF  practice.  Reference  6.6,  applies 

the  factor  of  4  to  the  number  of  load  repetitions,  whereas  the  U.  S.  Navy  applies  a  factor 

of  only  2  but  uses  a  load  spectrum  which  emphasizes  the  high  load  levels.  This  latter 
procedure  is  a  concession  to  the  practical  problem  of  fatigue  testing  of  complete  air¬ 
frames.  It  recognizes  the  large  cost  and  time  Involved  In  simulating  a  realistic  load 
history  and  repeating  this  a  number  of  times,  and  it  attempts  to  produce  an  accelerated 
ground  fatigue  test. 

Again,  there  Is  no  clear  rational  basis  for  applying  a  factor  of  safety  to  the  number 
of  load  cycles.  With  the  exception  of  certain  critical  components  such  as  helicopter 
blades.  It  Is  not  usual  to  retire  ar.  airplane  from  sorvlcu  because  Its  design  life  has 
been  reached.  For  vehicles  from  which  a  long  ser/lce  life  Is  expected  the  use  of  tough 
construction  materials  In  conjunction  with  periodic  Inspection,  frequently  Involving 
quite  sophisticated  methods,  and  with  repair  or  replacement  where  cracks  are  detected. 

Is  the  basis  for  continued  utilization  of  the  vehicle.  Retirement  will  then  result  when 
the  rate  of  degradation  Is  such  that  this  process  becomes  uneconomical. 

With  respect  to  aerodynamic  heating  effects  the  question  of  factors  of  safety  arises 
because  of  the  precedence  established  by  the  use  of  safety  factors  on  loads  and  life. 

Many  parameters  are  Involved  In  determining  all  of  the  effects  which  are  present  under 
aerodynamic  heating  conditions.  Since  these  effects  act  simultaneously  consistent 
values  of  these  parameters  must  be  used  to  avoid  meaningless  margin  of  safety  assessments. 
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The  Introduction  of  arbitrary  factors  of  safety  Into  a  complex  and  otherwise  rational 
analysis  produces  difficulties,  and  no  generally  acceptable  approach  has  yet  evolved.  It 
Is  generally  recognized,  however,  that  factors  applied  to  heat  transfer  coefficients  or 
temperatures  or  thermal  stresses,  etc.  will  each  have  significantly  different  consequences 
and  that  the  significance  of  such  a  factor  will  be  quite  different  from  applying  the  same 
factor  to  load.  There  Is  some  agreement  that  factors  of  safety  should  not  be  applied  to 
temperatures  and  that  factored  stresses  due  to  load  and  unfactored  stresses  due  to 
temperature  gradients,  should  bo  combined .  However,  Uie  Federal  Aviation  Agency  In 
Reference  6.10  requires  a  factor  of  I.25  on  thermal  strains  for  supersonic  commercial 
aircraft,  while  some  recent  l'5AF  considerations  of  criteria  for  high  temperature  airframe 
structures  have  seriously  considered  using  a  factor  of  1.13  on  velocity.  The  latter  Is 
Intended  to  produce  a  more  rational  design  condition  than  the  simple  application  of  a 
factor  to  heat  transfer  coefficient  or  temperature,  and  It  has  some  precedence  In  the 
treatment  of  factors  on  airframe  stiffness  requirements. 

Despite  the  ccnfused  situation  with  respect  to  loads  and  safety  factors.  It  must  be 
recognized  that  the  practice  has  generally  led  to  structures  having  satisfactory  strength 
levels.  Where  limit  loads  are  prescribed  probabilistic  illy,  the  usual  values  are  99^  or 
99.956  which  Implies  a  relatively  high  probability  of  load  occurrence.  Similarly  with 
manned  aircraft,  since  the  pilot  Is  peimltted  to  fly  to  the  load  factors  which  are  used 
to  establish  limit  conditions.  It  can  be  assumed  that  these  conditions  arise  relatively 
frequently.  On  the  other  hand  ultimate  loads  are  permitted  to  develop  stresses  vdilch 
have  a  I56  chance  of  exceeding  material  allowables  so  that  the  chances  of  failure  under 
ultimate  loads  are  relatively  high. 

Evidently,  therefore,  the  typical  I.3  factor  of  safety  has.  In  the  past,  been  sufficient 
to  ensure  either  that  ultlmiite  loads  have  an  extremely  low  probability  of  occurrence  or 
that  the  stress  levels  associated  with  limit  loads  result  In  an  extremely  low  probability 
of  material  failure.  Effectively,  the  factor  of  safety  has  made  It  unnecessary  to  seek 
the  vast  amount  of  statistical  data,  on  both  loads  and  strength,  that  would  be  necessary 
If  the  criteria  were  expressed  as  a  total  failure  probability  of  extremely  low  value.  On 
the  other  hand  the  failure  probability  that  Is  achieved  with  the  factor  of  safety  Is  not 
kiiown  until  large  numbers  of  vehicles  have  been  In  operational  use  for  extended  periods 
of  time.  This  may  be  unimportant  when  a  new  design  Involves  a  small  extrapolation  of 
past  experience  but  with  a  major  change  In  vehicle  configuration,  operating  conditions, 
structural  concept,  or.  materials,  the  situation  may  be  quite  different. 

6.2.4  Qualification  Testing 

It  Is  current  practice  to  qualify  any  airframe  by  ground  testing.  In  which  all  of  the 
critical  conditions  are  Imposed  on  a  full  size  airframe.  In  conjunction  with  flight 
testing  to  measure  loads  and  load  distributions  and  to  demonstrate  structural  Integrity 
at  critical  design  conditions.  Where  this  Is  not  done,  usually  for  economic  reasons 
when  only  very  few  vehicles  are  to  be  built,  either  higher  factors  of  safety  are  used 
by  restricting  the  flight  envelope,  or  an  increased  risk  Is  assumed.  The  latter  is  often 
the  case  with  research  aircraft. 

The  qualification  test  program  Is  thus  an  Integral  part  of  the  assuremce  of  structural 
Integrity.  It  Is  an  element  In  .current  practice  which  has  contributed  to  the  generally 
successful  performance  of  airframes  and  It  must,  as  a  consequence,  be  considered  In  any 
attempt  to  formulate  new  criteria. 

Qualification  testing  serves  two  purposes.  It  verifies  that  the  airframe  has  the 
predicted  strength  under  the  applied  loads  and  environmental  conditions,  and  for  the 
expected  failure  modes.  However,  It  also  verifies  that  other  critical  loading  conditions 
have  not  been  neglected  and  that  failure  modes  have  not  been  missed.  Strength  analysis 
of  structures  requires  a  prior  knowledge  of  potential  failure  modes.  It  does  not  predict 
them.  Imagination,  coupled  with  experience,  con  usually  suggest  what  the  failure  modes 
will  be,  but  there  Is  no  absolute  proof  except  In  test.  For  this  reason  also,  full  scale 
ground  testing  on  the  complete  vehicle  Is  Invariably  used  for  qualification  purposes, 
since  there  can  be  no  absolute  proof  that  scaled  models  or  partial  structures  are  reveal¬ 
ing  every  failure  mode. 

The  typical  ground  test  program  will  Include  two  airframes;  one  Is  exposed  to  each  of 
the  potentially  critical  discrete  flight  conditions,  the  so-called  "static*  test,  while 
the  other  Is  subjected  to  'life*  testing.  Both  test  programs  are  conducted  with  discrete 
loading  conditions;  the  "static"  test  Is  exposed  In  turn  to  each  of  the  critical  limit 
load  conditions;  life  testing  Is  conducted  by  exposing  the  airframe  to  loads  of  various 
levels  and  distributions,  representative  of  various  flight  conditions.  Specific  numbers 
of  load  cycles  at  various  levels  of  load  Intensity  are  applied  to  approximately  represent 
the  distribution  of  load  levels  expected  In  service,  and  loads  of  various  levels  are 
Intermixed  In  sequence,  since  there  may  be  sequence  dependent  fatigue  failure  modes. 
Obviously  the  life  testing  Is  an  approximation  since  load  level  distributions  and  load 
sequences  are  known  only  veiy  approximately  from  statistical  data  on  other,  and  different, 
vehicles.  Also  It  Is  not  practical  to  provide  for  a  large  number  of  different  load 
distributions  simultaneously.  In  the  loading  rig,  and  only  the  most  critical  static 
conditions  are  usually  represented. 

In  the  examination  of  current  criteria  practices.  It  Is  Interesting  to  ask  why  two  test 
articles,  or  why  separate  the  discrete  limit  load  testing  from  the  repeated  load  tests 
since  the  latter  should  Include  the  former.  One  obvious  reason  Is  timing.  Full  scale 
testing  requires  a  great  deal  of  time  during  which  operational  vehicles  must  be  restricted 
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until  it  Is  complete.  Static  testing  takes  much  less  time  than  life  testing  and  when  It 
Is  complete  restrictions  on  the  operation  of  the  vehicle  within  the  flight  envelope  can 
be  removed.  Restrictions  on  vehicle  life,  while  life  testing  Is  being  conducted,  are 
not  significant  since  although  the  testing  takes  considerable  time,  nevertheless  the 
number  of  cycles  can  usually  be  built  up  faster  on  the  test  specimens  than  on  the  vehicle 
In  operational  use.  Thus,  the  practice  is  simply  to  ensure  that  the  life  test  Is  always 
ahead  of  actual  usage  In  terms  of  the  number  of  flight  hours  simulated. 

It  Is  also  evident,  however,  that  the  separation  of  static  and  life  testing,  whether  It 
Is  conducted  with  two  test  specimens  or  one,  reflects  again  the  concept  of  assessing 
airframe  strength  In  terms  of  discrete,  static  load  conditions.  There  Is  some  Justifica¬ 
tion  for  this,  with  typical  metal  structures,  since  the  bulk  of  the  structure  In  terns 
of  weight  of  material  and  the  type  of  construction  used  Is  dictated  by  load  level,  while 
repetitions  of  load  control  very  local  (but  nevertheless  Important)  elements  of  the 
structure,  such  as  Joints,  where  stress  concentrations  predominate. 

It  Is  conceivable  that,  with  equipment  available  today,  ground  testing  could  be  conducted 
on  a  probabilistic  basis.  With  a  loading  rig  arranged  so  that  maneuver,  gust,  landing 
and  other  load  conditions  could  be  applied  by  proper  selection  of  loading  cylinders,  a 
computer  could  be  arranged  to  randomly  select  load  levels  and  sequences  within  a  pro¬ 
grammed  sequence  of  operating  conditions.  For  a  deterministically  designed  vehicle  this 
method  of  testing  would  have  the  disadvantage  that  a  complete  vehicle  life  may  need  to 
be  simulated  before  all  limit  load  conditions  are  applied.  In  fact  some  of  the  conditions 
may  never  be  applied  If  their  probability  of  occurrence  Is  sufficiently  small.  Even  for 
a  probabilistically  designed  airframe  the  time  required  to  demonstrate  the  Integrity  of 
the  airframe  would  be  Impractical ly  large. 

An  equally  Important  part  of  structural  quedlflcatlon  testing  Is  the  flight  test  program, 
which  has  two  parts,  a  flight  load  survey  and  the  structural  testing  in  flight,  to  limit 
conditions.  The  flight  load  survey  Is  a  verification,  principally  by  the  measurement  of 
stresses.  In  flight,  of  the  loads  and  load  distributions  used  In  the  design  and  stress 
analysis.  In  this  respect  It  parallels  the  "static*  test  which  Is  a  verification  of  the 
failure  modes  assumed  and  of  the  predicted  strength  levels  In  each  failure  mode.  The 
structural  flight  testing  Is  a  final  verification  In  which  the  limitations  In  the  ground 
test  program,  such  as  the  localized  application  of  loads,  the  use  of  an  Incomplete 
airframe,  etc.,  are  finally  eliminated. 

Again,  It  la  clear  that  both  aspects  of  structural  flight  testing  must  be  conducted  on 
a  deterministic  basis.  Specific  conditions  must  be  established  for  the  measurement  of 
loads  and  for  the  demonstration  of  structural  Integrity  and  the  aircraft  must  be 
deliberately  flown  to  these  conditions.  To  conduct  a  flight  test  probabilistically 
Implies  flying  until  critical  loads  arise  statistically,  obviously  Impractical  since  it 
may  require  all  of  the  flying  of  all  vehicles  of  the  type. 

The  flight  testing  of  space  vehicles  for  structural  purposes  Is  far  less  common  them  the 
flight  testing  of  conventional  airplanes.  Each  flight  requires  a  vehicle,  and  for 
economic  reasons  each  must  be  used  to  accomplish  a  mission  or  at  least  to  accomplish  a 
large  number  of  system  tests.  Possible  compromise  of  the  mission  or  systems  test  programs 
In  order  to  apply  critical  structural  design  conditions,  either  for  load  measurement  or 
to  verify  structural  Integrity,  will  rarely  be  tolerated.  Similarly,  the  use  of  a  vehicle 
specifically  for  these  purposes  can  rarely  be  Justified  economically. 

This  situation  Is  perhaps  tolerable  with  a  space  vehicle  since  a  greater  risk  of  failure 
Is  usually  acceptable  than  Is  the  case  with  a  vehicle  Intended  for  many  thousands  of  hours 
of  operation.  This  Is  true  even  with  manned  space  vehicles.  It  Is  a  trade-off  between 
the  cost  resulting  from  a  vehicle  failure  and  the  cost  of  Increasing  structural  reliability 
by  structural  flight  testing.  Such  trade-offs  are  probably  not  made  In  fact,  but  only 
as  a  Judgment  by  the  program  management. 

6.2.5  Changes  to  Current  Practice 

From  the  above  discussions  It  appears  premature  to  propose,  as  a  basic  criteria,  that 
an  overall  airframe  failure  probability  be  specified,  since  this  would  require  major 
changes  In  the  approach  to  load  determination  and  to  ground  and  flight  testing  concepts, 
particularly  for  manned  aircraft.  Such  a  development  Is  beyond  the  scope  of  this 
Handbook,  which  Is  concerned  only  with  differences  In  design  practice  due  to  the  use 
of  brittle  materials.  Broad  use  of  the  probabilistic  method  Is  not  peculiar  to  brittle 
material  structures  but  Is  desirable  generally,  from  an  Idealistic  point  of  view,  to 
permit  more  rational  design  conditions. 

Furthermore,  a  change  of  this  type,  to  be  effective,  requires  the  concurrence  of 
structural  engineers,  airframe  designers  and  the  managers  of  major  vehicle  programs. 

If  It  Is  to  be  effective.  Such  an  activity  requires  committee  type  action,  so  that  all 
Interested  parties  can  be  represented  and  so  that  economic  and  legal  Implications,  which 
are  quite  as  significant  as  the  technical,  can  be  given  proper  consideration. 

It  Is  quite  certain  that  the  structural  community  Is  not  at  all  ready  to  consider 
departing  from  the  well  established  deterministic  methods  of  establishing  design  conditions 
and  the  associated  loads  for  conventional  manned  aircraft.  It  Is  probable  that  they  never 
will  be,  because  the  probabilistic  method  Is  not  convenient  or  even  feasible  for  initial 
design,  only  for  subsequently  checking  a  completed  design.  Even  for  space  vehicles. 
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where  probabilistic  concepts  are  used  in  the  structural  criteria,  particularly  for  the 
Important  launch  and  ascent  conditions.  It  Is  usual  to  pick  some  specific  deterministic 
conditions  for  design  purposes,  and  as  already  discussed,  the  statistical  wind  and  gust 
data  is  turned  Into  a  specific  synthetic  wind  profile.  Thus  the  actual  approach  to 
design  Is  the  same  as  is  used  for  aircraft;  the  differences  are  only  In  the  manner  In 
which  the  criteria  Is  written. 

It  must  also  be  recognized  that  brittle  ceramic  structural  parts  are  likely  to  be  used 
only  In  very  local  areas  of  the  airframe.  It  Is  unlikely  that  these  materials  will  ever 
be  competitive,  on  a  strength  to  weight  basis,  with  metals  wherever  the  latter  can  be 
used.  Ceramics  will  be  used  where  their  special  characteristics,  primarily  their 
refractoriness,  are  essential.  Consequently,  the  majority  of  the  airframe  design  will 
undoubtedly  follow  conventional  practices,  and  this  will  Include  the  loads  analysis. 

Loads  for  those  structural  elements  fabricated  from  brittle  materials  must  be  related 
to  and  developed  from  the  load  system  for  the  entire  vehicle  so  that  to  Insist  on  a 
completely  probabilistic  approach  for  the  brittle  elements  would  require  a  complete 
duplication  of  a  major  section  of  the  design  activity. 

In  view  of  these  considerations  It  will  be  assumed  here  that  conventional  practices 
will  be  followed  In  the  determination  of  design  conditions  and  limit  loads,  when  brittle 
materials  are  used  In  the  airframe.  Differences  In  design  procedure  required  by  these 
materials  will  be  accommodated  by  changes  In  the  treatment  of  factors  of  safety  and  In 
the  method  of  selecting  allowable  stresses.  Structural  Integrity  assurance  will  also 
require  reconsideration  of  qualification  testing  and  changes  will  be  necessary  In  the 
ground  testing  phases. 

The  flight  test  phase  of  qualification  testing  will  be  unchanged  from  present  practices. 
Flight  loads  measurements  are  obviously  related  to  the  system  of  load  determination  so 
that  If  no  changes  are  made  In  the  latter,  the  approach  used  for  flight  loads  measurements 
will  also  be  tinchanged. 


6.3  SUGGESTED  CRITERIA  PRACTICE 
6.3.1  Discrete  Load  Conditions 

In  the  discussion  of  suggested  criteria  practice  for  structures  fabricated  from  brittle 
materials.  It  is  appropriate  to  begin  with  the  consideration  of  discrete  load  conditions. 
Strictly  speaking.  It  should  only  be  necessary  to  consider  design  for  repeated  loads  using 
the  spectrum  of  loading  which  will  include  all  of  the  loads  expected  to  occur  during  the 
life  of  the  vehicle.  However,  the  use  of  discrete  load  design  conditions  Is  well 
established  practice.  It  Is  particularly  convenient  for  preliminary  design  and  It  provides 
the  designer  with  a  good  appreciation  of  the  capabilities  of  his  structure.  Furthermore, 
the  lack  of  experimental  data  on  the  fatigue  characteristics  of  typical  brittle  materials 
and  the  lack  of  any  significant  experience  with  practical  hardware  design  leaves  us 
without  knowledge  of  the  relative  significance  of  discrete  maximum  loads  and  the  whole 
spectrum  of  loads,  to  the  design.  Consequently,  It  may  only  be  necessary  In  many  cases 
to  consider  designing  for  discrete  loads  with  attendant  simplification  of  the  design 
process . 

It  Is  suggested  that  current  practice  be  followed  as  closely  as  possible  with  brittle 
materials  In  order  to  exploit  as  much  as  possible  the  generally  successful  experience 
with  airframe  structures.  Accordingly,  two  discrete  load  conditions  should  be  used 
corresponding  roughly  to  the  limit  and  ultimate  conditions  of  conventional  metal  airframe 
design.  Limit  conditions  should  Include  the  maximum  loads  which  are  likely  to  occur  In 
the  life  of  the  vehicle. 

For  those  aspects  of  the  vehicle  operation  which  are  controlled  by  the  pilot,  or  In  the 
case  of  missiles  and  space  vehicles  by  an  automatic  flight  control  system,  the  limits  of 
the  operating  envelopes  or  the  extremes  of  the  programmed  flight  conditions  should  be 
used  to  define  limit  loads.  This  applies  to  maneuvers,  and  It  Includes  the  forces 
introduced  to  maintain  a  vehicle  on  a  programmed  flight  path.  It  Includes  also  the 
dispersions  caused  by  variability  In  the  functioning  of  guidance  and  control  systems, 
variations  In  the  thrust  performance  of  rocket  engines,  tolerances  in  the  glmballlng 
of  rocket  engines,  etc.  Where  variability  In  the  performance  of  vehicle  subsystems  Is 
Involved  or  where  loads  may  fluctuate  randomly  or  uniformly,  the  objective  should  be  to 
select  levels  such  that  the  probability  of  occurrence  of  the  combined  system  of  loads  Is 
1%  or  less.  Stresses  due  to  loads  from  various  sources,  both  probabilistic  and  deter¬ 
ministic,  can  be  combined  as  follows; 


^im  etc.  are  the  mean  stresses  from  each  Individual  loading. 

Is  the  r.m.s.  value  of  the,  fluctuating  part  of  any  random  or  uniformly  varying  load. 
(Note  that  Is  zero  for  a  deterministic  load) 

n  is  selected  so  that  the  probability  of  <r  being  exceeded  Is  1%,  or  less. 
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For  those  load  sources  which  are  not  under  the  control  of  the  pilot  or  an  automatic 
flight  control  system  and  which  include  principally  natural  phenomena  such  as  winds, 
turbulence,  gusts,  etc.,  the  limit  conditions  should  be  based  on  a  1^  probability  of 
occurrence;  that  Is,  the  condition  selected  should  be  sufficiently  extreme  that  there 
Is  only  a  1^  probability  of  the  combined  loads  being  exceeded  In  the  life  of  the  vehicle. 
The  relationship  given  above  can  again  be  used  to  combine  loads  or  stresses. 

Associated  thermal  effects  should  also  be  based  on  extremes  of  likely  occurrence. 
Aerodynamic  heating  should  be  determined  for  trajectories  which  are  the  extremes  permitted 
for  vehicle  operations  In  conjunction  with  dispersions  due  to  variations  and  tolerances 
In  guidance,  control  and  sensing  equipment  where  the  variation  selected  should  be  of 
such  a  degree  that  there  Is  only  1^  probability  of  exceedence  of  the  combined  condition 
In  the  life  of  the  vehicle.  Where  sufficient  statistical  data  Is  available  similar 
levels  of  tolerance  and  variation  should  be  applied  to  the  datn  used  to  detemlne  aero¬ 
dynamic  loads  and  heat  transfer  coefficients  and  to  determine  ich  factors  as  surface 
emlsslvlty,  material  conductivity  and  other  factors  which  contj  d  the  temperatures  and 
temperature  gradients  In  the  structural  materials. 

If  the  above  practice  Is  followed  In  defining  loads,  the  resulting  critical  discrete 
load  levels  will  have  a  probability  of  occurrence  of  1^  or  less.  This  Is  a  relatively 
hlgli  probability,  In  other  words  the  resulting  design  loads  are  almost  certain  to  occur. 
Accordingly,  the  probability  of  structural  failure  under  the  load  condition  defined  above 
must  be  very  small.  In  order  to  ensure  this  and  also  to  avoid  the  problems  discussed 
elsewhere  of  costly  statistical  programs  to  define  material  properties.  It  Is  recommended 
that  the  basic  philosophy  used  for  structural  design  be  to  conduct  a  proof  test  on  each 
structure  to  the  stress  levels  produced  by  the  critical  limit  loads.  This,  In  simple 
terms,  will  reduce  the  structural  failure  probability  to  zero,  and  the  result  should  be 
essentially  the  same  level  of  structural  integrity  as  is  present  In  conventional  metal 
structures . 

The  use  of  a  proof  test  to  Impose  on  each  element  of  material  the  maximum  stresses 
expected  In  service  Is  an  Ideal  situation  which  is  not  likely  to  be  realized  In  practice. 
Most  structures  are  designed  by  more  than  one  loading  condition  and  It  is  not  likely  to 
be  economically  practical  to  conduct  a  proof  test  on  each  component  for  each  critical 
design  condition.  Even  If  only  one  loading  in  important  It  is  not  likely  that  the  proof 
test  will  be  a  precise  simulation,  again  for  economical  reasons.  As  a  result  the  proof 
test  will  subject  some  elements  of  the  structure  to  stresses  greater  than  those  expected 
In  service,  and  other  elements  to  smaller  stresses.  Nevertheless  the  benefits  of  the 
proof  test  In  reducing  the  overall  failure  probability  are  retained  as  will  be  evident 
from  the  analytical  relationships  given  In  Section  3.  In  Section  3  equations  are  given 
from  which  the  effect  of  the  proof  test  In  reducing  the  probability  of  failure  for  any 
given  load  condition  can  be  obtained  by  a  summation  over  all  elements  of  the  complete 
structure.  Since  negative  values,  such  as  might  be  produced  by  compressive  stresses  or 
by  elements  in  which  the  proof  stress  Is  greater  than  the  applied  stress,  are  not  Included 
In  this  summation.  The  only  way  to  make  the  result  zero  Is  to  ensure  that  the  proof 
stress  exceeds  the  maximum  operational  stress  from  any  condition  at  every  point  throughout 
the  structure.  This  may  well  result  in  the  Imposition  of  relatively  high  and  damaging 
proof  stresses  over  some  elements  of  the  structure  for  the  sake  of  exceeding  operating 
stresses  In  a  few  other  locations.  Consequently,  It  Is  much  more  practical  to  assign  a 
finite  but  nevertheless  small  probability  of  failure  value  to  the  structure  under  limit 
loads  rather  than  to  expect  the  value  to  be  zero.  Probability  of  failure  values  of  the 
order  of  10"°  or  10"7  are  suggested  and  should  generally  be  readily  obtainable  with  a 
well  chosen  proof  test. 

It  should  be  noted  that  In  order  to  meet  such  a  requirement  it  Is  not  necessary  that 
the  proof  test  simulate  any  of  the  design  conditions,  and  this  point  should  be  exploited 
to  make  the  proof  test  as  cheap  and  economical  as  possible.  On  the  other  hand  a  proof 
test  which  deviates  too  far  from  the  simulation  of  the  critical  stress  distribution  and 
from  reproduction  of  the  maximum  stresses  will  not  establish  confidence  In  the  structural 
Integrity.  This  situation  should  be  automatically  taken  care  of  however  by  the  methods 
presented  In  Section  3.  If  there  Is  an  element  of  the  structure  where  the  operating 
stresses  are  large  and  the  proof  stresses  are  small  the  probability  of  failure,  even  If 
only  a  few  elements  are  Involved,  will  be  large  and  It  will  not  be  possible  to  meet  the 
proposed  criteria.  This  point  Is  Illustrated  In  Section  7  where  very  small  volumes  of 
highly  stressed  material  In  stress  concentration  areas  such  as  fillets,  are  shown  to 
contribute  significantly  to  the  overall  structural  failure  probability. 

The  other  complication  that  enters  Into  the  question  of  a  proof  test  is  the  question 
of  how  much  damage  Is  done  to  the  material  by  the  proof  test  itself.  In  most  practical 
cases  the  fact  that  the  structure  must  sustain  many  load  repetitions  suggests  that  the 
damage  In  the  form  of  flaw  growth  or  crack  propagation  due  to  the  proof  test  must  be 
small.  If  It  were  not,  it  Is  unlikely  that  the  structure  would  e  able  to  sustain 
repeated  loads.  However,  there  may  be  applications  such  as  single  flight  vehicles  in 
which  the  critical  design  loads  are  not  repeated,  and  where  the  critical  loads  are 
substantially  greater  than  the  loads  expected  during  the  remainder  of  the  operation. 

A  tentative  criteria  for  selecting  proof  stress  levels  so  that  material  damage  Is  not 
significant  has  been  evolved  and  lead.s  to  the  following  requirement. 
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where  a  is  maximum  flaw  size  In  sample  Is  flaw  growth  rate  under  application  of 


proof  stress.  The  derivation  of  this  relat; 


fonshlp 


is  given  later,  In  conjunction  with  a 


.fracture  mechanics  approach  to  the  establishment  of  criteria  for  the  design  of  brittle 
material  structures  to  sustain  repeated  loads. 


Any  criteria  philosophy  which  requires  a  proof  test  of  each  article  may  be  Imposing 
significant  cost  considerations.  Certainly  to  proof  test  a  complete  airframe  would  be 
a  very  serious  consideration  which  would  severely  limit  the  Interest  In  materials  of  this 
class.  In  the  nature  of  nonmetalllc  refractory  materials  however,  the  manner  in  which 
they  are  fabricated  and  the  structural  weight  penalties  that  will  le  Imposed  by  their 
use  Is  expected  to  limit  this  use,  for  aerospace  applications,  to  those  areas  where  high 
temperatures  make  metallic  materials  Impractical.  Such  areas  are  expected  to  be  limited 
In  size  and  because  of  the  requirements  for  hot  pressing,  sintering,  diamond  grinding, 
etc..  In  their  fabrication.  It  Is  expected  that  those  materials  will  always  be  used  to 
make  relatively  small  parts.  As  a  result  It  Is  not  expected  that  a  requirement  for  proof 
testing  of  each  part  will  Impose  a  serious  restriction  on  the  use  of  these  materials,  or 
Introduce  a  large  cost  Increment. 

It  Is  believed  that  If  the  approach  described  above  Is  followed  with  respect  to  discrete 
load  conditions,  the  result  will  not  be  completely  acceptable  to  the  airframe  designer  and 
user  because  the  question  of  safety  factors  has  not  been  Introduced.  The  procedure  will 
lead  to  a  structure  which  has  a  factor  of  safety,  because  larger  loads  than  those  described 
above  as  limit  loads  could  bo  sustained  with  an  Increased  probability  of  failure.  Never¬ 
theless,  the  level  of  thl i  factor  of  safety  la  not  defined  and  It  Is  not  related  to  past 
and  current  experience  li  the  assessment  of  airframe  Integrity,  Furthermore,  the  factor 
of  safety  Implied  In  the  material  strength  capability  will  be  a  function  of  the  variability 
In  material  properties  and  may  therefore  vary  from  one  structure  to  another  depending  on 
material  characteristics. 


For  the  reasons  given  above  It  Is  considered  desirable  to  also  continue  the  practice 
of  designing  the  structure  for  factored  loads,  but  rather  than  continuing  with  a  completely 
arbitrary  situation  a  more  rational  basis  for  the  factor  of  safety  can  be  established  by 
accepting  an  Increased  probability  of  failure  over  that  existing  under  limit  conditions. 

It  Is  considered  that  factors  of  safety  applied  to  loads  should  rationally  reflect  only 
uncertainties  In  those  loads.  Currently,  there  are  many  who  consider  that  the  factor  of 
safety  covers  Inadequacies  In  stress  analysis,  uncertainties  In  material  properties  or 
variability  In  strength  of  the  complete  structure  as  a  consequence  of  variables  In  the 
manufacturing  process.  Evidently,  however.  If  there  are  uncertainties  In  these  areas, 
they  should  be  accommodated  by  Introducing  appropriate  factors  or  conservatisms  or 
margins  Into  the  stress  analysis  or  the  material  properties  or  the  structural  strength 
assessment  as  appropriate.  It  Is  certainly  no  rational  to  accommodate  uncertainties  In 
material  strength  prediction  by  an  increase  In  the  applied  loads.  In  the  case  of  brittle 
materials  many  of  the  uncertainties  mentioned  are  necessarily  considered  with  the  more 
sophisticated  design  and  analysis  procedures  that  are  required.  As  Is  Indicated  In  other 
sections  of  this  Handbook  the  stress  analysis  must  reflect  local  concentrations,  built 
In  fabrication  stresses,  deformation  constraints,  etc.,  and  the  material  properties  used 
for  the  strength  assessment  must  reflect  variability  caused  by  processing  variables 
throughout  the  manufacturing  activity  from  the  starting  powders  to  the  finished  component. 

It  Ic  also  clear  that  there  Is  no  sigilflcant  question  of  yielding  with  brittle 
materials,  which  Is  another  Justification  with  metallic  structures  for  considering  two 
distinct  design  conditions.  This  is  not  to  dismiss  the  possibility  of  creep  deformations 
In  high  temperature  ceramic  structures  nor  does  It  Imply  that  deflection  limitations  may 
not  be  a  design  criteria,  but  clearly  these  latter  considerations  again  do  not  Justify 
arbitrary  factors  on  design  loads.  Similarly  It  is  very  unlikely  that  buckling  considera¬ 
tions  will  ever  arise  In  a  ceramic  structure  because  the  length  to  thickness  ratios  of 
the  various  elements  of  each  component  are  likely  to  be  very  small.  As  a  result  the 
uncertainties  with  respect  to  straightness  and  flatness,  which  are  important  In  thin 
•sheetmetal  structures  because  of  their  effect  on  buckling,  will  not  be  of  concern  with 
ceramic  .structures. 


I^eturnlng  to  the  consideration  of  safety  factors  on  loads,  there  appear  to  be  two 
considerations  which  may  Justify  factors  of  safety.  The  first  situation  arises  when  the 
maneuver  envelopes  and  the  range  of  flight  trajectories  including  the  effect  of  dispersion 
and  variability  In  guidance  equipment,  censors,  etc.  are  exceeded,  either  by  emergencies 
.In  the  case  of  manned  vehicles  oi'  by  system  failures  in  unmanned  vehicles.  Again,  these 
.situations  should  be  examined  rationally  and  appropriate  design  limit  loads  developed, 
but  It  Is  easy  to  argue  that  every  possible  emergency  or  malfunction  can  never  be 
anticipated;  thus,  an  arbitrary  factor  of  safety  on  ■'hose  load  conditions  produced  by 
pilot  initiated  maneuvers  or  by  the  functions  programmed  Into  guidance  and  control  equip¬ 
ment  may  be  Justified.  At  the  same  time  since  these  are  unpredictable  emergency  condi¬ 
tions  with  a  very  low  probability  of  occurrence  It  is  reasonable  to  accept  a  higher 
probability  of  structural  failure.  It  seems  I’eaconable  to  take  advantage  of  past 
experience  and  retain  factors  of  safety  between  1.4  and  1.5  for  manned  vehicles  and  1.2 
to  1  .3  for  unmanned  systems.  In  conjunction  witji  tliese  factors  of  safety  the  probability 
of  structural  failure  can  bo  raised  to  or  10"“^.  This  Is  consistent  with  the  use  of 
"A"  '.alues  from  Mll-iiDDK-5  for  the  design  of  metal  structures. 
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Where  brittle  materials  are  used  In  high  temperature  airframe  structures,  which  will 
generally  be  the  case,  the  question  of  factors  on  temperatures  and  temperature  gradients 
arises.  If  the  principal  reason  for  using  factored  loads  Is  to  cover  emergency  or  mal¬ 
function  conditions.  It  Is  reasonable  to  expect  that  these  emergencies  will  also  cause 
flight  path  deviations,  talcing  the  vehicle  beyond  the  band  of  dispersed  trajectories  and 
flight  paths  within  which  It  Is  supposed  to  operate.  Hence  more  severe  heating  than  that 
produced  during  limit  load  conditions  can  be  expected.  Unfortunately,  there  Is  no  sig¬ 
nificant  background  of  experience  from  which  arbitrary  factors  on  temperatures  and 
temperature  gradients  can  be  based  and  there  Is  certainly  no  Justification  for  using  the 
same  factor  on  temperatures  as  Is  used  on  loads.  The  application  of  a  factor  to  heat 
transfer  coefficients  for  a  certain  period  of  time  might  be  more  reasonable.  It  would 
properly  reflect  the  dependence  of  radiant  heat  dissipation  on  the  fourth  power  of  the 
temperature  and  It  would  properly  relate  the  Increase  In  temperature  with  a  change  In 
temperature  gradient  and  the  associated  thermal  stresses.  No  reasonable  suggestions  can 
be  made,  however,  about  the  magnitude  of  this  factor  since  It  Is  likely  to  vary  consider¬ 
ably  from  one  vehicle  to  another.  It,  therefore,  becomes  necessary  In  each  application 
to  make  some  studies  of  the  effect  of  emergencies  and  malfunctions  on  vehicle  Wajectorles 
In  order  to  make  a  Judgment  of  the  factor  to  apply  to  heating  effects. 

The  other  Justification  for  a  factor  of  safety  applies  to  those  design  loads  which 
result  from  the  effect  of  statistically  defined  natural  environments  such  as  winds  and 
gusts.  If  the  limit  loads  are  derived  from  environmental  conditions  which  have  a  prob¬ 
ability  of  occurrence  of  the  order  of  IjS,  It  Is  reasonable  to  be  concerned  about  the 
very  slight  possibility  that  much  more  severe  conditions  might  be  encountered.  Again, 

It  would  be  more  rational  to  Impose  a  specific  probability  level,  for  Instance,  to  specify 
gusts  which  have  a  .01$^  probability  of  occurrence  but  generally  to  do  this  with  any 
accuracy  would  require  far  more  statistical  dnta  about  the  natural  environments  than  Is 
presently  available  or  than  Is  likely  to  become  available  for  many  years.  Consequently, 

It  Is  Justified  to  apply  an  arbitrary  factor  to  those  loads  produced  by  winds,  gusts 
and  other  natural  environments,  but  again  to  use  a  higher  failure  probability  In  selecting 
material  and  structural  strength  properties.  The  factors  mentioned  above  are  appr^rlate 
since  they  reflect  past  experience  and  again  It  Is  considered  appropriate  to  use  IJE 
failure  probability  levels  in  selecting  material  properties.  Generally,  the  question  of 
factors  on  temperatures  and  temperature  gradients,  and  hence  thermal  stresses  will  not 
arise  In  this  situation  since  significant  changes  In  velocity  and  altitude  are  not  likely 
to  occur  nor  Is  the  vehicle  likely  to  be  disturbed  In  Its  attitude  for  any  significant 
length  of  time. 

6.3.2  Repeated  Loads 

In  considering  the  question  of  criteria  for  repeated  load  conditions  the  specification 
of  loads  and  thermal  effects  follows  directly  from  the  previous  discussions  with  respect 
to  discrete  loads.  Load  spectra  should  be  generated  to  include  all  of  the  loads,  tra¬ 
jectories  and  associated  thermal  effects  to  the  levels  which  have  been  defined  In  6. 3.1 
as  limit  values.  How  this  Is  to  be  done  in  the  case  of  gusts,  random  vibration,  propellant 
sloshing  forces  and  many  other  sources  of  loads  which  are  statistical  and  random  In  nature 
Is  not  a  subject  for  this  handbook  since  the  methods  will  be  the  same  as  those  currently 
used  for  metallic  structures.  These  will  generally  be  routine  procedures  In  any  aero¬ 
space  company  or  airframe  research  organization. 

The  question  of  safety  factors  on  loads,  temperatures  and  temperature  gradients  to  be 
used  In  the  repeated  load  analysis  does  not  arise  If  the  reasoning  given  prevlosly  Is 
used.  With  a  concept  that  factored  loads  arise  from  emergencies,  malfunctions  or  extru^ely 
rare  environmental  conditions,  only  a  single  occurrence  of  such  loads  should  be  anticipated 
and  this  will  be  covered  In  the  discrete  load  analysis.  Typically,  however.  In  the  design 
of  metal  structures,  factors  are  applied  to  the  number  of  load  cycles.  In  other  words, 
having  developed  a  spectrum  of  loads  representative  of  the  complete  life  of  the  vehicle, 
the  designer  assumes  this  spectrum  to  be  repeated  a  number  of  times,  typical  factors 
ranging  from  2  to  4.  Again,  these  are  arbitrary  factors  variously  considered  to  cover 
Inadequacies  In  the  prediction  of  fatigue  strength  of  the  structure  amd  Its  materials, 
the  lack  of  precise  knowledge  of  the  number  of  repetitions  of  some  of  the  loads  and  the 
desire  to  have  some  life  left  in  the  structure  at  the  time  when  It  would  be  retired  from 
service . 

It  does  not  seem  rational  to  use  a  factor  on  life  to  cover  any  inadequacies  In  knowledge 
of  the  properties  of  the  structure  and  Its  materials  under  repeated  stresses.  Such 
inadequacies  should  be  covered  by  appropriate  factors  and  conservatisms  In  selecting 
allowable  stress  levels.  On  the  other  hand.  In  the  prediction  of  the  load  spectra 
uncertainties  may  exist  In  both  the  number  of  cycles  of  any  particular  load  level  or  In 
the  sequence  of  loads.  This  Is  particularly  true  for  all  of  the  various  load  sources 
which  are  probabilistic  In  nature  since  levels,  numbers  of  cycles  and  sequences  are  all 
statistical.  In  general,  however,  statistical  knowledge  of  load  frequencies  and  sequence 
is  much  less  developed  than  statistical  knowledge  of  load  Intensities.  In  fact,  the 
significance  of  load  sequence  In  the  fatigue  of  metal  structures  has  only  recently  been 
recognized  and  there  are  no  available  methods  for  discussing  the  probability  of  any 
particular  sequence. 

The  requirement  for  a  reserve  In  structural  life  so  that  it  Is  not  at  the  point  of 
failure  during  the  last  moments  of  operational  use  Is  realistic,  but  whether  In  the  case 
of  brittle  materials  this  requires  a  factor  on  the  design  life  may  depend  on  the  methods 
used  to  predict  the  life  under  repeated  loads. 
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If  these  methods  Involve  probabilistic  values  of  material  properties  then  the  reserve 
may  be  Inherent  In  the  materleJ.  allowable  values  used.  At  the  present  time,  however,  the 
available  knowledge  about  the  response  of  brittle  materials  and  structures  fabricated  from 
brittle  materials  to  repeated  loads  It  so  small  that  at  least  a  factor  of  ignorance  is 
Justified. 

On  the  basis  of  the  above  discussion  It  Is  considered  that  for  the  design  of  brittle 
material  structures  under  repeated  loads,  a  factor  on  life  should  be  used  and  values 
between  2  and  4  which  have  been  commonly  used  for  metallic  structures  seem  appropriate. 

In  discussing  the  problem  of  predicting  material  and  structure  life  under  repeated 
loads,  as  a  basis  for  establishing  appropriate  design  criteria,  we  begin  with  essentially 
no  data  In  the  literature  except  a  few  Isolated  examples  (Reference  6.7)  which  are  suffi¬ 
cient  to  show  that  the  flaws  and  microcracks  inherent  in  most  of  the  materials  considered 
in  this  Handbook  do.  In  fact,  grow  with  stress  repetition.  As  a  consequence  what  follows 
Is  speculative  and  would  require  substantial  experimental  verification  before  application 
to  the  design  of  flight  hardware. 

There  are  at  present  two  methods  used  by  structural  designers  for  describing  the  behavior 
of  materials  under  repeated  stresses,  and  it  is  reasonable  to  attempt  to  extend  the  same 
methods  to  brittle  materials.  The  first  of  these  Involves  a  generation  by  experimental 
means  of  data  describing  the  number  of  cycles  to  failure  for  a  material  under  repeated 
stresses  of  a  particular  level.  Information  is  presented  as  a  plot  of  stresses  vs  number 
of  cycles,  the  typical  S-n  curve.  Most  materials  are  sensitive  not  only  to  the  peak 
stress  but  to  the  range  of  stress  Imposed  during  stress  cycling  so  that  S-n  curves  are 
usually  presented  for  various  values  of  the  factor  R  which  defines  the  ratio  of  maximum 
stress  during  each  cycle  to  mean  stress.  Obviously  also  the  response  of  materials  to 
repeated  stresses  is  a  function  of  temperature  so  that  the  test  data  must  be  repented 
for  each  temperature  of  interest. 

In  silmost  all  structural  applications  successive  stresses  applied  to  an  element  of  the 
structure  will  vary  in  intensity,  frequently  in  a  random  manner.  Glnee  it  is  not  practical 
to  conduct  fatigue  tests  in  which  all  possible  sequences  of  stress  levels  are  examined, 
methods  have  been  developed  for  assessing  the  material  damage  accumulated  by  the  number 
of  cycles  of  stress  at  each  level.  Miners  rule  is  generally  used  and  is  given  below. 

ni  no  no 

TTj;  +  TIi  .  "  ^ 

In  this  relationship  Nj  represents  the  number  of  cycles  to  failure  at  a  particular  stress 
level  .  The  data  is  obtained  from  the  S-n  cui^ve.  n^^  is  the  number  of  cycles  actually 
applied  at  this  stress  level  and  it  is  assumed  that  the  ratio  tlm  fraction  of 

material  life  used  by  the  stresses  of  a  level  ’’■y.  It  will  be  evident  that  this  rule 
attributes  no  significance  to  the  sequence  of  stresses,  which  is  inconsistent  with 
observation. 

If  this  method  is  applied  to  brittle  material,  it  will  be  necessary  for  each  material 
and  each  temperature,  to  generate  Welbull  curves  for  material  subjected  to  various  cycles 
at  the  particular  stress  level.  What  is  required  is  shown  in  Figure  6-1  where  a  point 
such  as  A  shows  the  probability  that  the  material  will  fail  when  subjected  to  10,000  cycles 
of  the  stress  Vl^, 

Wlien  the  fatigue  tests  are  conducted  it  will  not  generally  be  possible  to  select  a 
stress  level  ouch  that  failure  occurs  precisely  at  the  required  number  of  cycles, 

particularly  since  the  stress  level  will  vary  from  sample  to  sample  in  a  statistical 

manner.  Accordingly,  the  tests  must  be  conducted  at  pre.selected  stre.sses,  the  number  of 
cycles  to  failure  observed  and  extrapol  tion  used  to  obtain  the  stress  level  at  which  the 
particular  piece  of  material  would  have  failed  for  a  particular  number  of  cycles.  This 
extrapolation  should  be  done  using  an  2-n  curve  but  It  Is  not  possible  to  obtain  such  a 

curve  for  a  single  piece  of  material.  Accordingly,  it  is  necessary  to  plot  all  of  the 

test  data  on  an  S-n  plot,  to  draw  a  representative  line  through  these  points,  and  then 
extrapolate  each  test  point  to  the  required  number  of  cycles  by  extrapolating  parallel 
to  the  average  S-n  curve.  This  procedure  is  illu.:trated  in  Figure  6-2.  Having  obtained 
a  series  of  failure  stresses  for  a  give',  number  of  cycles  the  procedure  described  in 
.Section  ;  for  determining  the  appropriate  Weibull  curve  is  then  followed.  As  v;lth  metals 
the  process  requires  variation  not  only  of  peak  stress  in  each  eye'' e  but  mean  stress. 

Curves  such  as  Figure  6-1  can  then  be  used  to  detemlne  the  ponrilnsible  stre.ss  level 
for  a  given  number  of  cycles  !f  a  specifiel  probability  of  failure  is  to  be  achieved. 

:.e  procedure  can  be  extended  to  a  cumulative  damafto  .'-aaimatl c;-.  where  the  applied  .^ti . 
vary,  by  again  using  Miners  rule  and  where  the  number  of  cycles  to  failure  'ih  are 
determined  for  the  various  stress  levels  at  a  pai-ticular  failure  probability  lev-l.  if  i: 
the  summation  gives  the  value  1  then  the  failure  probability  of  the  structure  l.s  the 
value  used  to  deterralne  the  value;:  H.  If  the  .sitimnatior.  glve.s  a  value  1  e.:s  th-in  1  the  | 

probability  of  failure  is  less  than  that  assumed  or  al ternatlvel.v  all  -atres.”,  level.-  car.  ^ 

be  increased. 

If  it  is  Intended  to  proof  test  tne  structure  it  may  be  po.asible  to  analytl  cilly 
truncate  the  curves  cf  Figure  t'-l  .-.imllar  to  the  '.v.'lbull  expre::.:ion  ur .  to  tj-r.cate 
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the  curve  for  a  single  cycle  of  stress.  It  Is  not  evident  at  this  time  how  this  might 
be  done,  however,  and  the  alternate  is  to  subject  each  specimen  to  the  proof  test  before 
conducting  the  fatigue  tests. 

The  consequence  of  the  above  procedure  is  as  follows: 

a)  Miners  rule  needs  verification  for  brittle  materials. 

b)  The  suggested  method  of  extrapolating  test  points  to  obtain  the  probable  failure 
stress  for  a  particular  test  specimen  and  for  a  specific  number  of  cycles  may  be  consider¬ 
ably  in  error.  The  accuracy  will  depend  primarily  on  how  closely  the  number  of  cycles  to 
failure  for  a  particular  specimen  agrees  with  the  selected  cycle  value.  This  in  turn 
depends  on  the  stress  level  selected  for  each  particular  test  specimen,  but  in  view  of 
the  variability  of  the  material  and  the  impossibility  of  determining  before  testing  what 
the  strength  level  is  and  there  is  no  evident  method  of  exercising  control. 

c)  The  need  for  statistical  data,  which  has  already  been  dlscussen  with  respect  to  the 
generation  of  Weibull  curves  for  a  single  stress  cycle,  is  now  extended  to  cover  such 
additional  parameters  as  number  of  cycles,  ratio  of  peak  stress  to  mean  stress  and  proof 
stress.  Thus,  in  most  cases  to  conduct  such  programs  may  be  economically  impractical. 

Assuming  however  that  this  pracedure  can  be  followed,  the  only  criteria  statement 
required  is  the  specification  of  acceptable  failure  probability  under  the  complete 
spectrum  of  stresses.  A  value  of  lO-o  or  10~7  is  suggested  since  the  spectrum  will 
Include  stresses  (limit  values)  with  a  relatively  high  probability  of  occurrence. 

In  all  of  the  above  discussions  it  is  assumed  that  appropriate  conservatisms  will  be 
introduced  into  the  selected  stress  levels  to  cover  the  uncertainties  already  described 
in  the  method  and  also  to  reflect  the  statistical  significance  of  the  number  of  test 
points  used  to  generate  each  curve. 

The  second  method  in  current  use  for  the  determination  of  the  life  of  metallic  structures 
Involves  the  use  of  fracture  mechanics  principles  and  again  it  is  reasonable  to  pursue 
the  same  ideas  in  the  design  of  brittle  material  structures  as  used  in  the  design  of  metal 
structures.  The  stress  level  which  will  cause  a  crack  to  propagate  catastrophically  to  a 
complete  failure  is  proportional  to  a  critical  stress  Intensity  factor,  and  to  the  crack 
size,  and  to  a  function  of  the  geometry  of  the  structure.  The  critical  stress  intensity 
factor  is  a  material  property  which  can  be  measured  in  tests  utilizing  simple  specimens, 
and  the  results  can  be  used  to  predict  the  onset  of  failure  in  a  complex  structure  with 
a  complex  stress  distribution.  Since  the  initial  crack  size  must  be  known  it  is  usual 
to  apply  this  technique  to  determine  allowable  stresses,  and  it  is  assumed  that  the 
material  contains  a  flaw  which  is  as  large  as  the  minimum  size  detectable  by  whatever 
Inspection  techniques  are  used. 

In  its  current  state  of  development  fracture  mechanics  is  limited  to  relatively  simple 
structures  and  flaw  configurations  by  the  difficulties  of  analytically  determining  stress 
Intensity  factors  for  structures  of  complex  geometry  and  such  complex  flaw  shapes  as  a 
partially  through- crack. 

In  extending  fracture  mechanics  principles  to  the  prediction  of  structural  performance 
under  repeated  loads,  it  is  necessary  to  determine  experimentally,  crack  growth  data  as 
a  function  of  stress  level,  temperature,  etc.  With  this  information  predictions  can  be 
made  of  the  growth  of  an  initial  flaw  as  a  result  of  the  various  stresses  applied  during 
the  life  of  the  structure,  and  the  requirement  is  to  determine  whether  the  critical  size 
flaw  is  reached  for  the  maximum  stress  level  during  this  life. 

In  metallic  structures  the  question  of  crack  initiation  also  arises  and  experimental 
data  is  generally  needed  on  the  combination  of  stress  and  numbers  of  cycles  required  to 
initiate  a  crack  in  an  otherwise  homogeneous  piece  of  material.  This  complication, 
however,  is  not  likely  to  arise  with  ceramics  since  these  materials  are  assumed  to  contain 
large  numbers  of  flaws  initially. 

At  this  point  virtually  nothing  has  been  done  to  study  fracture  mechanics  as  applied  to 
ceramic  materials.  Reference  6.0  indicates  tests  to  measure  critical  stress  intensity 
factors  on  a  number  of  materials  such  as  aluminum  oxide  and  silicon  carbide,  but  there 
is  no  evidence  in  the  literature  of  efforts  to  measure  crack  growth  rates,  and  it  is  not 
known  at  this  time  whether  it  is  practical  to  make  such  measurements. 

If  we  assume  that  critical  stress  intensity  factors  and  crack  growth  rates  can  be 
measured  for  brittle  materials,  it  is  reasonable  to  assume  that  these  characteristics 
are  not  statistical  in  nature.  The  cause  of  the  variability  in  the  mechanical  properties 
of  ceramics  is  assumed  to  be  the  flaws  end  defects  which  are  the  result  of  processing, 
together  with  the  sensitivity  of  the  material  to  the  stress  concentrations  produced  by 
the  flaws.  The  variability  is  not,  in  other  words.  Inherent  in  the  material  itself.  If 
we  consider  the  growth  of  a  flaw  where  the  crack  is  propagating  through  homogeneous 
material,  this  crack  growth  should  be  reproducible,  as  a  function  of  the  applied  stresses, 
from  any  material  sample.  Since  a  typical  ceramic  material  is  likely  to  contain  large 
numbers  of  flaws,  crack  growth  characteristics  might  be  affected  by  the  propagation  of 
the  crack  from  one  flaw  to  the  next,  and  in  this  respect  the  size  and  shape  distrlbuticm 
of  flaws  may  Influence  crack  growth  characteristics.  However,  the  volume  of  material 
affected  by  a  growing  crack  is  very  small,  particularly  since  critical  flaw  sizes  in 
ceramics  at  the  stress  levels  of  interest  will  be  only  a  few  thousandths  of  an  inch. 


Ill 


In  using  the  fracture  mechanics  principles  with  ceramic  materials  we  begin  with  the 
assumption  that  failure  Is  produced  by  propagation  of  a  flaw  of  critical  size  and  that 
the  variability  In  strength  properties  Is  the  result  of  variability  In  the  size  and 
distribution  of  flaws.  Thus,  the  Welbull  strength  also  gives  the  probability  of  a  flaw 
of  a  certain  size  In  any  Individual  sample.  Conversely,  If  a  probability  level  Is  given 
the  corresponding  maximum  flaw  size  can  be  determined.  The  two  relationships  necessary 
to  do  this  are  as  folT.’V/s; 


Where 

m  and  <Tq  aro  Welbull  constants.  ^ See  Section  3) 
ff  -  specimen  x’allure  stress 

«  proof  test  stress  level 
V  «  specimen  volume 

S  »  specimen  failure  probability  associated  with  stress  e  . 

a  ••  maximum  flaw  size  In  specimen  that  falls  under  stress  e  . 

Kiq  -  stress  Intensity  factor 

w  ■  width  of  tensile  specimen 

“  geometric  factor 

With  the  Welbull  parameters  dete mined  by  strength  tests,  the  first  equation  ctn  be  used 
to  determine  the  failure  stress  for  any  given  probability  level  and  the  second  equation 
will  determine  the  maximum  flaw  size  In  the  test  piece  that  falls  at  that  stress  level, 
assuming  that  the  critical  stress  Intensity  factor  has  been  measured  In  separate  tests. 
Note  that  the  effect  of  proof  testing  the  material  can  be  easily  Included.  The  proof  test 
eliminates  material  containing  flaws  greater  than  the  critical  size  associated  with  the 
proof  stress,  but  In  so  doing  It  decreases  the  probability  value  associated  with  a  flaw 
of  any  size. 

In  order  to  determine  flaw  size  Information  from  the  Welbull  cruve.  It  Is  necessary 
to  know  the  value  of  the  geometric  factor  In  Equation  1  for  the  configuration  of  the  test 
specimens  used  to  conduct  the  strength  tests.  This  will  usually  consist  of  either  a 
square  cross-section  bend  specimen  or  a  round  bar  tensile  specimen.  In  either  case  we 
require  the  geometric  factor  for  an  essentially  Infinite  volume  of  material  with  a  small 
crack  In  the  surface.  Geometric  factors  for  this  crack  configuration  are  available  In 
the  literature  Reference  6.9.  From  the  above  procedure.  If  the  allowable  material  failure 
probability  under  repeated  loads  Is  specified,  a  maximum  ’allowable"  flaw  size  can  be 
determined.  The  flaw  size  will  depend  on  the  proof  stress  level  so  that  In  a  complete 
structural  component  the  allowable  flaw  size  will  vary  throughout  the  component  as  the 
stress  produced  in  the  proof  test  varies.  Having  determined  allowable  flaw  sizes  through¬ 
out  the  component,  the  flaw  growth  at  each  point  Is  calculated  from  flaw  growth  data, 
which  will  be  given  as  a  function  of  stress  level  and  temperature,  and  from  the  spectrum 
of  stresses  an'’  temperatures  expected  throughout  the  component  life.  When  the  maximum 
size  flaw  at  the  end  of  the  structural  life  has  been  determined  for  each  element  of  the 
component  In  this  manner,  a  check  can  be  made  to  determine  whether  the  critical  flaw  size 
has  been  reached  at  any  point  for  the  maximum  stress  to  be  experienced  at  each  point. 

If  the  critical  size  Is  Just  reached  In  seme  location,  the  probability  value  used  to 
determine  the  Initial  flaw  sizes  Is  the  probability  of  failure  of  the  component.  If  a 
critical  flaw  size  Is  not  reached,  either  a  margin  of  safety  Is  indicated  or  the  stress 
levels  throughout  the  component  life  can  be  raised  by  reducing  material  thicknesses,  etc. 

This  method  of  determining  the  effect  of  repeated  loads  on  a  brittle  material  structure 
offers  the  promise  that  no  additional  statistical  data  other  than  that  required  to  develop 
the  Welbull  curve  Is  needed.  It  does,  however.  Involve  numerous  assumptions  which,  with 
the  present  limited  knowledge  and  experience,  still  require  verification.  These  Include, 

(1)  flaw  growth  data  and  critical  stress  Intensity  factors  are  not  statistical;  (2)  that 
It  Is  practical  to  determine  flaw  growth  data  and  critical  stress  intensity  factors  for 
brittle  materials;  (3)  that  flaw  growth  data  can  be  applied  without  regard  for  the  sequence 
of  stresses.  This  Is  not  a  good  assumption  for  metallic  structures  because  plasticity 
effects  at  the  crack  tips,  change  the  crack  shape  as  a  function  of  stress--such  effects 
are  likely  to  be  absent  or  very  much  reduced  with  brittle  materials;  (4)  that  geometric 
factors  can  be  determined  for  all  structural  and  flaw  configurations  of  interest.  This 
has  not  presently  been  done  because  of  mathematical  complications  for  metallic  auiuctures 
although  there  Is  considerable  activity  involving  various  methods  of  attack,  and  there 
Is  no  reason  to  doubt  that  the  necessary  Information  will  eventually  become  available. 
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Again,  the  only  criteria  statement  required  Is  the  specll’ication  of  acceptable  failure 
probability  under  the  complete  spectrum  of  stresses  and  environments.  If  the  suggestions 
of  this  section  have  been  followed  and  the  spectrum  Induces  stresses  associated  with 
loads  up  to  limit  level,  then  a  failure  probability  of  10-5  or  10- <  is  suggested.  In 
addition,  however,  appropriate  conservatisms  must  be  Introduced  to  cover  the  uncertainties 
Indicated  above  In  the  method  and  particularly  the  uncertainties  In  crack  growth  and 
critical  stress  Intensity  factor  data.  These  conservatisms  will  depend  on  the  state  of 
knowledge  and  the  amount  of  test  data  available  at  the  time  the  analyses  are  conducted. 

It  Is  not  presently  feasible  to  offer  any  suggestions  in  this  respect  since  the  available 
data  base  Is  zero. 

Returning  to  the  discussions  earlier  in  this  section  on  factors  of  safety  for  discrete 
loads,  the  question  arises  whether  provision  should  be  made  to  accommodate  these  factored 
loads  at  the  end  of  the  vehicle  life,  after  the  structure  has  been  exposed  to  the  full 
spectrum  of  repeated  loads.  If,  as  suggested,  a  factor  of  safety  is  used  to  cover 
unpredictable  emergene'es  or  severe  environmental  conditions  which  available  statistical 
data  is  Inadequate  to  predict,  then  the  probability  of  these  occurrences  diminishes  as 
the  vehicle  life  proceeds.  Since  the  factors  are  arbitrary,  however,  there  is  little 
purpose  in  trying  to  add  the  refinement  of  reducing  the  factors  as  the  life  of  the  struc¬ 
ture  Is  used.  Consequently,  it  seems  most  practical  to  require  that  the  structure  sustain 
one  cycle  of  factored  loads  at  the  end  of  the  structural  life.  However,  the  probability 
of  failure  can  be  raised  to  10"^  which  Indicates  that  the  predicted  flaw  growth  will  be 
applied  to  a  smaller  Initial  flaw  size  if  "ultimate"  loads  are  to  be  sustained. 

Previously  in  this  section  the  subject  of  material  damage  due  to  proof  testing  has  been 
raised  and  an  expression  was  given  from  which  the  proof  stress  level  which  would  not 
cause  significant  material  damage  could  be  determined.  This  relationship  can  now  be 
derived  by  application  of  the  fracture  mechanics  principles  described  above,  but  it  also 
Involves  the  assumptions  and  limitations  which  have  been  described.  It  is  determined  by 
equating  two  values  for  the  expression  of  the  critical  stress  intensity  factor;  the  one 
containing  the  initial  flaw  size  before  proof  te.sting,  and  the  other  including  the  growth 
In  flaw  size  due  to  the  proof  stress.  This  development  is  presented  below. 

Assume  that  flaw  growth  rate  under  proof  stress  is  given  by  (-^l^  then  the  critical 

stress  of  material  before  proof  testing  is  given  by  ^  .  Critical 

f (geometry) Ja 

stress  of  material  after  proof  testing  is  given  by  ^ 

2  f(  geometry 

If  material  is  not  to  be  damaged  significantly  by  proof  testing,  then  must  be  close 
to  Say  2  .99  <r^ 

Then  1  ^  .99 

6.3.3  Qualification  Testing 

In  the  discussions  of  C.f  it  was  stated  that  qualification  testing  includes  flight 
testing  to  measure  loads  and  verify  structural  integrity,  and  ground  testing  to  verify 
the  assumed  failure  modes  and  the  predicted  strength,  under  these  failure  modes.  It  was 
shown  that  flight  testing  must  remain  unchanged  when  brittle  materials  are  used  since 
flight  testing  to  achieve  critical  loads  on  a  probabilistic  basis  Is  impractl  ;al .  Ground 
testing,  however,  requires  further  discussion. 

If  a  typical  "static'  test  is  conducted  on  an  airframe  containing  elements  fabricated 
from  brittle  materials,  a  failure  in  one  of  these  elements  will  be  a  test  result  that  is 
of  little  value.  Vftiether  the  failure  occurs  aoove  or  below  the  deslgti  "ultimate"  load. 

It  will  not  genei'ally  be  possible  to  de.:lde  wl  ther  or  not  the  design  was  satl sfactoiy . 

A  failure  above  .i1  tlmate  may  be  due  to  the  cm.bination  of  an  inadequate  design  with  a 
material  strength  on  the  high  end  01  the  scatter  band,  or  conversely  a  premature  fallur’ 
may  be  due  either  to  "low"  strength  n.aterlal  or  at.  Inadequate  design. 

.Gome  design  verification  is  por.cible,  in  this  situation,  by  u.clng  stralii  feages  but  if 
some  failure  niode  or  .some  high  local  stress  has  beci’i  neglc-tod  the  strain  gages  are  not 
likely  to  be  located  in  the  proper  location.  V/lt!i  brittle  material.'  the  failure  liiltla- 
tlon  point  'Will  probably  not  bo  det'actable  after  the  failure  ha.t  occurred  since  the  part 
will  generally  break  Into  11, any  piece.:.  'onr-.-quently .  It  will  tiot  ie  po.mible  to  locate 
strain  gages  at  the  failure  itii  ti  aticn  point  on  a  .;econd  tc.rt  .;p'.".'lmet. . 

bvlously,  what  Is  necessary  is  a  statl  .itl  ca'.  ’ :/  .:lg:.l  I'lcar.t  .-ample  s!  Vii.ile  tl'.l.'  Is 

co.T.pletely  Impractical  'with  complete  al  I'f rames  It  1  "Xpected,  as  i.as  be- >.  dl  ■■  .'Us.-e  i 
elsewhere  in  this  Handbook,  that  bi'lttle  i:.ato!-I  al.'  'will  le  u.;-;  1  r  -lotively  .usal  1 
structural  element.?  each  moijnted  in  a:.  >i>i  ,'on.;tra1 -.0  1 .  noiire  iund'int  ng-Jiner  fro;:  tlic  prl:''.ary 
.'tructure.  It  thu.t  besoa.er  quite  fea.'ll.i'o  to  son  iu'",  tli-;  qua]  1  f  1  jati on  te.-t.-  ot. 

Inlividual  elements  with,  little  coi.sen.  tout  .•'allure  mod’ s.  •.•,'111  be  ml.'sed  because  of  tf.e 
absence  of  tne  complete  airframe.  Al  t’or-.ati V' 1  y .  !t  -giy  be  pc.  ..Ibl-.-  to  *--::t  naa.erou  ■ 
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brittle  elements  using  a  single  metallic  primary  structure  with  the  loads  adjusted 
subtly  to  ensure  failure  first  In  the  brittle  element. 

Thus,  It  Is  feasible  to  consider  a  statistically  significant  sample  If  only  a  relatively 
small  brittle  element  Is  destroyed  each  time.  However,  a  statistically  significant 
sample  size  may  still  Involve  a  large  number  of  samples,  particularly  if  proof  testing  Is 
not  used.  Fortunately,  however,  the  problem  Is  now  the  reverse  of  trying  to  determine 
a  Welbull  curve  sufficiently  accurately  to  predict  the  failure  stress  for  a  very  low 
probability  of  failure.  Now  we  are  given  an  accurate  Welbull  curve  and  the  problem  Is 
to  determine  the  probable  response  of  a  small  number  of  specimens.  Since  the  results 
of  say  three  or  four  tests  should  lie  near  the  mean  strength  level,  where  the  Welbull 
curve  Is  most  accurate,  there  should  be  little  difficulty. 


In  order  to  put  this  concept  Into  practice  we  first  detemine,  for  the  structural 
element  to  be  tested,  a  curve  of  failure  probability  against  some  reference  stress  . 
Stresses  at  all  other  points  throughout  the  element  are  expressed  as  a  ratio  of  the 
stress  ffx  reference  point.  The  equation  for  determining  failure  probability  Is: 


where 
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where  m,  and  Oq  are  Welbull  constants,  explained  In  Sectlpn  3. 

(f 

-y—  Is  the  ratio  of  the  stress  In  any  element  V,  for  the  design  condition 

*  of  Interest,  to  the  corresponding  stress  at  the  reference  point. 

Is  the  proof  stress  In  any  elemental  volume  V. 


Note  that  the  exponential  form  of  the  equation  Is  used  slr.ce  we  will  be  concerned  with 
a  small  number  of  test  results  and  relatively  high  failure  probabilities, 


The  summation  Is  extended  over  all  elemental  volumes  V,  In  the  structural  element. 


Values  of  S  are  calculated  for  various  assumed  values  of  9^  and  the  result  Is  plotted 
as  shown  In  Figure  6-3, 


Now  suppose  that  three  test  specimens  are  used  and  they  fall  at  three  different  values 
of  .  The  results  are  ranked,  the  lowest  representing  a  failure  probability  of  0.25, 
the  next  an  S  value  of  0.5  and  the  highest  a  value  of  O.75,  These  results  are  plotted, 
as  shown  In  Figure  6-3  at  the  appropriate  failure  probability  levels.  By  comparing  the 
resulting  curve  with  the  predicted  curve,  observations  can  be  made  about  both  the  element 
design,  and  also  about  the  similarity  of  the  material  In  th°  structural  element  to  the 
material  of  the  specimens  used  to  determine  the  Welbull  cor  < 

If  the  experimental  curve  parallels  the  Welbull  curve  but  is  displaced,  the  material  Is 
material  Is  satisfactory  but  the  design  Is  either  better  or  worse  than  predicted  depending 
whether  the  experimental  values  of  <r^  ,  for  a  given  failure  probability,  are  greater  or 
less  than  the  predicted  values. 


If  the  experimental  curve  passes  through  the  predicted  curve  at  S  =  0.5,  but  does  not 
parpllel  the  predicted  curve,  the  design  is  as  predicted  but  the  material  characteristics 
differ  fran  the  material  defined  by  the  Welbull  parameters.  Combinations  In  which  both 
the  design  eind  the  material  differ  from  prediction  are  also,  of  course,  possible  and 
likely,  but  those  results  can  be  broken  down  Into  the  two  cases  given  above.  Figure  6-3 
explains  this  procedure  dlagramraatlcally , 

It  should  also  be  possible  to  follow  a  similar  procedure  for  repeated  load  testing  by 
combining  the  above  with  the  previously  described  method  for  predicting  fedlure  prob¬ 
ability  under  repeated  loads.  This  suggestion  Is  offered  very  tentatively,  however.  In 
view  of  the  fact  that  so  many  of  the  previously  described  steps  are  presently  unverified 
by  experiment.  The  procedure  would  be  as  follows: 

a)  For  each  elemental  volume  In  the  structural  element  ur.der  consideration,  establish 
the  stress  due  to  the  proof  test. 

b)  Select  a  probability  of  failure  value  and  from  Equations  1  and  2  of  this  Section 
determine  the  corresponding  probable  failure  stress  and  hence  the  probable  maximum  flaw 
.  ize.  In  each  elemental  volume  of  the  component. 

c)  For  the  sequence  of  repeated  loads,  and  associated  stresses,  determine  the  growth 
of  these  flaws.  Detemine  the  number  of  load  sequences  required  until,  at  some  point  In 
the  structtire,  a  f j  aw  reaches  critical  size. 


d)  Repeat  (b)  and  (c)  for  other  probability  values  and  plot  the  results  as  a  curve  of 
failure  probability  versus  number  of  load  sequences  to  produce  failure. 
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e)  Conduct  repeated  load  teats  on  a  small  number  of  specimens,  applying  a  sufficient 
number  of  load  sequences  to  each  specimen  to  produce  failure. 

f)  Present  and  use  the  results  as  shovm  In  Figure  6-3  except  that  the  parameter  (r„ 

Is  replaced  by  number  of  loading  sequences. 
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7 .  DESIGN  TECHNIQUES 


7.1  BRITTLE  MATERIAL  APPLICATIONS 

Brittle  materials  find  many  engineering  applications  where  particular  characteristics 
such  as  electrical  insulating  qualities,  refractoriness  or  low  cost  are  necessary.  Su'h 
applications  Include  furnace  linings,  electrical  insulators,  etc.,  whore  the  limitations 
of  weight  and  the  requirements  for  high  structural  reliability,  which  are  typical  of 
■’jrospace  '•ppUcatlons,  do  not  apply.  The  discussions  of  this  chapter,  however,  will  be 
limited  to  applications  where  tne  material  must  be  used  in  an  efficient  stru'-tural  manner, 
and  consld. ration  will  be  limited  to  very  high  speed  airframe  components  and  components 
of  rocket  engines  and  gas  tui'blnes. 

In  aerospace  applications  it  can  be  expected  that  ductility  is  a  characteristic  that 
will  always  be  desired  by  designers  and  one  for  which  sane  compromise  of  the  structure 
in  other  respects,  such  as  weight,  will  be  made.  None  of  the  minor  advantages  of 
refractory,  nonmetalllc  materials  such  as  low  cost,  high  stiffness  to  weight,  etc.,  are 
likely  to  pursuade  a  designer  to  sacrifice  ductility.  Consequently,  applications  for 
brittle  refractories  will  almost  certainly  be  limited  to  those  whore  temperatures,  and 
the  environments  in  which  they  occur,  exceed  the  capabilities  of  metallic  materials. 

V/ithln  the  above  limitations  the  possible  aerospace  applications  for  refractory  non¬ 
metalllc  materials  Include  small  lifting  surfaces,  lifting  surface  leading  edges,  engine 
inlet  leading  edges,  heat  shield  elements,  Insulatlve  surface  elements  and  nose  caps,  all 
for  lifting  re-entry  and  hypersonic  cruise  applications.  Nonmetalllc  refractory  materials 
may  also  be  used  as  primary  structure  for  radomes  and  antennas  and  small  vei’y  high  speed 
missile  bodies. 

In  addition  to  the  above  airframe  applications  these  materials  have  fuurd  and  will 
continue  to  find  use  as  rocket  nozxle  Inserts  and  possibly  for  the  construction  of 
complete  nozzles  and  thrust  chambers.  Many  elements  of  gas  turbines  and  other  types  of 
air  breathing  engines  may  also  use  nonmetalllc  refractory  materials  where  freedom  from 
impact  loadings  can  be  assured.  The  use  of  these  materials  in  compressor  and  turbine 
blades  of  conver tlonal  gas  turbines  has  been  quite  unsuccessful  due  to  Impact  from  ingested 
material,  but  auvanced  applications  can  be  visualized  where  the  high  temperature  require¬ 
ments  are  so  severe  that  special  provisions  to  eliminate  ingesti d  material  on  or  near 
the  ground  are  Justified. 

All  of  the  above  applications  are  expected  to  Involve  relatively  small  parts.  Further¬ 
more,  parts  made  from  nonmetalllc  refractory  materials  are  generally  produced  from  powder 
by  hot  pressing,  pressing  and  sintering  or  slip  casting  and  sintering  techniques  so  that 
geometrically  complex  shapes  are  relatively  easy  to  produce.  Generally,  therefore,  non¬ 
metalllc  refractory  components  will  be  designed  with  Integral  stiffening  and  Internal 
structure  in  which  case  the  only  detail  design  consideration  is  the  method  of  attaching 
nonmei"  elements  to  Internal  metallic  structure.  All  of  the  applications  mentioned 
offer  ti  ..portunlty  for  the  use  of  one-piece  nonmetalllc  parts  from  the  highest 
temperature  regions  of  the  application  to  some  point  where  the  Internal  environment  is 
cool  enough  for  a  metallic  primary  structure.  Thus,  a  discussion  of  detail  t csign  practice 
reduces  primarily  to  a  discussion  of  Joining  methods  for  attaching  nonmetalllc  elements 
to  supporting  metallic  structure. 

The  present  early  development  stage  of  brittle  material  design  technology  is  mentioned 
elsewhere  in  this  handbook.  Methods  of  Joining  are  even  less  advanced  than  the  tech¬ 
nology  generally.  No  more  than  half  a  dozen  unclassified  U.S.  publications  exist  at 
present  which  describe  o.’lglnal  work  on  Joining,  and  all  of  the  work  reported  to  date 
is  dependent  on  the  use  of  metallic  elements  within  the  Joint.  Methods  for  Joining 
ceramic  to  ceramic  where  high  structural  strength  at  high  temperature  is  required  have 
seen  little  development,  with  the  exception  of  one  British  program,  described  in 
Section  7.6.  This  situation  emphasizes  the  need  for  one-piece  elements  to  the  point 
where  the  environment  permits  metallic  materials  to  be  used  in  the  Joint.  Furthermore, 
because  of  the  very  limited  experience  with  the  Joining  of  brittle  materials,  it  is  not 
possible  to  present  in  this  chapter  well  substantiated  design  rules  or  even  ei.plrlcal 
methods.  Accordingly,  the  chapter  will  present  concepts  and  principles  and  a  suggested 
design  practice  which  it  is  believed  will  lead  to  satisfactory  Joints.  Whether  the  degree 
of  design  refinement  suggested  is  sufficient  or  necessary  can  only  be  determined  by 
experience . 

The  chapter  is  supplemented  by  design  charts  which  are  chiefly  concerned  with  the 
application  of  statistical  methods  to  failure  prediction  for  the  particular  design  situa¬ 
tions  encountered  in  Joints.  Again  the  lack  of  experience  makes  it  difficult  to  assess 
the  significance  of  the  absolute  values  given  by  these  charts,  but  the  relative  values 
arc  extremely  useful  in  choosing  the  best  design  configurations  for  particular  Joints. 

7.2  JOINT  DESIGN  PRINCIPLES 

The  Important  principles  which  should  be  applied  in  the  design  of  Joints  in  brittle 
materials  were  mentioned  briefly  in  Section  2.3.  This  Soctlcn  reviews  these  principles 
in  more  detail  as  a  basis  for  the  discussion  of  their  appllcatloP  in  Joining  concepts. 

Typically,  in  metallic  construction,  balanced  interna''  load  systems  o:  relatively  low 
stress  level  can  be  accepted.  Such  load  systems  arise  from  dofomatlons  under  load  of 
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the  supporting  structure,  from  assembly  when  the  parts  do  not  fit  accurately  and  from 
modest  temperature  gradients.  When  these  bullt-ln  stresses  are  combined  with  stresses 
due  to  the  external  loads  applied  to  the  element,  a  local  yielding  or  buckling  may  occur 
where  the  material  yield  strength  Is  exceeded.  This  will  generally  relax  the  Internal 
load  system  and  not  materially  affect  the  ability  of  the  element  to  carry  the  externally 
applied  loads.  The  same  situation  Is  not  true  with  brittle  materials  where  yielding  and 
general  buckling  Is  not  possible.  Thus,  any  bullt-ln  stress  system  must  be  known  and 
must  be  Included  In  the  assessment  of  the  total  stress  picture.  An  Important  principle 
In  Joint  design,  therefore.  Is  to  attempt  to  arrange  the  joints  so  that  such  internal 
load  systems  are  eliminated.  This  requires  that  an  element  be  supported  so  that  It  Is 
constrained  against  motion  only  In  three  mutually  perpendicular  directions  and  against 
rotation  about  three  mutually  perpendicular  axes.  Note,  however,  that  this  can  be 
accomplished  with  a  single  attachment.  Any  other  constraints  than  these  will  Introduce 
Internal  stress  systems  which  are  not  statically  determinate.  When  this  principle  Is 
applied  rigorously.  It  will  frequently  Indicate  the  need  for  some  type  of  spherical 
bearing  within  a  Joint  to  eliminate  rotational  constraint  about  all  axes.  A  typical  pin 
Joint  for  Instance,  which  Is  commonly  used  to  attach  metallic  substructures  to  the 
primary  structure,  provides  rotational  freedom  about  one  axis  only.  A  three-point 
attachment  for  a  nonmetalllc  leading  edge  will  require  three  spherical  bearings  to  avoid 
all  local  rotational  constraints  and  two  of  the  three  bearings  must  also  be  free  to 
translate  along  one  axis. 

The  concept  of  using  a  statically  determinate  support  arrangement  for  any  "brittle" 
structural  element  would  appear  to  elimlnatn  the  possibility  of  redundancy  In  the  struc¬ 
ture,  whereas  the  characteristics  of  these  materials  makes  redundancy  even  more  desirable 
thatn  It  Is  with  a  metallic  structure.  Again,  this  Is  a  subject  for  which  practical 
experience  Is  completely  lacking.  Conservatism  then  requires  that  if  a  redundancy  In 
attachments  Is  Included,  the  part  should  be  checked  for  the  various  statically  determinate 
attachment  load  systems  which  are  possible  when  various  attachments  are  assumed  ineffective. 

Nonmetalllc  refractory  materials  con  generally  be  used  to  much  higher  stresses  In 
compres.  Ion  than  In  tension,  with  the  same  degree  of  reliability.  Thus,  if  only  compres¬ 
sive  stresses  can  be  produced  by  Internal  load  systems  these  may  be  beneficial.  To  effect 
this  benefit  the  balancing  tension  loads  must  be  reacted  In  the  metallic  primary  structure. 
This  can  frequently  be  done  quite  conveniently  whore  the  principal  source  of  stress  Is 
due  to  temperature  gradients.  Since  the  nonmetalllc  element  will  be  located  to  accept 
thi  highest  temperatures.  It  will  nonoally  expand  relative  to  any  supporting  metallic 
structure.  Restraints  of  this  expansion  may  Introduce  beneficial  thermal  stresses,  and 
this  restraint  must  be  built  Into  the  Joints  between  the  nonmetalllc  and  metallic 
components.  This  technique  must  be  used  very  cautiously,  however,  since  the  use  of 
refractory  materials  Implies  very  high  temperatures  siich  as  3000°F  to  4000“?  which  In 
turn  suggests  large  temperature  gradients.  Under  such  circumstances  themal  stresses  In 
the  high  modulus  refractories  can  quickly  become  very  large  notwithstanding  the  very  high 
compression  strength  of  most  of  these  materials. 

The  considerations  mentioned  above  with  respect  to  the  Joints  between  metallic  and  non¬ 
metalllc  components  apply  similarly  within  the  Joint  Itself.  Any  type  of  multiple 
connection  implies  an  unknown  load  distribution  since  In  a  material  lacking  yielding  the 
load  distribution  will  depend  on  the  tolerances  and  degree  of  fit  at  each  attachment 
point,  on  the  smoothness  of  the  surfaces  In  contact,  and  on  the  deformations  In  the  sur¬ 
rounding  material.  In  which  a  very  complex  stress  system  will  generally  exist.  These 
conditions  are  generally  too  complex  for  a  practical  analysis  of  elastic  deformation  and 
consequent  load  distribution  to  be  made.  Thus,  If  multiple  connections  are  used  conserva¬ 
tism  requires  that  various  possible  load  paths  be  examined  with  only  the  minimum 
statically  determlnat'  number  of  connections  effective  In  each. 

Another  principle  which  must  be  followed  In  the  design  of  Joints  In  brittle  materials 
is  attention  to  stress  concentrations,  a  consideration  which  has  been  emphasized  repeatedly 
In  this  handbook.  In  a  typical  structural  component  the  consideration  of  stress  concen¬ 
trations  will  usually  Imply  concentrations  due  to  changes  In  the  geometry  of  the  structure 
and  the  absence  of  constant  cross  sections.  In  the  case  of  Joints  and  attachments,  how¬ 
ever,  there  is  another  Important  source  of  stress  concentration  and  this  results  from 
dimensional  tolerances  In  the  detail  parts.  For  Instance,  If  a  bolted  connection  is  used 
In  a  meta'llc  structure,  bearing  pressures  between  the  bolt  and  the  surrounding  material 
are  computed  on  the  basis  of  a  uniform  distribution  across  the  bolt  diameter.  Experience 
shows  that  this  assumption  predicts  the  ultimate  strength  of  connections  satisfactorily. 
Presumably  whatever  the  Initial  form  of  the  distribution  of  bearing  pressure  It  becomes 
uniform  as  a  result  of  local  yielding  before  the  ultimate  strength  of  the  connection  is 
reached.  When  this  yielding  capability  Is  absent,  the  fact  that  bolt  euad  hole  diameters 
will  never  match  precisely  results  In  the  concentration  of  load  along  a  line. 

The  consideration  described  above  can  be  carried  further  because  In  general,  and  again 
as  a  result  of  manufacturing  tolerances,  the  axis  of  a  hole  In  a  structural  part  will  not 
coincide  directionally  with  the  axle  of  a  bolt  or  pin  which  fits  Into  the  hole  (see 
Figure  7.1).  Again,  as  a  result  and  In  the  absence  of  yielding,  this  could  lead  to  the 
concentration  of  load  at  a  point  at  one  edge  of  the  hole.  In  the  case  of  a  metal  pin, 
attaching  a  ceramic  part  this  concentration  may  be  modified  by  local  yielding  of  the  pin, 
and  In  general  there  has  been  Insufficient  experience  to  know  to  what  extent  It  is 
necessary  to  consider  all  such  possible  tolerance  affects.  The  examples  mentioned  here 
are  Intended  only  to  Illustrate  possible  problem  areas.  If  these  considerations  are 
pursued  In  a  particular  application,  they  will  probably  lead  either  to  the  selection  of 
a  Joint  configuration  in  which  manufacturing  tolerances  are  not  Important  or  It  will  be 
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necessary  to  assume  that  some  degree  of  stress  concentration  can  be  accepted  by  the 
material  and  to  confirm  thin  assumption  experimentally.  Experimental  confirmation  of  an 
assumption  Is  not  easy,  however,  because  the  concern  Is  not  with  a  failure  level  but 
rather  with  probability  of  failure,  which  Implies  a  sample  size  sufficiently  large  to 
have  statistical  significance,  which  In  turn  Implle*  a  costly  experimental  program. 

7 . 3  DESIGN  CONCEPTS 

It  would  be  desirable.  In  order  to  assist  designers  concerned  with  the  application  of 
brittle  materials,  to  present  examples  of  Joining  and  attachment  methods  which  Incorporate 
the  principles  that  have  been  presented  and  which  have  been  extensively  developed  and 
verified  with  actual  hardware.  At  the  present  time  this  Is  not  possible  because  new 
Joining  concepts  particularly  appropriate  to  brittle  materials  have  not  been  evolved,  even 
on  paper,  and  the  limited  amount  of  Joining  that  has  been  done  has  been  based  on  adapta¬ 
tions  of  metallic  Joints.  It  Is  believed,  therefore,  that  Joining  of  brittle  materials 
will  begin  with  the  application  of  Joint  configurations  and  joining  concepts  which  have 
been  used  successfully  with  metallic  materials  and  that  new  configurations  will  evolve 
as  experience  Is  gained. 

There  are  two  considerations  which  can  be  expected  to  provide  the  basis  for  the  evolution 
of  new  Joint  configurations  for  brittle  materials,  both  of  which  result  from  attention  to 
stress  concentrations.  In  any  component  fabricated  with  a  material  having  no  yielding 
capacity,  stress  concentrations  will  be  significant  since  they  will  force  orjly  a  small 
part  of  the  total  material  available  to  work  at  stress  levels  for  which  the  material  Is 
capable,  while  most  of  the  material  contributing  to  the  weight  of  the  structure  will  be 
working  at  very  low  stresses.  This  problem  Is  made  much  more  severe  when  variability  of 
material  properties  Is  considered.  The  effect  Is  illustrated  by  Figure  7-5  which  Is  a 
simple  tension  member  of  thickness  t  subjected  to  a  stress  f  with  a  change  In  cross 
section  Involving  a  fillet  of  radius  r.  The  figure  shows  tht  ratio  of  allowable  stress 
with  the  stress  concentration  effects  considered,  to  the  allowable  stress  If  the  stress 
concentration  Is  zero,  for  any  probability  of  failure  and  for  a  rang‘d  of  values  of  fillet 
radius.  The  effect  of  the  material  constant  m  Is  included  and  two  combinations  of  proof 
testing  and  zero  probability  of  failure  stress,  (  ffu)  are  considered.  An  Increase  In  the 
fillet  radius  from  0.2  t  to  1.0  t  can  Increase  the  permissible  applied  stres j  for  a  given 
failure  probability  by  a  factor  which  can  be  as  high  as  2  ,  Joint  configurations  are 
expected  to  evolve  from  studies  of  this  type,  and  as  this  example  Illustrates  the  method 
will  Involve  either  reducing  stress  concentrations  by  careful  selection  of  local  geometry, 
such  as  fillet  radii,  or  removing  material  which  would  otherwise  be  operating  at  low 
stresses,  which  means  reducing  the  thickness  t. 

The  type  of  design  study  work  Just  mentioned  has  not  been  attempted  at  this  time  so  that 
it  is  not  possible  to  project  even  approximately  the  configurations  that  well  developed 
brittle  material  Joints  will  take.  Consequently,  examples  to  be  presented  In  this  section 
will  be  confined  to  typical  metallic  connections. 

Another  approach  to  stress  concentration  reduction  Is  applicable  to  concentrations  which 
arise  In  mechanical  connections  Involving  a  pin  or  a  bolt  through  a  hole.  In  this  situa¬ 
tion  the  combination  of  manufacturing  tolerances  and  the  inability  to  yield  result  In  a 
line  contact  between  the  pin  and  the  plate,  which  again  leads  to  a  severe  stress  concentra¬ 
tion.  A  possible  approach  to  stress  reduction  In  this  situation  Is  the  Introduction  of  a 
thin  ductile  metallic  liner  between  the  pin  and  the  hole  In  order  to  provide  yielding 
capability  and  load  distribution.  Although  In  general  nonmetalllc  refractory  materials 
will  be  used  only  where  temperatures  prevent  the  use  of  metals,  the  choice  Is  primarily 
one  of  economics,  since  there  are  precious  metals  having  good  oxidation  resistance  at 
very  high  temperatures.  While  It  Is  not  economically  feasible  to  use  these  materials  for 
structural  elements,  or  even  their  attachments.  It  Is  possible  to  use  them  In  very  small 
quantities  for  applications  such  as  that  mentioned.  This  concept  has  been  tried  experi¬ 
mentally,  however,  with  little  success.  More  details  are  given  In  7.6  which  summarizes 
current  experience  In  brittle  material  Joining. 

Some  typical  Joints  which  might  be  used  for  brittle  structures  are  Illustrated  In 
Flgures7.1  through  7.^.  As  explained  these  are  similar  In  principle  to  conventional 
metallic  connections  and  they  all  anticipate,  for  reasons  already  mentioned,  that  all 
Joints  will  Involve  connection  of  nonmetalllc  components  to  metallic  components.  The 
figures  Illustrate  some  of  the  features  of  the  various  Joints,  and  they  show  the  possible 
stress  concentration  areas  which  must  be  considered  In  properly  refining  the  configuration. 

Figure  7.1  Is  a  standard  shear  lug  connection  which  Is  useful  for  Joining  major  struc¬ 
tural  components  where  subsequent  disassembly  Is  anticipated,  or  where  freedom  for 
component  deformation  Is  required.  The  Joint  provides  rotational  freedom  about  the  pin 
axis  and  translational  freedom  along  the  pin  axis.  This  latter  Is  accomplished  by  bending 
the  metallic  support  bracket.  A  metallic  spherical  bearing  can  also  be  Incorporated  to 
provide  rotational  freedom  about  each  of  the  two  axes  which  are  perpendicular  to  the  bolt 
axis.  The  Joint  will  then  provide  four  degrees  of  freedom  and  two  degrees  of  cor.stralnt. 

The  connection  shown  In  Figure  7.1  contains  many  sources  of  stress  concentration  which 
must  be  considered  In  the  stress  analysis.  There  are  stress  concentrations  around  the 
hole  and  stress  concentrations  at  the  fillets  where  the  lug  becomes  an  Integral  part  of 
the  nonmetalllc  component.  Concentrations  arise  at  the  contact  between  the  lug  and  the 
pin  as  a  result  of  dimensional  tolerances  on  diameter,  pin  bending  which  will  tend  to 
concentrate  the  load  at  the  edges  of  the  hole,  and  eccentricities  In  the  direction  of 
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loading  due  to  tolerances  In  the  location  of  the  two  parts  of  the  attachment.  There  is 
not  presently  sufficient  experimental  evidence  to  indicate  whether  it  is  indeed  necessary 
to  consider  all  of  these  effects,  but  it  seems  reasonable  to  minimize  them  by  appropriate 
Joint  configuration  design  and  then  establish  the  absolute  size  optimistically  and  to 
verify  the  Joint  integrity  experimentally. 

Where  significant  temperatures  arise  and  a  close  tolerance  metal  pin  is  used  in  a  non- 
metalllc  lug  it  may  be  necessary  to  make  some  provision  for  the  themal  expansion 
differences  between  the  pin  and  the  hole.  The  proper  use  of  a  tapered  pin  and  a  tapered 
hole  accomplishes  this  and  is  based  on  the  fact  that  although  dimensional  changes  result¬ 
ing  from  temperature  are  different  from  materials  with  different  thermal  expansion 
coefficients,  angles  remain  unchanged.  Thus,  if  the  mating  surfaces  are  tapered  so  that 
the  projections  of  these  surfaces  meet  at  a  single  point,  then  the  tolerances  between  the 
pin  and  the  hole  will  not  be  changed  with  temperature. 

Figure  7.2  shows  a  number  of  tension  attachments  between  nonmetalllc  and  metallic 
components,  nd  they  Include  versions  which  are  useful  for  connecting  cylindrical  sections 
such  as  rad  's  or  small  missile  body  sections.  This  type  of  Joint  provides  no  accommoda¬ 
tion  for  relative  motion  betwe'^n  the  nonmetalllc  and  metallic  components  such  as  may  be 
caused  by  deformations  under  load  or  temperature  gradients.  Accordingly,  arrangements 
for  avoiding  restraints  on  the  deformation  of  the  nonmetalllc  component  must  be  made  by 
building  flexibility  into  the  metallic  supporting  structure. 

Figure  7.2  shows  the  principal  stress  concentrations  which  can  arise  in  tension  attach¬ 
ments  and  which  must  be  minimized  by  the  proper  selection  of  fillet  size  and  the  proper 
selection  of  thickness  and  thickness  taper  in  the  various  elements  of  the  Joint.  Other 
stress  concentrations  arise  at  the  point  of  contact  of  the  bolt  head  and  the  surface  of 
the  nonmetalllc  material.  These  concentrations  might  be  minimized  by  soft  metal  Inserts 
or  by  using  spherical  contact  surfaces  to  allow  for  bolt  misalignment,  etc.  Accurate 
pretenslonlng  of  the  bolts  may  be  necessary  in  a  multiple  bolt  connection  to  ensure  that 
each  bolt  takes  its  share  of  the  load. 

Figure  7.3  shows  some  typical  hear  Joints  which  are  useful  for  transmitting  tension, 
compression,  shear  or  a  moment  in  the  plane  of  the  splice  plates.  Symmetrical  construc¬ 
tion  is  shown  to  minimize  stress  concentrations  from  eccentric  loadings  and  tapered  Joint 
elements  can  be  anticipated  to  minimize  the  stress  concentrations  at  the  ends  of  the  splioe 
elements.  So  far  as  possible  the  proper  choice  of  stiffness  characteristics  and  thickness 
of  the  bond  material  should  also  be  made  with  stress  concentration  reduction  as  the 
objective. 

It  should  be  noted  that  most  of  the  literature  which  is  concerned  with  stress  distribu¬ 
tions  in  Joints  such  as  those  shown  in  Figure  7*3  emphasize  the  stresses  in  the  bonding 
material.  For  present  considerations  where  the  bond  will  generally  be  a  metallic  braze, 
the  Important  stress  concentration  is  that  which  occurs  in  the  nonmetalllc  plate  dements. 

Figure  7*^  is  a  typical  mechanical  splice  again  using  double  splice  plates  to  avoid 
eccentricities.  This  type  of  Joint  is  unlikely  to  be  successful  unless  some  type  of 
yielding  Insert  materia]  can  be  used  between  the  bolts  and  the  holes  in  the  splice  plates, 
or  alternatively  if  the  bolts  are  of  soft  material  or  have  plated  surfaces  or  are  hollow 
or  Include  some  other  device  to  provide  a  slight  amount  of  local  deformation.  If  this  is 
not  done  the  load  distribution  between  the  bolts  is  extremely  dependent  on  manufacturing 
tolerances,  surface  finish,  etc.,  which,  even  if  these  characteristics  are  controlled, 
cannot  be  Included  in  the  load  distribution  analysis. 

7.4  SUGGESTED  DESIGN  PRACTICE 

7.4.1  Selection  of  Material 

For  a  structural  component  to  be  fabricated  from  brittle  nonmetalllc  refractory  materials 
the  selection  of  materials  will  Involve  the  usual  considerations  of  temperature  capability, 
oxidation  resistance,  availability,  fabrication  considerations,  cost,  etc.,  and  since 
these  topics  are  not  particularly  unique  to  brittle  materials  they  will  not  be  discussed 
here.  With  respect  to  mechanical  properties,  however,  the  basis  for  the  selection  of 
material  is  quite  different  from  that  used  with  metallic  materials  where  yield  strength 
and  ultimate  strength  and  possibly  fatigue  characteristics  are  the  primary  considerations. 

The  Important  mechanical  property  considerations  in  material  selection  when  brittle 
materials  are  Involved  are  the  average  strength  of  the  material  aid  the  shape  of  the 
strength  distribution  curve.  These  considerations  are  described  by  the  three  Welbull 
parajnoters  rn,  ffp  and  au-  Furthermore,  the  significance  of  these  parameters  is  dependent 
on  the  acceptable  failure  probability  level  and  also  on  the  structural  configuration. 

Thus,  those  parameters  will  have  a  different  significance  with  respect  to  material 
selection  at  a  Joint  with  its  usual  preponderance  of  stress  concentrations  than  in 
regions  of  the  structure  where  the  structural  cross  sections  do  not  change. 

In  oectlon  7*5  which  follows,  analytical  relationships  are  developed  to  determine  the 
probability  of  failure  for  an  element  of  structure  containing  a  stress  concentrations, 
and  those  relationships  can  be  rearranged  to  describe  the  permissible  stress  in  regions 
away  from  the  concentration  for  a  specified  probability  of  failure.  Such  relationships 
show  that,  for  very  low  failure  probabilities,  the  allowable  stress  is  directly  propor¬ 
tional  to  the  Welbull  material  parameter  Vq.  Ihus,  the  significance  of  this  parameter 
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In  selecting  materials  Is  straightforward,  the  greater  the  value,  all  other  material 
parameters  remaining  constant,  the  greater  Is  the  allowable  stress. 

The  material  parameter  m  Is  b  i  most  Important  consideration  In  material 

selection,  however,  and  using  „ionshlps  given  In  7.5  numerical  studies  have  been 

made  for  a  fillet  at  a  change  3  section  for  a  range  of  values  of  both  geometric 

and  Welbull  parameters.  The  si  shews  that  approximately  ^  , 

“iT  “  ®  “m^f  ■  nsii 

where  S  Is  the  allowable  failure  probability  and  m^  and  m?  arc  the  values  of  m  for  two 
different  materials  which  are  being  compared  and  »mi  and  ^ms  are  the  corresponding 
allowable  stresses.  The  studies  show  that  the  geometric  oharaoterl sties  of  the  stress 
concentration  have  little  affect  on  this  relationship.  If  a  typical  failure  probability 
of  10"“  is  assumed  and  mi  =  9  and  n'2  '  3  which  covers  the  range  of  values  of  m  which  are 
likely  to  be  specified,  then  the  above  relationship  shows  that  the  allowable  stress  can 
be  Increased  by  a  factor  of  20  If  a  material  with  m  value  of  9  can  be  used  rather  than 
an  m  value  of  3.  These  effects  are  Increased  as  the  stress  concentration  Is  Increased 
and  as  the  proof  stress  and  the  zero  probability  of  failure  stresses  are  reduced.  For 
a  proof  stress  and  zero  probability  of  failure  stress  of  zero,  and  a  fillet  with  an  r/t 
of  0.2  the  above  effect  can  be  doubled. 

While  m  Is  possibly  a  material  characteristic  It  Is  certainly  also  affected  by  the 
material  processing  since  well  controlled  processing  with  the  minimum  of  variations  from 
batch  to  batch  will  minimize  variability  In  the  resulting  material.  Since  the  value  of 
m  is  so  significant  In  determining  the  allowable  stress  and  hence  weight,  it  Is  Important 
to  Impose  rigid  controls  on  the  material  processing  after  having  first  selected  a  material 
with  an  inherently  high  value  of  m.  More  discussion  of  this  topic  Is  given  In  Section  5. 

The  third  material  parameter  Is  ffu,  the  zero  probability  of  failure  stress.  Figure  7.6 
shows  the  significance  of  this  parameter  to  the  allowable  stress  for  a  typical  stress 
concentration  effect  of  a  fillet  at  a  change  of  cross  section.  The  curves  snow  the  effect 
on  allowable  stress  of  both  and  the  proof  test  and  curves  are  given  for  two  extreme 
values  of  fillet  radius. 

From  an  examination  of  Figure  7.6,  It  Is  evident  that  the  effectiveness  of  ffy  Increases 
as  the  stress  concentration  decreases  and  as  the  proof  test  level  Increases. 

From  the  above  discussion  It  will  be  evident  that  of  the  material  parameters  which 
describe  mechanical  characteristics  m  Is  by  far  the  most  significant  and  considerable 
efforts  should  be  made  to  obtain  and  use  materials  with  high  m  values.  Oq  Is  next  In 
Importance  with  allowable  stresses  and  hence  weight  being  directly  related,  and 
of  least  significance  since  It  Is  useful  only  if  the  stress  concentration  effects  are  not 
severe  and  In  the  absence  of  a  proof  test. 

7.4.2  Selection  of  Proof  Test 

Figure  7.7  shows  the  results  of  studies  conducted  to  determine  the  significance  of  proof 
test  level  In  Joint  areas.  Again  the  example  consists  of  a  change  of  cross  section  includ¬ 
ing  a  fillet  and  two  fillet  radii  are  considered.  The  allowable  stress  In  terms  of  the 
allowable  stress  with  zero  proof  test  Is  presented  as  a  function  of  proof  stress  level. 
Clearly,  from  these  results  the  proof  test  can  be  significant  with  materials  of  low  m 
value  but  Is  of  little  use  for  m  values  around  9>  Evan  with  low  m  values  the  proof  stress 
needs  to  be  e  t  least  90'^  of  the  applied  stress  to  produce  significant  benefits. 

It  should  oe  noted  that  these  conclusions  are  derived  by  studying  a  structural  element 
containing  a  stress  concentration  which  Is  typical  of  a  Joint.  The  results  for  both  a 
proof  test  and  ffu  ^^re  related  to  the  fact  that  the  proof  test  bears  the  same  relationship 
to  the  local  stress  at  every  point  In  the  element.  Thus,  Its  benefits  are  approximately 
Independent  of  geometry.  ffy  on  the  other  hand  may  be  a  large  proportion  of  the  applied 
stress  ff  ,  but  It  does  not  change  with  local  stress.  Thus,  Its  benefits  In  the  areas  of 
high  stress  which  control  the  design  are  small  to  a  degree  which  Is  dependent  on  the 
severity  of  the  stress  concentration. 

It  should  also  be  noted  that  the  considerations  above,  with  respect  to  the  significance 
of  the  proof  test,  assame  that  the  Welbull  curve  for  the  material  Is  known  equally  well, 
whethei’  or  not  a  proof  test  Is  to  be  conducted.  The  Improvements  noted  from  proof  testing 
result  from  truncation  of  the  strength  distribution  curve,  not  from  Improvements  In  Its 
accuracy.  The  proof  test  also  has  benefits,  however,  either  In  the  reliability  of  the 
Welbull  curve  for  a  given  number  of  materi.  al  test  samples,  or,  conversely,  in  the  number 
of  samples  required  to  achieve  a  distribution  curve  of  specified  accuracy. 

Unpublished  studies  of  this  aspect  of  proof  testing  have  been  made  by  establishing  a 
comnuter  program  to  generate  10,000  random  numbers  ranging  from  0  to  1  and  using  these 
uambers  to  represent  to  the  results  of  10,000  hypothetical  material  tests.  This  repre¬ 
sents  essentially  an  infinite  population  so  that  the  corresponding  Welbull  curve  con  be 
accurately  defined.  The  program  also  permitted  any  number  of  these  hypothetically  test 
points  to  be  selected  raniomly  and  the  corresponding  Welbull  curve  generated.  Thus, 
allowable  stresses  for  a  given  failure  probability  could  be  determined  from  the  "exact" 
V/elbull  curve  and  from  the  Welbull  curve  detemined  from  a  limited  number  of  test  points. 
By  this  method  the  effect  of  the  number  of  test  points  on  the  accuracy  of  the  allowable 
stress  was  examined. 
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An  ftddltl ontl  rel'lnement  was  the  repeated  selection  of  a  cpcclf’ic  nujnber  of  test  point." 
no  that  for  "a^h  number'  the  mean  values,  standard  devlatlonr  and  confidence  limit'’  of  the 
Welbull  Constanta  were  determined.  Finally,  the  method  permitted  an  exact  detonnlt>ntion 
of  the  effect  of  proof  strer.s  on  the  number  of  teat  and  speclmenr.  needed  to  achieve  an 
allowable  stress  of  specified  accuracy. 


The  number  of  snjMplo.s  required  to  determine  allowable  .stress  v.ltliln  ‘d'j'i.  of  the  true 


value,  with  90'?  confidence,  when  a  proof  tes 
function  of  m. 

Failure  Probability 
Mo.  of  .sample."  for  m  c 
Mo.  of  samples  for  m  =  8 
Mo.  of  sample."  I'or'  m  =  ?0 


not  used ,  1 s 

.siUTUuarl ’Od  below 

u  r.  a 

o 

10  ' 

.  "3 

10 

IC''" 

350-40U 

500 

o 

o 

A 

[)-10 

60-100 

o 

q 

A 

<5 

<0 

65 

Wlicn  a  proof  stress  Is  introduced  Into  the  above  study  the  number  of  samples  I’equlred 
to  predict  allowable  sti'essoa  within  of  the  true  values  Is  reduced  to  betv/een  b  and 
20  .specimens  depending  on  the  value  of  m,  the  level  of  proof  stress,  etc.  .'luch  values 
are  much  more  practical,  particularly  for  very  low  values  of  failure  probability.  How¬ 
ever,  tlie  study  also  confirmed  that  for  very  low  values  of  failure  probability,  say  10" 
the  difference  between  the  allowable  stress  and  the  proof  stress  Is  tiegllglble.  The 
significance  of  this  fact  on  structural  design  criteria  Is  covered  In  Section  C. 

7.5  DKSIMN  CHARTS 

In  other  parts  of  this  h'nibook  the  Importance  of  conducting  a  stref-.s  .'inalysis  suffi¬ 
ciently  refined  to  reveal  local  stress  concentrations  ha.a  been  empha."l ced .  The  I'cquli’e- 
ment  for  predli:tlng  I'-tllui'c  probability  based  or.  a  statistical  distribution  of  material 
strength  cliaracterl  stlcc  has,  also  been  Indicated.  Wlien  this  design  procedure  is  applied 
to  a  typical  Joint  tlie  re.cul  ting  analytical  work  Ic  laborious  for  a  number  ol‘  reasons. 

The  geometry  of  a  Joint  Is  typically  complex.  Introducing  numerous  stress  concentrations 
and  requiring  an  elaborate  .atres.".  analysis  to  obtain  reasonably  correct  stress  predictions. 
The  typical  engineering  theory  will  not  produce  even  crude  approximations  to  the  stress 
distribution  In  many  typical  Joints,  and  finite  element  methods  (see  Section  4)  applied 
with  a  very  refined  element  breakdown  are  necessary  to  obtain  good  stress  predictions. 
Furthermore,  the  prediction  of  failure  probability  Is  laborious  as  a  direct  consequence 
of  the  rapid  variations  of  stress  that  occur  throughout  a  Joint,  again  requiring  a  very 
fine  element  breakdown  If  the  methods  of  Section  3  are  to  be  applied. 

The  complexity  described  above  applies  when  It  Is  necessary  to  analyse  a  Joint  that  Is 
already  designed.  The  problem  Is  significantly  more  difficult  when  It  Is  necessary  to 
carry  out  the  design  process,  since  this  usually  Involves  a  number  of  analyses  of 
different  Joint  arrangement"  until  a  design  which  meets  all  of  the  requirements  Is 
established.  Furthomoro,  experience  In  designing  when  failure  probability,  rather  than 
strength  limitations,  become.",  the  basis  for  an  acceptable  design  is  virtually  nonexistent 
so  that  the  establlsliment  of  a  satisfactory  design  will  probably  require  many  more  trials 
than  Is  usual  In  designing  Joint:  in  metal  structures. 

This  section  Is  Intended  to  relieve  this  situation  by  providing  design  charts  which 
should  facilitate  the  design  of  attachments  In  brittle  materials,  Some  approximations 
have  been  made  In  the  Interests  of  facilitating  the  rapid  analysis  of  Joint  designs, 
since,  where  necessary,  a  refined  analysis  can  always  be  made  using  the  methods  presented 

In  Sections  3  and  4  after  the  preliminary  design  work  has  been  completed.  The  approach 

used  to  Joint  analysis  In  thin  section  Is  as  follows; 

a)  A  number  of  typical  Joints  and  attachments  have  been  examined  and  a  small  number  of 

typical  stress  concentration  problems  have  been  selected  as  representative  of  most  of  the 
stress  concentration  effects  to  be  found  In  actual  Joints. 

b)  The  failure  probability  theory  has  been  linearised  for  small  values  of  failure 
probabllll-'  and  this  permits  the  total  failure  probability  of  a  structural  element  to 
bo  date  mined  by  summating  contributions  from  various  effects. 

c)  The  various  stress  concentration  problems  mentioned  under  a)  above  have  been  studied 
part.'notrlcally  to  determine  the  resulting  stress  distributions,  and  also  to  assesB  the 
Increment  of  failure  probability  due  to  the  stress  concentration  for  a  range  of  values 

of  the  Welbull  material  parameters. 

d)  Charts  are  presented  In  this  section  to  give  the  Increment  of  failure  probability 
for  various  stress  concentration  effects  in  terns  of  the  geometric  parameters  associated 
with  the  stress  concentration  and  the  Welbull  material  parameters. 

The  procedure  In  using  this  section  to  analyze  a  typical  Joint  Is  therefore  as  follows: 
Mrst,  a  simple  stress  analysis  of  the  Joint  Is  made  neglecting  stress  concentration 
effects,  and  the  failure  probability  of  the  Joint  Is  assessed  on  the  basis  of  this  simple 
ntrosE  analysis.  Next,  each  of  the  stress  concentration  effects  present  In  the  Joint  Is 
examined  and  an  Incremenc  of  failure  probability  Is  determined  for  each,  using  the  charts 
presented  in  this  section.  Finally,  there  Increments  of  failure  probability  are  added  to 


the  failure  probability  determined  from  the  slmpla  stress  analysis,  to  obtain  the  prob¬ 
ability  of  failure  for  the  Joint. 

The  generalized  stress  concentration  problems  which  are  believed  typical  of  those 
experienced  In  Joint  design  are  summarized  In  Figure  7.8.  The  fillet  Is  considered 
typical  of  most  changes  in  cross  section  which  occur  within  a  Joint. 

The  typical  hole  shown  In  Figure  7.8  Is  self-explanatory  except  for  the  fact  that  the 
design  charts  to  be  presented  cover  only  the  case  of  a  uniaxial  stress  since,  as  will  be 
shown  presently,  the  problem  of  failure  probability  prediction  has  been  reduced  to  a 
linear  solution  and  the  principle  of  superposition  can  again  be  used  for  any  complex 
stress  state. 

The  third  concentration  problem  Is  the  pin  In  a  hole,  v/hlch  Is  considered  particularly 
significant  In  brittle  material  Joints  since  the  lack  of  yielding  con  lead  to  line  contact 
with  very  high  local  stresses.  In  this  latter  case  consideration  Is  given  to  both  a 
metallic  pin  In  a  nonmetalllc  plate  and  also  the  case  whore  both  the  pin  and  the  plate 
are  nonmetalllc. 


In  all  of  these  examples  of  stress  concentrations,  geometric  boundaries  have  been 
eliminated  where  possible  In  order  to  minimize  the  number  of  geomttrlc  parameters  to  bo 
considered.  Generally  speaking,  this  can  be  done  quite  effectively  since  stress  concen¬ 
trations  are  local  effects.  The  assumption  Is  oven  more  valid  when  a  failure  probability 
is  being  determined  since  the  exponent  In  the  Welbull  distribution  function  greati’y 
emphasizes  the  significance  of  the  peak  stresses,  which  of  course  are  extremely  localized. 


Consider  an  element  of  structure  In  the  region  of  a  stress  concentration,  and  denote 
by  ffy  the  maximum  principal  stress  at  any  given  location  in  the  element.  Then  the 
probability  of  failure  of  the  entire  element,  using  the  linearized  form  of  the  failure 
probability  expression  given  by  equation  21  of  Section  3.  fund  including  only  the  maximum 
principal  stress  at  any  point  Is: 
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Assume  that  at  a  remote  distance  from  the  stress  concentration  the  stress  is  a  . 
define  a  stress  concentration  factor: 


Then 
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And  define  a  proof  teat  factor: 
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Tills  expression  assumes  that  the  proof  load  produces  the  sane  stress  distribution  as  the 
operating  stress,  which  will  usually  be  valid  for  a  local  concentration. 


IJow  If  the  stress  concentration  Is  neglected,  by  using  some  simplified  analytical 
approach,  we  have: 
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The  Increment  of  failure  probability  .fc,  duo  to  the  stress  concentration.  Is  therefore: 
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In  general  If  V  Is  the  volume  of  any  element  of  material  and  the  results  are  to  be 
expressed  In  terms  of  the  fillet  or  hole  radius,  and  the  structural  thickness,  then  V 
must  he  numerically  evaluated  for  the  case  of  unit  radius  (r)  end  unit  thickness  (w) 
and  with  this  understanding 
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In  order  to  evaluate  this  expression,  finite  element  analyses  of  the  various  stress 
concentrations  .lave  been  made,  to  detenr.li.e  Ki  for  each  element.  Then  the  terra  „ 

/  1  ^u  \^‘  j  1  ^u\ 

^  —j  Is  summated  over  all  elements  for  various  values  of  m  and^j^ -j-j  . 
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The  remaining  terms  In  the  expression  for  So  are  constants  for  particular  values  o.f 
In  the  evaluation  of  Sc,  and  (Ki  - 
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Kg  and  m. 
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and 


Is  not  Included 


If  the  vfdue,  for  a  particular  element.  Is  zero  or  negative. 


Figures  7.9  through  7*12  give  the  Increment  of  failure  probability  Sc  due  to  the  stress 
concentration  effects  at  a  fillet  In  a  brittle  material  element.  liie  data  Is  expressed 
In  terms  of  element  width,  w,  and  fillet  radius  r,  and  the  Wei bull  material  parameters  m 
and  ffg.  The  constant  Is  Included  to  facilitate  plotting  of  So  on  a  logarithmic  scale. 
Note  that  the  geometric  parameters  In  these  figures  must  be  In  Inch  units. 


The  Increment  of  failure  probability  Sc  is  to  be  added  to  the  failure  probability 
determined  by  neglecting  the  stress  concentration.  Referring  to  Figure  7.8  this  simple 
stress  distribution  Involves  the  stress  o  ,  In  the  portion  of  the  element  of  thickness  2t, 
and  It  Is  assumed  that  this  stress  changes  abruptly,  at  the  change  of  cross  section,  to 
a  uniform  value  determined  by  the  Increased  section  depth. 

In  Figures  7.9  through  7.12  Kg  defines  the  proof  test  level  and  Is  equal  to  where 
ffp  Is  the  stress  produced  by  the  proof  test.  In  the  element  of  thickness  t.  The  ratio 
ffu  expresses  the  ratio  of  the  material  "zero  probability  of  failure  stress"  to  the  applied 

■3^ 

stress . 


Figure  7*13  gives  Increment  of  failure  probability  due  to  Lae  stress  concentration 
produced  by  a  hole  of  unit  radius  In  aii  Infinite  plate  of  unit  thickness  under  a  uniaxial 
stress  ff  . 

The  stress  concentration  condition  illustrated  by  Item  3  of  Figure  7.8  requires  a 
different  treatment  since  no  tension  stresses  are  produced  locally  as  a  result  of  the 
contact  between  the  pin  and  the  hole.  Since  the  Welbull  approach  to  the  determination 
of  failure  probability  assumes  that  compression  and  shear  stresses  do  not  contribute, 
the  stress  concentration  effect  shown  does  not  Increase  failure  probability.  However,  It 
Is  not  certain,  at  this  time,  that  compression  and  shear  do  not  contribute  to  failure 
frobablllty  so  that  some  Information  on  the  effect  of  this  type  of  stress  concentration 
Is  desirable  for  the  designer. 

In  Section  5  of  this  handbook  the  subject  of  material  failure  under  compression  stresset 
Is  discussed  and  will  be  evident  that  the  compression  strength  of  nonmetalllc  refractories 
does  have  a  limiting  value.  Since  this  is  many  times  the  tensile  strength  It  Is  not 
normally  critical  but  In  the  situation  Illustrated  by  Figure  7.8/3  the  compression  stresses 
can  be  so  large  that  some  check  must  be  made.  Accordingly,  Figure  7.1^  gives  data  on  the 
maxlmui.1  stresses. 

7.6  EXPERIMENTAL  RESULTS 

A  review  of  the  literature  shows  that  very  little  work  has  been  done  to  Join  ceramic 
materials  to  each  other  In  a  manner  which  would  permit  the  high  temperature  capabilities 
of  the  material  to  be  fully  exploited.  One  outstanding  exception  to  this  statement  Is 
work  on  silicone  nitride.  Jet  engine  combustor  cans  by  the  British  Navy.  Typically, 
these  cans  are  a  complex  sheetmetal  part,  and  the  work  referred  to  has  reproduced  these 
in  silicone  nitride  by  cementing  many  complex  pieces  of  mcterlal  together. 

In  Reference  7.1  a  number  of  bolted  Joints  in  graphite  and  alumina  were  evaluated. 

These  were  tensile  specimens  containing  a  single  bolt.  Teiislle  control  specimens  were 
used  to  determine  the  material  strengths  and  Joint  efficiencies  were  quoted  based  on  the 
gross  cross  sectional  area  with  no  provision  for  the  stress  concentration  effect  of  the 
hole.  The  Joint  efficiencies  obtained  during  these  studies  are  low,  but  unfortunately 
since  a  stress  analysis  of  the  Joints  Is  not  given  the  effectiveness  of  the  design  tech¬ 
niques  used  cannot  be  assessed. 

Some  of  the  alumina  test  joints  Included  copper  and  Apocast  Inserts  around  the  pin.  The 
copper  Insert  Joint  was  no  better  than  the  plain  pin  Joint,  but  the  use  of  Apocast  inserts 
resulted  In  the  highest  Joint  efficiencies. 

Reference  7.2  investigated  Joining  methods  for  attaching  alumina  to  a  metallic  structure. 
Two  types  of  bolted  Joints  were  evaluated;  (1)  bolted  Joints  with  nominal  holes,  and  (2) 
sleeved  or  potted  bolts  using  copper  and  brass  sleeves.  Sai.rset  cement,  Presstlte,  and 
t-llver  braze  potting.  The  specimens  were  a  simple  rectangular  shape,  concentrically 
loaded.  Before  conducting  tensile  tests  with  the  above  specimens,  the  authors  conducted 
torque-dewn  tests  with  countersunk  and  hexhead  fasteners  in  1.4-inch  thick  alumina  plate. 
All  of  the  specimens  containing  countersunk  fasteners  failed  during  torqulng,  presumably 
due  to  the  wedging  action  of  the  countersunk  head,  although  the  authors  Indicate  the 
mismatch  of  the  bolt  head  and  hole  taper  to  be  the  cause.  For  the  hexhead  torque-down 
tests,  either  the  nut  was  stripped  or  the  bolt  broke.  The  tensile  tests  show  large 
scatter  In  the  results  from  simple  bolted  Joints, significant  benefit  from  metallic  sleeves 
(by  a  factor  of  at  least  2. O',  but  surprisingly  poor  results  from  the  use  of  sliver  braze. 
Potting  with  cements  produced  various  results}  Presstlte,  for  instance,  produced  sig¬ 
nificant  improvements,  but  Salrset  cement  did  not.  The  tensile  strength  of  all  the  Joint 
specimens,  however,  was  substantially  less  than  would  be  predicted  by  taking  the  net 
section  strength  (0.10  to  0.20  times  the  net  area  strength). 


Two  types  of  bolted  uttachmeiits  In  ATJ  graphite  were  evaluated  In  Reference  7.3.  Most 
testa  were  made  with  u  ctundaid  bolt  In  a  standard  hole,  but  come  are  made  with  .specimens 
such  as  Figure  7*1  which  include!  u  spherical  metal  bearing  on  a  tapered  bolt.  The  bolt 
taper  mates  with  a  similarly  tapered  graphite  surface  ouch  that  the  thermal  expansion 
differences  are  accommodated. 

The  single  point  attaclimont  Involves  a  connection  between  metal  plates  find  a  graphite 
block  using  two  metallic  bolts,  hlfforontial  axial  growth  between  the  bolt  holes  In 
both  memburs  of  the  Joint  ia  compensated  by  slotting  one  of  the  bolt  holea  in  the  metallic 
member  of  tho  Joint.  Tlie  Jolnto  were  tested  in  tension,  ajid  the  results  were  canpared 
with  tho  predicted  failure  loads  for  both  attachments  based  on  (a)  the  ATJ  graphite 
strength  for  one  failure  In  one  hundred,  and  ^b)  the  inoan  strength  of  the  ATJ  graphite. 

In  addition  to  making  predictions  based  on  two  material  strength  levels,  two  analysis 
methodo  wore  also  used  to  predict  the  failure  loads  for  the  standard  lug.  The  first 
method  ccnaldorod  the  lug  a.s  a  plate  loaded  through  a  hole  with  a  stress-concentration 
factor  for  tho  effect  of  the  hole,  while  the  second  method  employed  tlia  theory  of 
elasticity,  otreso-concentratlon  factors  only  were  used  for  the  single  point  attachment 
stress  analyses. 

Two  standard  lugs  wore  loaded  to  destruction  In  tension  and,  In  both  cases,  the  failure 
load  was  18l0  lb.  One  of  tho  lug  spoclmcns  had  a  prior  loading  history.  Tills  lug  was 
subjected  to  3^0  repeated  load  cycles  which  varied  from  zero  to  120U  to  c  lb.  Evidently, 
this  prior  loading  history  did  not  cause  material  damage.  An  additional  standard  lug, 
which  had  been  coated  with  an  oxidation-resistant  coating,  failed  at  8^0  lb.  It  was  noted 
from  the  material  test  bars,  however,  that  the  coating  'Jowered  the  strength  of  the  ATJ 
graphite,  because  the  coating  contained  mlcrocrackc  duo  to  the  differential  expansion  of 
the  coating  and  the  graphite  substrate. 

A  comparison  of  the  two  methodo  of  analysis  Indicated  tlie  failure  load  predicted  by  tho 
theory  of  elasticity  method  (64o  lb.  for  one  failure  In  one  hundred  strength  an!  IO50  lb. 
based  on  the  mean  strength)  and  the  loads  predicted  by  tho  stress-concentration  method 
for  one  failure  in  one  hundred  (700  lb.)  were  conservative.  The  mean  strength  and  the 
stress-concantratlon  method  gave  good  predictions  {I320  lb.)  for  the  uncoated  lug;  for  a 
small  sajaple  size,  the  mean  strength  should,  therefore,  be  realized.  However,  tho  mean 
strength  and  the  stress-concentration  method  were  unconservatlve  for  the  prediction  of 
the  coated  lug  failure  load  (1240  lb.),  even  though  the  strength  data  were  obtained  from 
coated  bars.  It  is  believed  that  these  latter  results  are  quite  questionable  due  to  the 
cracks  In  the  coating. 

Mve  'single  point"  altaclimento  wore  subjected  to  tension  loads,  and  five  specimens  were 
loaded  by  differential  shear  loads  by  a  loading  bar.  Four  of  the  tension  specimens  were 
loaded  by  one  bolt,  and  one  specimen  was  loaded  through  two  bolts.  The  predicted  failure 
load  for  one  failure  In  one  hundred  was  fJl4  lb.,  while  the  mean  strength  prediction  was 
15I3C  lb.  Tho  test  failure  loads  ranged  from  16^*0  to  238O  lb.  Evidently,  predictions 
Including  stress-concentration  effects  and  the  use  of  the  mean  strength,  since  only  a 
few  sajTiples  were  Involved,  gave  very  satisfactory  results.  The  highest  failure  load 
(2380  lb.)  was  obtained  by  the  specimen  loaded  through  two  bolts;  this  would  be  expected, 
since  the  stress-concentration  factor  for  a  multiple  connection  is  lower.  This  effect  was 
not  included  in  the  predictions.  The  predicted  failure  loads  for  the  single  point  attach¬ 
ments  loaded  by  differential  shear  loads  were  ^hC  and  580  lb.,  based  on  the  one  failure 
In  one  hu.ndred  strength  and  the  mean  strength,  respectively.  These  are  the  predicted 
loads  which,  when  applied  to  the  loading  bar  3*5  inches  from  the  outboard  hole,  would 
cause  failure.  The  actual  failure  loads  ranged  from  390  to  4l5  lb.  In  this  case,  the 
prediction  using  stress-concentration  factors  and  the  material  mean  strength  is  a  little 
unconservatlve  but  still  In  remarkably  good  agreement. 

Another  series  of  tests  were  conducted  by  Anthony,  Reference  7.3*  to  obtain  experimental 
indications  of  the  effect  of  lug  proportions  on  load  carrying  capability.  These  specimens 
were  essentially  with  lugs  machined  ut  the  end  of  the  specimen.  There  were  four  types  of 
lugs: 

a'  0.250-lnch  hole  dla.,  1.2^)0-lnch  lug  dla.,  0.500-inch  thick. 

b)  0.500- inch  hole  dla.,  1.503-lnch  lug  dla.,  0.500-lnch  tlilck. 

c)  1.000-inch  hole  dla.,  2.000-lnch  lug  dla.,  0.500-lnch  thick. 

d)  0.50t-lnch  hole  dla.,  1.500-lnch  lug  dla.,  1.000-inch  thick. 

All  the  lugs  were  desired  with  equal  cross-sectioi  al  areas  except  type  d,  which  had  a 
cross-sectional  area  twice  that  of  the  others.  Equal  areas  eliminated  the  effect  of  size 
between  specimens  a,  b,  and  c.  That  is,  the  failure  load  should  be  Identical  for  typer,  a, 
b,  ani  c  If  concentration  factors  and  material  vaj’lablllty  could  be  neglected.  With 
specimen  d  having  the  same  geometry  as  specimen  b,  but  twice  the  cross-sectional  area, 
a  direct  indication  of  the  effect  of  size  was  obtained.  If  there  wore  no  size  effect, 
type  d  should  have  had  twice  the  load  carrying  capability  of  type  b. 

I-recilcted  failure  leads  were  calculated,  both  on  one  failure  in  one  hundred  strength 
nr.cl  on  the  mean  strength,  by  use  of  the  stress-concentration  factor  method  for  a  flat  plate 
loaded  through  a  pin,  and  five  lugs  of  each  type  were  tested  In  tension.  Both  sets  of 
predJctlon.j  and  the  test  results  are  shown  In  the  following  table.  Tlie  predicted  failure 
loads  based  on  the  one  failure  In  one  hundred  strength  tended  to  be  conservative.  The 
predicted  failure  loads  with  the  use  of  the  mean  strength  showed  excellent  agreement, 
excor. t  for  lug  type  d.  This  discrepancy  may  have  been  a  size  effect  of  the  ATJ  graphite, 
v;hicl'.  v.’as  not  used  in  the  predicted  failure  load. 


TEST  RESULTS  OF  LUO  FAILURE  LOAD 


Lug  type 

No. 

Predicted  failure 

load,  (lb) 

1  failure  In 
100  strength 

Mean 

Strength 

Average  failure 
load  (lb) 

A 

5 

Conservative 

350 

434 

B 

5 

Conservative 

520 

581 

C 

5 

Conservative 

730 

732 

D 

5 

Conservative 

1040 

813 

Since  the  cross  sectional  area  of  specimen  type  a,  b,  smd  c  wart  equal,  the  only  vari¬ 
able  (other  than  the  variability  of  the  material)  was  the  stress-concentration  factor  due 
to  the  geometry  of  the  lug.  As  the  hole-dlameter-to-lug-dlameter  ratio  Increasej,  the 
stress-concentration  factor  Is  reduced.  The  test  results  also  Incldate  this.  Ti’pe  a 
lugs,  which  had  the  smallest  ratio  of  hole-to-lug  diameters,  had  the  lowest  average 
falltire  load,  while  type  c  lugs,  with  the  highest  ratio  of  hole-to-lug  diameters,  had 
the  highest  average  failure  load.  The  results  from  this  series  of  tests  provide  con¬ 
siderable  confidence  In  the  approach  of  Including  the  effects  of  stress  concentrations 
In  designing  reliable  brittle  material  Joints. 

Reference  7.2  also  reports  Investigations  of  bonded  Joints  with  a  bond  In  shear  and 
the  results  are  promising  but  the  testing  limited.  Each  specimen  consisted  essentially 
of  an  alumina  plate  bonded  to  a  metal  plate  and  loaded  In  tension.  Ihe  alumina  plate 
ends  were  either  parallel  or  modified  by  macMnlng  a  shoulder  or  a  taper.  Bonding  was 
supplemented  in  the  Joints  by  use  of  a  bolt  or  cl.unplng.  The  test  failures  for  the 
clamped-and-bonded  shoulder  end  and  the  clamped-and-bondod  tapered  end  specimens  did 
not  occur  In  the  bonded  area  but  at  points  of  stress  concentrations  that  were  Intro¬ 
duced  Into  the  alumina  element  of  the  specimens  by  the  machining  of  the  filleted 
shoulder  or  the  taper.  The  bonded-and-bolted  parallel  end  specimens  with  no  bolt  load 
attained  the  highest  Joint  strength.  In  fact,  a  load  capability  approaching  that  which 
would  be  predicted  from  the  net  area  strength  through  the  bolt  hole  was  achieved.  The 
results  from  this  series  of  tests  again  suggest  that  adhesively  bonded  Joints  designed 
with  stress-concentration  factors  In  mind  may  bo  satisfactory.  Also,  as  would  be 
expected,  there  Is  no  benefit  to  be  gained  by  combining  bolts  with  a  bonded  Joint. 

Clamped  Joints  were  also  studied  by  Hofer  (Reference  7.^).  Specimens  were  fabricated 
In  Marblette,  a  brittle  organic  substance,  and  also  In  Hydrostone  plaster.  Ihe 
specimens  were  bars  which  had  a  "necked  down*  region  at  each  end  to  receive  the 
clamps.  Approximately  100  Joints  In  each  material  were  tested  In  tension.  The  Joint 
efficiencies  ranged  from  13*3  to  26.5^  for  the  Hydrostone  specimens,  and  from  I8.3  to 
38.1^  for  the  Marblette  specimens,  based  on  the  gross  cross-sectional  area.  The  speci¬ 
mens  failed  In  the  necked  down  area,  the  point  of  maximum  stress  concentration,  euid 
minimum  cross-sectional  area. 

Frye  and  Oken  (Reference  7.2)  conducted  evaluations  of  three  clamped  Joints  In  alumina. 
The  test  Joints  were  somewhat  different  from  Hofer 's  Joints  In  that  the  alumina  had  a 
filleted  shoulder  machined  at  each  end,  and  the  metallic  clamps  butted  against  these 
shoulders.  The  test  Joint  efficiencies  were  14.6,  l4.9  and  14.556. 

Unfortunately,  these  two  investigations  presented  test  results  as  Joint  efficiencies, 
and  It  Is  not  possible  to  assess  the  effectiveness  of  the  clamp  Joints,  since  a  sti’ess 
analysis  6f  the  Joints  Is  not  given. 

Attachments  for  Joining  cylindrical  shells  by  Internal  flanges  were  studied  In 
Reference  7.4.  The  test  specimens,  which  simulated  one-half  of  the  Joint,  were  cylinders 
4  Inches  high,  with  an  outside  diameter  of  4  Inches  and  a  wedl  thickness  of  1/4  inch, 
cast  In  Hydrostone  plaster.  The  specimens  were  cast  In  three  Internal  flange  thick¬ 
nesses:  1/4,  3/4,  and  li  Inches.  The  test  specimens  were  mounted  by  cementing  the 
unflanged  end  of  the  cylinder  to  a  plate  and  applying  an  axial  tension  load  to  the 
cylinder  by  loading  the  Internal  flange  through  a  loading  disk.  The  results  of  these 
studies  were  presented  as  Joint  efficiencies,  that  Is,  the  failure  load  was  compared 
to  the  load  carrying  capacity  of  a  homogeneous  nonollthlc  cylinder.  Based  on  the  mean 
strength,  the  Joint  efficiencies  ranged  from  5.7  to  l4.9^  and  from  13.3  to  25.256,  for 
the  1/4-  and  3/4-lnch  Internal  flanged  cylinders,  respectively.  When  the  specimens 
with  the  l^-lnch  flange  were  tested  in  the  same  manner,  failure  of  the  adhesive  bond 
at  the  unflanged  end  of  the  cylinder  occurred.  Therefore,  the  remaining  cylinders 
were  tested  as  cantilever  cylindrical  shells,  mounted  at  the  flanged  end.  Joint 
efficiencies  were  calculated  on  the  basis  of  the  theoretical  bending  stress  present 
In  a  cantilever  beam  of  the  same  length.  Twenty-five  specimens  were  tested  with  the 
resulting  Joint  efficiencies  ranging  from  42.9  to  75.3^,  based  on  the  mean  strength  of 
the  Hydrostone  plaster. 

The  results  from  the  internal  flanged  cylinders  with  an  social  tension  verified 
analytical  studies  of  this  Joint  by  Hofer,  in  that  increasing  the  flange  thickness 
resulted  In  a  substantial  increase  In  the  load  carrying  capacity  of  the  Joint.  The 
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higher  Joint  eft'lclenciea  obtained  for  the  Joint  i  banding  may  have  been  a  reault  of 
lower  BtresB-concentratlon  factors  for  bending  rela  Ive  to  'ixlal  load,  as  well  as  a 
smaller  volume  of  material  subjected  to  the  peak  binding  BtresneBi 

In  summary,  the  experimental  evaluations  of  Joints  are  very  limited  and  have  numerous 
shortcomings.  Adequate  support  with  stress  analyaas  la  generally  nut  available,  but, 

In  the  few  cases  where  consideration  of  stress  concentrations  has  been  made  and  where 
adequate  predictions  are  available  for  comparison  with  test  results,  there  are  remarkably 
good  correlations. 
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Fip.7.7 


Effect  of  proof  stress  ratio  (Kq)  on  allowable  stress 


Typical  Fillet 


Typical  Hole 


Fif.7.8  Gencritized  ■trezKoricentnitlon  problemi  in  Joint  deiign 
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Fig.7.9(b)  Increment  of  failure  probability  for  fillets  in  brittle  materials  Kq  ■  0 
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Fig.7.1 1(b)  Increment  of  failure  probability  for  fillets  in  brittle  materials  Kq  0.8 
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Fig.7.l2(i)  Increment  of  failure  probability  for  Fillets  in  brittle  materials  Kg  ”  0.9S 
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Fig.7.l2(b)  Increment  of  failure  probability  for  filleti  in  brittle  materials  Ko  ■  0.95 
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Fig.7.l3(a)  Increment  of  failure  probability  for  a  hole  in  brittle  material  plates 


Fig.7.I3(b)  Increment  of  failure  probability  for  a  hole  in  brittle  material  plates 
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Fig.7.M  Streu  concentration  effecti  for  a  pin  in  a  hole  In  brittle  material  plates 
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8.  MECHANICAL  PROPERTY  TESTING  OF  BRITTLE  MATERIALS 


8.1  status  of  brittle  material  TESTING 

When  attempts  are  made  to  determine  the  basic  mechanical  properties  of  brittle  materials, 
such  as  tensile  strength,  shear  strength,  etc.,  using  the  methods  which  have  been  exten¬ 
sively  developed  for  ductile  metallic  materials.  It  Is  a  matter  of  experience  that  the 
results  are  quite  unsatisfactory.  The  principal  source  of  dissatisfaction  Is  a  wide 
scatter  In  results  when  apparently  Identical  tests  are  conducted  on  Identical  specimens 
of  the  same  material.  Some  of  this  variability  Is  believed  due  to  an  actual  variability 
In  the  properties  of  the  material,  which  Is  a  result  of  the  sensitivity  of  the  material 
to  local  stress  concentrations,  caused  In  turn  by  flaws,  voids,  microcracks.  Inclusions 
and  other  defects  In  the  material.  This  subject  Is  covered  extensively  In  Section  3  since 
It  leads  to  a  statistical  description  of  material  strength.  Part  of  the  variability,  how¬ 
ever,  la  due  to  test  technique  which  assumes  much  more  Importance  than  It  does  with 
ductile  materials  for  the  same  reason,  that  Is,  the  sensitivity  of  brittle  materials  to 
local  stress  concentrations. 

Typically,  In  the  mechanical  property  testinb  of  materials,  there  are  very  many  effects 
which  lead  to  disturbances  either  in  what  would  otherwise  be  a  uniform  or  at  least  a 
simple  distribution  of  stress  across  the  test  section  of  the  material  test  specimen,  or 
In  the  magnitude  of  the  loads  actually  applied  to  the  test  section.  These  sources  of 
stress  variations  are  summarized  In  Figure  8.1  under  a  number  of  classifications.  They 
all  result  from  the  Inability  to  carry  out  every  step  of  the  test  perfectly  and  from  the 
practical  requirement  that  tolerances  must  be  applied  to  every  test  specimen,  every  piece 
of  test  equipment  and  every  activity  connected  with  the  test.  Some  of  these  variations 
are  very  evident,  such  as  the  difficulty  of  aligning  the  applied  load  perfectly  through 
the  centroid  of  the  cross  section  of  the  test  specimen,  or  the  difficulty  of  completely 
eliminating  friction  at  hinged  Joints  in  the  load  train,  or  the  difficulty  of  configuring 
a  speclmr>n  such  that  external  loads  can  be  applied  without  local  stress  concentrations. 

Some  of  '  effects  are  less  obvious  such  as  density  variations  In  the  test  specimen, 
which  pruduce  an  effective  change  In  the  position  of  the  centroid  of  the  critical  section. 
All  of  these  effects,  however,  lead  to  localized  stresses  which  are  different  from  the 
nominal  stresses  determined  from  the  load  at  failure,  the  geometry  of  the  failed  cross 
section,  the  specimen  geometry,  and  assumptions  of  a  uniform  homogeneous  material  having 
simple  elastic  stress-strain  properties.  Since  the  material  Is  brittle  It  will  fall 
when  the  peak  stress  reaches  the  limiting  strength  of  the  material  at  some  particular 
location,  regardless  of  how  localized  this  region  of  high  stress  might  be.  A  ductile 
metallic  mateilal,  on  the  other  hand  will  yield  locally  and  will  fall  only  when  the 
average  stress  over  a  significant  portion  of  the  cross  section  reaches  the  limiting 
strength  of  the  material. 

There  have  been  two  broad  approaches  taken  In  the  attempts  to  resolve  this  difficulty. 

The  first  method  Is  to  use  the  type  of  test  specimen  that  will  produce  simple  stress 
distributions  which  can  be  readily  and  accurately  determined  from  the  measured  loads 
and  geometry,  and  to  concentrate  on  refinement  of  test  technique,  test  apparatus  and  test 
specimen  configuration  In  order  to  eliminate  or  minimize  the  effects  summarized  In 
Figure  8.1.  This  method  leads  to  relatively  expensive  testing,  with  specimens  that  are 
expensive  to  fabricate  because  of  the  close  toler\nceB  required.  Such  methods  are  of 
Interest  when  accurate  material  property  data  is  .'squired  or  when  the  number  of  specimens 
is  small  or  the  cost  of  conducting  the  test  Is  not  uf  major  concern.  Such  conditions 
might  arise,  for  Instance,  If  the  Information  Is  to  be  used  for  basic  material  fracture 
and  failure  research,  material  composition  and  alloy  development,  studies  of  the  effect 
of  stress  state  on  fracture,  and  studies  of  test  methods  where  an  accurate  reference 
point  will  usually  be  required. 

The  second  method  Is  to  select  the  test  technique  for  Its  relative  simplicity  and  to 
accept  a  complex  stress  distribution  within  the  specimen.  Rellancs  Is  then  placed  on 
refined  stress  analysis  to  determine  meixlmum  stresses  and  hence  material  strength  from 
the  measured  loads  at  failure.  This  approach  may  or  may  not  be  low  In  cost  depending  on 
the  specimen  configuration  which  Is  used.  Frequently  a  complex  specimen,  such  as  the 
Theta  specimen,  which  will  generate  areas  of  uniform  stress.  Is  used  to  minimize  the 
stress  analysis  problem  by  substituting  specimens  which  are  expensive  to  fabricate, 
although  the  test  technique  is  simple.  Alternatively,  simple  low  cost  specimens  may  be 
used  with  complete  dependence  on  stress  analysis  to  determine  maximum  stresses.  The 
latter  Is  frequently  useful  for  comparative  data  such  as  receiving  Inspection,  where 
large  numbers  of  samples  may  be  tested  over  a  period  of  time  by  relatively  unskilled 
technicians.  In  addition  to  Its  dependence  on  stress  analysis  this  second  approach 
usually  Involves  a  stress  gradient  or  a  complex  stress  state  at  the  location  of  a  frac¬ 
ture,  so  that  a  simple  uniaxial  strength  is  rarely  determined. 

Numerous  methods  have  been  evolved,  on  the  basis  of  these  two  approf.'^hes,  for  conducting 
tensile  tests  on  brittle  materials,  and  most  of  these  are  briefly  summarized  In  Figure  8.2. 
However,  at  the  present  time  the  development  of  test  methods  for  brittle  materials  has 
not  reached  the  stage  where  completely  satisfactory  methods  can  be  defined  for  the 
development  engineer,  the  structural  designer  or  laboratory  technician  to  follow.  Much 
difference  of  opinion  exists  on  the  respective  value  of  the  two  approaches  mentioned, 
on  the  suitability  of  various  test  specimen  configurations,  on  the  dependability  of 
stress  analysis  for  predicting  maximum  stresses,  etc.  A  meeting  was  held  In  London  In 
September  1967  under  the  sponsorship  of  AOARO  to  discuss  a  number  of  questions  relating 
to  brittle  material  design,  and  much  of  the  available  experience  within  the  NATO  countries 
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was  represented  by  a  number  of  carefully  selected  individuals.  The  question  of  brittle 
material  testing  was  among  the  topics  discussed  and  in  particular  the  most  basic  piece  of 
material  data,  the  tensile  strength  at  room  temperature,  was  selected  as  the  object  of 
the  discussion.  As  a  result  of  this  meeting  the  current  position  with  respect  to  testing 
can  be  summarized  as  follows: 

a)  There  Is  general  agreement  that  a  limited  number  of  simple  stress-state  test  methods 
are  available  to  provide  accurate  tensile  data.  The  two  methods  which  currently  have  the 
widest  acceptance  are  the  gas  bearing  test  and  the  pressurized  ring  test. 

b)  Stress  analysis  methods  for  determining  maximum  stresses  are  generally  acceptable. 

c)  Recognizing  the  economic  necessity  for  a  simple  low  cost  test  for  some  applications, 
the  three  and  four  point  bend  testa  are  generally  acceptable  as  test  methods  Involving 
simple  technique.  The  acceptance  is  based  primarily  on  the  simplicity  of  the  test  method 
rather  than  reliability  of  results,  since  stress  gradients  and  complex  stress  states  of 
unknown  significance  are  present.  There  Is  disagreement  about  the  usefulness  of  any  otter 
Indirect  test  method. 

Based  on  this  opinion  the  remainder  of  this  section  will  be  devoted  to  the  presentation 
of  Information  which  will  assist  In  the  conduct  of  material  property  testing  by  the  four 
methods  mentioned.  Information  will  be  presented,  where  appropriate,  on  test  specimen 
details,  test  apparatus  and  test  technique.  The  objective  Is  to  present  as  much  quanti¬ 
tative  Information  as  possible  v.'hlch  will  help  In  the  design,  preparation  and  conduct  of 
material  property  testing.  Information  In  the  form  of  rigid  specifications  has  been 
avoided  because  the  present  state  of  testing  development  does  not  justify  such  restriction. 
However,  the  usefulness  of  material  property  data  Is  greatly  Increased  If  It  can  be 
compared  with  similar  data  from  other  sources  and  making  such  a  comparison  possible 
requires  standardization  of  testing.  For  this  reason  the  information  presented  has  been 
reviewed  by  a  number  of  Individuals  to  ensure  that  the  recommendations  made  are  generally 
acceptable . 

The  Information  to  be  presented  Is  limited  to  tests  to  determine  tensile  properties 
partly  because  this  Is  the  most  Important  and  most  basic  data,  and  partly  because  agree¬ 
ment  on  acceptable  test  methods  Is  even  more  difficult  to  obtain  for  other  properties, 
than  It  Is  for  tensile  strength.  Methods  for  generating  and  measuring  elevated  test 
temperatures  and  methods  of  strain  measurement  are  not  discussed  since  these  are  not 
changed  as  a  result  of  the  brittleness  of  the  test  material. 

8.2  TEST  METHODS  USING  SIMPLE  STRESS  STATES 

a)  Gas  Bearing  Test 

This  section  presents  information  on  specimen  and  test  fixture  details  to  permit 
the  determination  of  tensile  strength  properties  for  brittle  materials  using  the  gas 
bearing  test  apparatus.  The  specimen  and  fixture  designs  have  been  taken  from  Reference 
8.1  and  small  modifications  have  been  made  to  facilitate  accurate  alignment  of  the  load 
train.  The  consistency  and  accuracy  of  teat  results  produced  with  this  apparatus  has 
been  confirmed  by  actual  practice,  and  the  dimensions  and  tolerances  shown  will  permit 
stresses  determined  by  dividing  the  failure  load  by  the  nominal  cross  section  area  of  the 
test  specimen  to  be  within  55t  and  llj?  above  true  values.  Specifically,  this  error 
considers  the  specified  tolerances  on  load  train  alignment  and  concentricity,  alignment 
of  the  load  train  with  the  geometric  center  of  the  gas  bearing,  alignment  of  the  specimen 
with  the  load  train,  concentricity  between  the  specimen  test  section  and  grip  section, 
and  finally  the  small  stress  concentration  due  to  changes  In  specimen  cross  section.  The 
error  does  not  consider  the  material  effects  given  In  Figure  8.1  or  errors  In  the  load 
measuring  device. 

The  Information  to  be  presented  on  fixture  and  specimen  details  Is  not  complete,  but 
critical  dimensions  and  tolerances  are  given  from  which  any  competent  test  agency  can 
design  and  construct  the  apparatus. 

Figure  8.3  shows  the  general  layout  of  the  spherical  gas  bearing  and  the  tensile  load 
train.  The  arrangement  shown  Is  duplicated  on  the  other  side  of  the  test- specimen  except 
that  only  one  load  cell  Is  required.  Each  bearing  has  a  diameter  of  9  Inches  end  Is 
supplied  with  nitrogen  gas  at  approximately  900  psl.  Pressure  gradients  develop  In  the 
contact  area  so  that  the  average  effective  pressure  between  the  bearing  surfaces  Is 
300  psl,  which  Is  sufficient  to  provide  a  load  capacity  of  15,000  lbs.  This  capacity 
Is  substantially  greater  than  Is  necessary  for  the  tensile  specimens  which  will  be  showr;, 
but  the  size  Is  dictated  by  the  necessity  for  using  an  available  and  well  qualified 
design . 

A  simple  manual  control  of  the  pressurizing  gas  Is  used.  Some  arrangements  of  the  gas 
bearing  apparatus  have  Incorporated  electronic  devices  to  control  the  gas  flow  as  a 
function  of  load  by  sensing  film  thickness.  Satisfactory  experience  has  apparently  been 
ottalned  wltliout  this  refinement  however  so  that  Its  use  Is  not  recommended  unless  the 
quantity  of  gas  used  Is  a  problem. 

The  critical  aspects  of  the  load  train  are  the  concentricity  of  the  pull  rods,  the 
alignment  of  the  center  of  the  pull  rod  with  the  center  of  the  spherical  radius,  and 
concentricity  between  the  bore  of  the  collet  and  the  centerline  of  the  pull  rod.  All  of 
these  tolerances  should  be  held  to  .0005  In.  total  Indicator  reading  which  Is  wl uhin  the 
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capabilities  of  a  good  machine  shop.  It  will  probably  be  necessary  to  assemble  one  side 
of  the  load  train  with  the  load  cell  before  the  final  machining  cuts  are  made  so  that 
misalignments  within  the  load  cell  can  be  properly  accommodated. 

During  assembly  of  the  apparatus  It  Is  necessary  to  achieve  the  close  tolerance  shown 
between  the  centerline  of  the  pull  rod  and  the  center  of  rotation  of  the  bearing.  Since 
It  Is  not  practical  to  locate  the  bearing  center  accurately  after  the  part  Is  removed  from 
the  lathe  on  which  It  Is  made,  accuracy  In  assembly  is  provided  by  accurately  machining 
the  pull  rod  bore,  at  the  same  time  that  the  spherical  surface  Is  machined.  Maintenance 
of  the  close  tolerances  shown  on  the  pull  rod  bore  and  the  pull  rod  diameter  will  ensure 
accurate  assembly. 

The  precision  collet  used  In  each  end  of  the  load  train  Is  shown  In  Figure  8.4.  Accurate 
alignment  of  the  specimen  with  the  pull  rod  and  hence  with  the  spherical  bearing.  Is 
maintained  by  holding  close  tolerances  on  the  concentricity  between  the  pull  rod  bore  and 
the  pull  rod  centerline,  on  the  pull  rod  bore  and  compression  nut  diameters,  and  on 
concentricity  between  the  pull  rod  bore  and  the  collet  bore.  Dimensions  of  the  three- 
piece  split  collet  are  given  before  splitting,  since  accurate  measurements  of  the  collet 
bore  afterwards  are  not  practical. 

Clearance  Is  provided  In  the  bore  of  the  ccwnpresslon  nut  so  that  load  transfer  Is 
affected  through  the  three-piece  split  ring.  Accuracy  In  the  surface  at  the  end  of  the 
pull  rod  bore  Is  required  to  assist  In  installation  of  the  specimens. 

The  tensile  specimen  Is  shown  In  Figure  8.5.  For  most  nonmetalllc  refractory  materials 
diamond  cutting  tools  will  be  necessary  to  obtain  the  required  surface  finish  and  close 
tolerance  dimensions.  Notice  that  the  gage  section  contains  a  slightly  reduced  portion 
to  ensure  that  the  failures  occur  away  from  the  transition  to  the  grip  diameter.  The 
reduced  section  of  the  gage  length  contains  no  constant  diameter  portion  since  failures 
would  still  occur  at  the  end  /adll.  However,  the  small  stress  concentration  caused  by 
the  one-inch  radii  shown  has  Ot'jn  considered  In  describing  the  accuracy  of  the  test 
results.  Slight  corrections  will  be  necessary,  because  of  this  local  diameter  reduction. 

If  this  specimen  Is  used  with  an  extensometer  across  the  gage  length  to  measure  strain. 

b)  Pressurised  Ring  Test 

Figure  8.6  shows  the  arrangement  of  the  pressurized  ring  test  unit  together  with 
critical  dimensions  and  tolerances.  From  this  Information  a  suitable  apparatus  can  be 
designed  and  built  by  a  competent  laboratory.  Information  Is  taken  primarily  from 
Reference  8.2.  The  specimen  holder  consists  of  two  round  steel  plates  containing  cavities 
which  are  machined  and  aligned  to  the  close  tolerances  shown.  Accurately  sized  alignment 
pins  and  holes  are  necessary  to  maintain  the  cavity  alignment.  Hydraulic  pressure  Is 
applied  radially  to  the  ring  specimen  from  the  Inside  through  a  flexible  rubber  bulb. 

The  conical  plug  In  the  lower  steel  plate  seals  the  bulb  and  provides  entrance  for  the 
owrklng  fluid.  Spacer  blocks  are  provided  to  separate  the  steel  plates,  and  tolerances 
on  the  spacer  block  height  and  the  specimen  length  are  arranged  so  that  there  Is  a  minimum 
total  clearance  between  the  ring  and  the  specimen  plates  of  .001  In.,  to  avoid  constrain¬ 
ing  ring  displacement,  and  a  maximum  total  clearance  of  .004  In.,  to  prevent  extrusion 
of  the  rubber  bulb  between  the  ring  and  the  fixture. 

Details  of  the  test  specimen  are  shown  In  Figure  8.7  which  gives  also  the  dimensional 
tolerances  which  are  necessary  so  that  the  failure  stress  can  ue  calculated  within  ±li^ 
accuracy  from  the  nominal  specimen  dimensions  and  the  hydrostatic  pressure  at  failure. 

The  expression  for  making  this  failure  stress  calculation  Is  given  below.  Accurate 
pressure  gages  are  needed  since  errors  In  pressure  readings  represent  one  of  the  major 
sources  of  error  In  the  measurement  of  tensile  strength.  Pressure  gage  error  Is  not 
Included  In  the  values  mentioned  since  the  specific  gage  which  will  be  used  In  a 
particular  Installation  Is  not  known.  Also,  the  material  effects  mentioned  In  Figure  8.1 
are  not  Included  In  the  specified  error. 

No  particular  precision  In  technique  Is  necessary  with  this  apparatus  apart  from  deter¬ 
mining  the  failure  pressure  accurately.  The  method  however  Is  limited  since  it  cannot  be 
used  at  elevated  temperatures,  and  rate  of  loading  is  difficult  to  control. 

Strain  oata  can  be  obtained  only  with  strain  gages,  which  Is  an  accurate  method,  but 
relatively  expensive  for  large  numbers  of  teste.  Furthermore,  the  strain  gages  must  be 
placed  on  the  outside  diameter,  which  Is  not  the  region  of  maximum  stress. 

The  tensile  stress  In  a  cylinder  wall  corresponding  to  an  internal  hydrostatic  pressure 
is  computed  from  the  formula 


Where  P  =  hydrostatic  pressure  In  psl 
r^  =  Internal  radius  In  In. 
r^  =  external  radius  In  In. 
r  =  radius  at  which  the  stress  Is  determined 
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From  this  formula  the  maximum  stress  will  occur  at  the  Inside  radius.  Inserting  the 
nominal  specimen  dimensions  Into  this  expression  gives  the  failure  stress  as  10.524  x 
the  failure  pressure. 

8.3  LOW  COST  TEST  METHODS 

a)  Three  and  Four-Point  Bend  Tests 

This  section  presents  specimen  and  test  fixture  details  for  conducting  three  and  four- 
point  bend  tests  on  brittle  materials.  The  specimen  and  fixture  designs  have  been  evolved 
from  a  very  careful  consideration  of  the  many  sources  of  parasitic  stresses  which  are 
Important  In  testing  brittle  materials,  but  at  the  same  tlma  consideration  has  been  given 
to  the  economics  of  specimen  fabrication,  teat  fixture  fabrication  and  the  cost  of  conduct¬ 
ing  the  tests  in  terms  of  ccxnplexlty  of  test  technique.  The  objective  of  bend  testing 
Is  to  obtain  relatively  low  cost  data  with  the  understanding  that  neglect  of  such  effects 
as  stress  gradients  Is  the  price  to  be  paid. 

In  evolving  the  proposed  designs  the  dimensional  tolerances  for  both  the  test  specimen 
and  the  test  fixture,  and  other  sources  of  parasitic  stress  such  as  frictional  effects, 
have  been  controlled  so  that  using  nonlnal  specimen  and  fixture  dimensions,  the  stress 
calculated  from  the  measured  failure  load  Is  within  ±5^  of  the  true  value.  This  does  not 
Include  tolerances  on  load  measurement  since  the  means  for  making  this  measurement  are 
not  specified.  It  also  assumes  that  the  material  of  the  test  specimens  is  homogeneous 
with  respect  to  elastic  properties.  In  particular,  It  Is  assumed  that  the  elastic  modulus 
of  the  test  bars  In  the  longitudinal  direction  Is  constant  across  the  specimen  cross- 
section  and  along  Its  length. 

The  test  apparatus  for  conducting  bend  tests  Is  based  on  existing  apparatus  which  has 
seen  considerable  use.  Some  changes  have  been  made,  however,  In  the  overall  dimensions 
and  In  the  required  tolerances,  but  these  are  not  considered  significant  enough  to 
Invalidate  the  previous  satisfactory  experience  with  this  type  of  apparatus. 

Suggested  specimen  details  for  three  and  four-point  bend  tests  are  shown  In  Figure  8.8. 
Two  sizes  of  specimen  are  shown.  The  smaller  size  has  been  selected  to  mli.lmlze  the 
quantity  of  material  and  hence  minimize  cost.  The  minimum  dimensions  have  been  established 
from  the  minimum  size  test  fixture  which  could  provide  all  of  the  required  degrees  of 
freedom  and  accomplish  this  using  commercially  available  parts.  The  larger  size  specimen 
Is  Included  In  recognition  of  the  fact  that  It  Is  frequently  necessary  to  examine  the 
effect  of  specimen  size  In  testing  brittle  materials.  The  ratio  of  specimen  volumes 
between  the  large  and  small  sizes  shown  Is  approximately  4,  but  the  true  value  of  this 
ratio  depends  on  the  significance  which  Is  attached  to  the  nonuniformity  of  stresses 
throughout  the  test  bars. 

The  dimensional  tolerances  shown  In  Figure  8.8  have  been  established  recognizing  their 
contribution  to  the  overall  error  In  stress  as  determined  from  nominal  dimensions. 

Grinding  of  the  specimen  surface  has  been  specified  to  reduce  frictional  effects  at  the 
loading  points.  For  many  of  the  harder  brittle  materials  this  will  require  diamond  grind¬ 
ing.  The  cost  of  such  finishing  methods  has  been  examined  and  Is  considered  acceptable 
by  Individuals  who  have  carried  out  extensive  testing  of  brittle  materials. 

Figure  8.9  shows  a  test  fixture  for  four-point  tests,  and  dimensions  are  given  so  that 
fixtures  can  be  constructed  for  both  the  small  and  large  size  specimens.  Rollers  are 
provided  at  all  load  points  except  one,  In  order  to  minimize  friction  due  to  longitudinal 
motion  of  the  specimen  as  It  bends.  These  rollers  are  supported  on  needle  roller  bearings. 
Freedom  of  rotation  about  an  eixls  parallel  to  the  longitudinal  axis  of  the  specimen  Is 
also  provided  so  that  twist  In  the  specimen  and  the  fixture,  and  rotational  misalignment 
between  the  upper  and  lower  parts  of  the  fixture  can  be  accommodated.  To  minimize  cost, 
all  of  the  bearings  used  are  commercially  available. 

Arrangements  are  made  to  accurately  locate  the  specimen  relative  to  the  rotational  axes 
of  the  fixture.  For  the  small  size  specimen  this  Is  achieved  by  locating  the  specimen 
in  grooves  machined  In  the  reaction  rollers.  For  the  large  specimen  the  specimen  face  Is 
aligned  with  one  face  of  the  reaction  rollers.  The  upper  and  lower  parts  of  the  fixture 
are  not  located  relatively  In  the  longitudinal  direction  but  alignment  pins  are  provided 
so  that  when  the  fixture  and  specimen  are  installed  In  the  test  machine,  the  distance 
between  one  loading  point  and  one  reaction  point  can  be  accurately  measured.  This 
measurement  Is  made  along  a  slope,  and  must  be  corrected  for  specimen  thickness  to  obtain 
the  projected  distance  between  load  and  reaction  points. 

The  failure  stresses  should  be  calculated  from  the  measured  failure  load,  the  measured 
specimen  and  fixture  geometry,  and  simple  bending  theory.  Corrections  must  be  applied 
to  allow  for  the  so-called  "wedging"  effect  which  Is  the  effect  on  the  simple  bending 
stresses  of  the  load  concentration  at  the  applied  load  points.  From  simple  bending 
theory  the  maximum  tension  stresses  occur  under  the  applied  loads  and  at  the  face  of 
the  specimen  opposite  from  the  face  on  which  the  load  Is  applied.  The  local  stresses 
due  to  load  concentration  produce  a  compression  stress  Immediately  beneath  the  load, 
which  is  therefore  subtractive,  but  this  becomes  a  tension  stress,  which  Is  therefore 
additive,  a  short  distance  away  from  the  load.  For  the  four-point  test  the  meuimum  stress 
occurs  a  short  distance  away  from  the  load  and  is  greater  than  that  given  by  simple  bend¬ 
ing  theory.  The  maximum  stress  occurs  at  .25  x  test  specimen  thickness  from  the  load 
point  and  the  increment  of  stress  to  be  added  to  that  calculated  from  simple  bend  theory 
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is  whore  P  le  total  load  applied  to  the  test  specimen  and  c  Is  one-half 

specimen  ‘^thickness, 

Figure  8.10  shows  a  tost  fixture  for  three-point  tests,  again  designed  to  accommodate 
two  sizes  of  specimen.  The  throe-point  fixture  design  follows  closely  the  four  point, 
except  that  the  single  load  application  roller  is  fixed  rotationally,  while  both  reaction 
rollers  are  free  to  rotate  to  accommodate  specimen  twist  and  fixture  rotational 
misalignment. 

For  the  three-point  test  the  correction  to  the  maximum  stress  calculated  by  simple 
bending  theory,  to  account  for  the  wedging  effect,  Is  given  by  -.1332  pc  where  P  Is  total 
load  applied  to  the  test  specimen  and  c  le  one-half  the  specimen  thickness.  In  this  case 
the  maximum  total  stress  occurs  under  the  applied  load  and  Is  less  than  the  value  given 
by  simple  bending  theory. 
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